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Abstract: In this paper, a study based on iterative method is presented. This method consists in generating a recursive 
relationship between a wave source and reflected waves from the discontinuity plane which is divided into cells. A high 
computational speed has been achieved by using Fast Modal Transform (FMT). This work is followed by an application 
of triangular discretization which offers several advantages over rectangular discretization. The right bend can be 
simulated by both rectangular and triangular cells, while the mitred bend can be exactly conformed only by the 
triangular mesh. Deficiencies in the rectangular approximation are identified. The computed results have been 
successfully compared with published data. 
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1. INTRODUCTION 
Methods based on an integral formulation [1] 

seem to be accurate and rigorous tools for the 
treatment of different planar structures (Tee, Gap, 
Bend, Step…) 

Among these methods we can distinguish 
methods lying in an iterative process which resolve 
an eigenvalue problem, and other which, by the 
introduction of an excitation source, reduce the 
equations into an inhomogeneous system via the 
application of the method of moments. Moreover, 
the integral methods [2]-[3] become efficient if basis 
functions have been correctly chosen.  

We have developed an iterative method based on 
the wave concept [4-]-[5]-[6], where choice of bases 
functions does not arise any more. 

This principle gives originality in this method. It 
requires, only with the precondition, a simple 
convergence test of the computed impedance viewed 
by the source. 

As shown in figure 1, the planar structure, placed 
in a metallic box (spectral domain) is divided into 
cells (spatial domain) and includes three 
subdomains: Source, Metal and Dielectric. This 
concept consists in successive reflections between 
the circuit plane and its two sides (upper and low 
metallic box).  

It also has alternative behaviour between space 
and spectral domain. This technique is combined 
with the Fast Modal Transform (FMT) deduced from 
the classic FFT (Fast Fourier Transform). 
Consequently a high computational speed can be 
achieved.  
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This method is applied to simulate microstrip 
corner and mitred bend using rectangular and 
triangular discretization. 

The triangles conform exactly to any angled 
shapes in the discontinuity, and curved forms are 
reproduced in a line-segment rather than stair-case 
approximation using rectangular cells. In this 
simulation, by computing the S parameters, we show 
deficiencies in rectangular approximation for the 
mitred bend, so efficient solution requires efficient 
computation. 

 
2. THEORETICAL DEVELOPMENTS 

2.1 PRINCIPLE 
The implementation of the iterative process 

consists of establishing a recursive for the 
relationship between the waves in the two regions 1 
and 2, using the reflection in spectral domain 
(equation 1) and the diffraction (with boundary 
conditions required on Ω) in the spatial domain 
(equation 2).  

The governing equations employed are: 
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k : is the iteration number  
Bi : is the reflected wave on region 1or 2. 
Γ€  : is a reflection operator in the spectral domain. 
Ai : is the incidental wave on region 1 or 2. 

int
€S : is a diffraction operator on the discontinuity 

plane Ω in the space domain. 
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: is the source wave (initial wave). 
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: is the electric field produced by the source. 

iZ 0 : is the intrinsic impedance of region 1 or 2. 
In the equation (2), Bi becomes incidental wave 

and Ai the reflected one. 
 
The iterative process is given in figure 2, for one 

iteration.  
It uses the FMT (Fast Modal Transform) deduced 

from the FFT (Fast Fourier Transform) which makes 
it possible to accelerate the digital processing on the 
whole of the pixels of the planar considered circuit. 

 

 
 

2.2. REFLECTION IN THE SPECTRAL 
DOMAIN 

The reflection operator is expressed as: 
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Υ€ is the operator admittance  

It uses the bases functions α
mnf  of the box 

modes as follows:  
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α is the TE or TM mode. 

Γ€  can be expressed in another manner according 
to the formalism of the mathematical operators [7]:  
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2.3. REFLECTION AND DIFFRACTION IN 
THE SPACE DOMAIN 

The wave concept is introduced by writing the 
electric field Ei and the current density Ji in terms of 
waves.  

