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Iíâàðiàíòíi êîíóñè òà ñòiéêiñòü
áàãàòîçâ'ÿçíèõ ñèñòåì ∗

Methods for stability analysis and state-feedback stabilization of the large-
scale dynamic systems using concepts of invariant cones are developed.
Requirements of an invariance of circular, ellipsoidal and other types of
cones in phase spaces of di�erential and di�erence systems are studied.
Algebraic stability and positivity conditions of the linear systems are stated
in terms of the solutions of matrix inequalities.

Ðîçðîáëÿ¹òüñÿ ìåòîäèêà àíàëiçó ñòiéêîñòi i ñòàáiëiçàöi¨ áàãàòîçâ'ÿçíèõ
äèíàìi÷íèõ ñèñòåì iç çàñòîñóâàííÿì òåîði¨ iíâàðiàíòíèõ êîíóñiâ. Âèâ-
÷àþòüñÿ óìîâè iíâàðiàíòíîñòi êðóãîâèõ, åëiïñî¨äàëüíèõ òà ií. òèïiâ êî-
íóñiâ ó ôàçàâîìó ïðîñòîði äèôåðåíöiàëüíèõ i ðiçíèöåâèõ ñèñòåì. Ôîð-
ìóëþþòüñÿ àëãåáðà¨÷íi óìîâè ñòiéêîñòi òà ïîçèòèâíîñòi ëiíiéíèõ ñè-
ñòåì â òåðìiíàõ ðîçâ'ÿçêiâ ìàòðè÷íèõ íåðiâíîñòåé.

0. Âñòóï. Ïðè ìîäåëþâàííi i âèâ÷åííi ñêëàäíèõ òåõíi÷íèõ, åêîíîìi÷-
íèõ, áiîëîãi÷íèõ òà iíøèõ îá'¹êòiâ âèêîðèñòîâóþòüñÿ áàãàòîçâ'ÿçíi
äèôåðåíöiàëüíi àáî ðiçíèöåâi ñèñòåìè ðiâíÿíü âåëèêî¨ ðîçìiðíîñòi, â
ÿêèõ âðàõîâó¹òüñÿ ñòðóêòóðà âñiõ ïiäñèñòåì i õàðàêòåð ¨õ âçà¹ìîäi¨.
Òàêi ñèñòåìè âèíèêàþòü â çàäà÷àõ ñèíòåçó îá'¹êòiâ ðiçíî¨ ïðèðîäè,
ïðè âèâ÷åííi äèíàìiêè íåîäíîðiäíèõ ôiçè÷íèõ îá'¹êòiâ òîùî.

Áàãàòîçâ'ÿçíi äèôåðåíöiàëüíi ñèñòåìè ïîäàþòüñÿ ó âèãëÿäi

Ẋk = Ak(Xk, t) + Bk(Z, t), k = 1, . . . , n , t ≥ 0,
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äå Z = colon{X1, . . . , Xn}, Xk ∈ Rnk � âåêòîð ñòàíó k-¨ ïiäñèñòå-
ìè. Îïåðàòîðè Bk îïèñóþòü âïëèâ íà k-òó ïiäñèñòåìó âñiõ iíøèõ
ïiäñèñòåì. Çàäà÷àì àíàëiçó ñòiéêîñòi i ñèíòåçó ñòàáiëiçóþ÷èõ ðåãóëÿ-
òîðiâ äëÿ áàãàòîçâ'ÿçíèõ ñèñòåì ïðèñâÿ÷åíà âåëèêà êiëüêiñòü ðîáiò.
Ïðè äîñëiäæåííi óìîâ ñòiéêîñòi òàêèõ ñèñòåì çàñòîñîâóþòüñÿ ìåòî-
äè âåêòîðíèõ i ìàòðè÷íèõ ôóíêöié Ëÿïóíîâà, â ÿêèõ âðàõîâóþòüñÿ
îñîáëèâîñòi âñiõ ïiäñèñòåì (äèâ., íàïðèêëàä, [1, 2, 3]).