 
It leads to the following set of equations [5] 
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The diffraction operator int
€S  is defined in the 

space domain. It gives the boundary conditions and 
the relations of continuity of the tangential fields on 
the interface Ω 

The planar circuit is divided to three subdomains 
(metal, dielectric and source)  

 
2.3.1 METALLIC SUBDOMAIN 

The boundary condition on the metal can be 
written as: 
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Considering calculation by wave concept, we 
have: 
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These two relations can be introduced in the 
following matrix form as: 
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Where Hm is the indicating function of the metal 
region which is defined as: 
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The waves are completely reflected by metal. 
Thus: 1€

int −=metalS  
 

2.3.2 DIELECTRIC SUBDOMAIN 
The boundary and the continuity conditions on 

the dielectric are: 
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Considering the waves, we have: 
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Where N is:       
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Hi is the indicating function of the dielectric such 
as: 

Hi=
⎩
⎨
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elsewhere         0
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  (17) 

We deduce the diffraction operator int
€S in this 

subdomain:  
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2.3.3 SOURCE DOMAIN 
In the iterative method, we use a cell source for 

exciting a planar circuit. In the figure 3, we show a 
cell source obtained by a classic source of tension.  

 
 
 
 
 
 
 

 
 
 
 
 

The source emits energy through surface:  
sss baS =  

This energy is guided in a waveguide and the 
source takes its energy of an external source of 
power with potential 0V  and internal impedance gZ  

The equivalent diagram of such a source 
(excitation from the region 1) is given in figure 4. 
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The boundary condition can be written as: 
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Thus, the reflected waves in the two regions can 
be obtained: 
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With:                     
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Z
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Z0: is the characteristic impedance. 
Finally: 
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In conclusion, the computation of the waves 
reflected by the discontinuity plane Ω of the 
structure for the three subdomains is given by the 
equation: 

[ ]
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
+++=

s
HA

s
HA

B

B
s

S
d

S
m

S
A

A

02

01

2

1

2

1 .
.int

€
.int

€
.int

€  (23) 

Hs: is the indicating function of the source 
domain: 

Hs =
⎩
⎨
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 sources  on the     1
   (24) 

 
3. CONTRIBUTION OF FAST FOURIER 

TRANSFORM 
The Fast Modal Transform procedure (figure 2) 

is based on the Fast Fourier Transform. 
It takes into account the modes of the case 

(spectral domain). This transform gives the 
possibility to pass quickly from the (x,y) space 
domain to (m,n) modal or spectral domain and vice 
versa (opposite FMT) [6]: 
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TE
mna  and TM

mna are the amplitudes of TE and TM 
modes. 
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4. PASSAGE FROM RECTANGULAR TO 

TRIANGULAR CELLS 
The software of triangular cells is deduced from 

the program of the rectangular cells (used for the 
right bend and the approximated bend). 

 
 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
It is necessary to use this modified software for 

the planar circuits having geometrical forms adapted 
to these cells. 

Indeed, each rectangular cell gives us two 
triangular cells having the same surface, but 
different position of the centre of gravity. They are 
also two types of triangular cells differentiated by 
their slope which is positive or negative. 

For the discretization of a zone of the circuit, the 
program requires to choose between the cell with 
positive or negative slope and surface in a number of 
cells in the two grids (positive grid or negative). 

Thus, for any grid, the cells of the plane circuit 
are codified: 

 
0 :  for “dielectric” cells 
1 :  for “metal” cells 
2 :  for “source” cells 
 
An example for a grid of 16X12 triangular cells 

(with positive slope) is given in figure 6. 
 
 
 
 
 
 
 

Fig. 5 – Right bend 
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The corresponding coded grid is: 
 

 
 
 
 
 
 
 
 

 
 

 
 
 

The rectangular discretization software is 
applied, to the approximated mitred bends 
(rectangular cells). 

 
 
 
 
 
 
 
 

 
 
 

 
 
 
 
 
We obtain representation with positive grid of the 

true mitred bend indicated by figure 9.  
 
 
 
 

 
 
 
 
 
 
 
 
 

 
 

 
 
 

 
5. RESULTS 

The dimensions of the studied bend are :  
W = 0.75mm ( thickness of the ribbon ). 

The surface of Ω plan is: S=8mm x 8mm (a=b). 
The permittivity of the substrate is : εr = 10.  
The total number of cells of the plane circuit is 

32x32 rectangular cells, then evidently, 64x64 
triangular cells.  

The treatment starts with the convergence test of 
the input admittance viewed by the source exciting 
the studied bend. 

This is shown in figure 10. We see that, it is 
enough, approximately 300 iterations, to ensure the 
convergence of the iterative method for modelling 
the planar bend. The real part of admittance which is 
null, correctly show the fact that the two extremities 
of the bend are in contact with the metallic box 
(short-circuit) [10]. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 7 – Coded grid of 16X12 triangular cells 

Fig. 6 – Triangular cells with 
positive slope 

Metal Dielectric Source 

Fig. 8 – Staircase approximation 
mitred bend (rectangular cells) 

Fig. 9 – Mitred bend (triangular cells) 
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Fig. 10 – Admittance viewed by the source
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With a frequency, f=14 GHz, and for 300 
iterations we have determined the current density Ji 
of the mitred bend, which is represented in figure 11 
for a plan of surface: 32X32 rectangular cells, or 
64X64 triangular cells. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Finally, we have calculated the S parameters, 

particularly the reflection parameter S11 for the three 
cases of planar bend: right bend (without mitre), 
staircase approximation mitred bend (rectangular 
cells), true mitred bend (triangular cells).  

Figure 12 shows a comparison of the results 
between FMT iterative method and the method of 
moments. 
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We notice a considerable variation for 
frequencies higher than 8 GHz (dependent on 
dimensions of the planar bend).  
 

Indeed, the right bend is very dispersive for the 
high frequencies, from where it’s necessary to use 
mitred bend. In addition, towards 12 GHz we have a 
resonance frequency which requires a consequent 
increase in the iteration number to ensure a good 
convergence of the method.  

This same parameter is calculated for the 
Approximated mitred bend and the results are given 
in figure 13. In this case, the effect of discontinuity 
of the bend is reduced by the approximated mitred 
bend and the results are improved. 
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Lastly, the software using the triangular cells is 
carried out, and gives this parameter for the true 
mitred bend, shown in figure14. The real mitred 
bend, obtained by the triangular cells, gives the best 
results, even for the resonance frequency where the 
iteration number is maintained to 300. 
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Fig. 11 – Current density Ji of the mitred bend 

Fig. 12 – S11 Parameters of the right bend

Fig. 13 – S11 Parameters of the 
Approximated mitred bend 

Fig. 14 – S11 Parameters of the mitred bend 
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We finish by doing a comparison, between the 
three cases of this planar bend. The figure 15 show 
the best transmission of the signal in the case of true 
mitred bend, where the reflection parameter is 
weaker, particularly in the [6 GHz ;8 GHz). 

In this band, with regard to the rectangular 
discretization, the triangular one gives an average 
attenuation of 10.3 percent for the reflection on this 
mitred bend.  
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6. CONCLUSION 

We described in this article, a recent method 
integral, namely the iterative method using a Fast 
Modal Transform which contributes to the numerical 
processing power. This new concept is exempted of 
the delicate choice of bases functions which exist in 
the other integral methods.  

Our results were validated by comparison with 
work of R. KIPP and C H. CHAN [11]. They have 
used the method of moments [1]. We have showed 
that a judicious choice of the shape of the cells, 
permits to treat planar structure, such a complex is it, 
with very good results.  
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