Â äàíié ðîáîòi ðîçâèâà¹òüñÿ ìåòîäèêà äîñëiäæåííÿ áàãàòîçâ'ÿçíèõ
äèíàìi÷íèõ ñèñòåì, â ÿêié âèêîðèñòîâó¹òüñÿ òåîðiÿ êîíóñiâ i îïå-
ðàòîðiâ â íàïiâóïîðÿäêîâàíîìó ïðîñòîði. Íåîäíîðiäíiñòü ôàçîâîãî
ïðîñòîðó, â ÿêîìó ôóíêöiîíó¹ êåðîâàíà ñèñòåìà, ïîðîäæó¹ âëàñòèâî-
ñòi ïîçèòèâíîñòi àáî ìîíîòîííîñòi ùîäî äåÿêèõ êîíóñiâ. Äëÿ àíàëiçó
ñòiéêîñòi òàêèõ ñèñòåì çàñòîñîâóþòüñÿ ñïåöiàëüíi ìåòîäè. Çíàõîäÿòü-
ñÿ óìîâè iíâàðiàíòíîñòi êîíóñiâ òèïó êðóãîâîãî òà ¨õ óçàãàëüíåíü,
ùî äîçâîëÿ¹, çîêðåìà, ðîçâ'ÿçàòè çàäà÷ó ïîçèòèâíî¨ ñòàáiëiçàöi¨ ñè-
ñòåì, òîáòî ïîáóäîâè êåðóâàíü ó âèãëÿäi çâîðîòíîãî çâ'ÿçêó ïî âèõîäó
àáî äèíàìi÷íîãî êîìïåíñàòîðà, ÿêi çàáåçïå÷óþòü îäíî÷àñíî âëàñòè-
âîñòi ïîçèòèâíîñòi âiäíîñíî çàäàíîãî êîíóñà i àñèìïòîòè÷íî¨ ñòiéêîñòi
çàìêíóòî¨ ñèñòåìè. Óìîâè iíâàðiàíòíîñòi åëiïñî¨äàëüíèõ êîíóñiâ òà
åêñïîíåíöiàëüíî¨ ñòiéêîñòi ëiíiéíèõ ñèñòåì ôîðìóëþþòüñÿ ó âèãëÿäi
ìàòðè÷íèõ íåðiâíîñòåé.

Çàäà÷à ïîçèòèâíî¨ ñòàáiëiçàöi¨ äèíàìi÷íèõ ñèñòåì çà äîïîìîãîþ
ëiíiéíîãî çâîðîòíîãî çâ'ÿçêó ïî ñòàíó ó âèïàäêó êîíóñà íåâiä'¹ìíèõ
âåêòîðiâ âèâ÷àëàñÿ, íàïðèêëàä, â [4, 5].

1. Îçíà÷åííÿ i äîïîìiæíi ôàêòè. Iíåðöi¹þ ñèìåòðè÷íî¨ ìàò-
ðèöi S = ST ∈ Rn×n áóäåìî íàçèâàòè òðiéêó ÷èñåë

i(S) = {i+(S), i−(S), i0(S)}, i+(S) + i−(S) + i0(S) = n,

äå i+(S), i−(S) i i0(S) � âiäïîâiäíî êiëüêiñòü äîäàòíèõ, âiä'¹ìíèõ i
íóëüîâèõ âëàñíèõ çíà÷åíü S ç óðàõóâàííÿì êðàòíîñòi.

Íàâåäåìî äåÿêi îçíà÷åííÿ i ôàêòè ç òåîði¨ êîíóñiâ i îïåðàòîðiâ â
íàïiâóïîðÿäêîâàíîìó ïðîñòîði. Îïóêëà çàìêíóòà ìíîæèíà K äiéñíî-
ãî íîðìîâàíîãî ïðîñòîðó E íàçèâà¹òüñÿ êëèíîì, ÿêùî αK + βK ⊂ K
∀α, β ≥ 0. Êëèí K ç ëåçîì K∩−K = {0} ¹ êîíóñîì. Ñïðÿæåíèé êîíóñ
K∗ ñêëàäàþòü ëiíiéíi ôóíêöiîíàëè ϕ ∈ E∗, øî ïðèéìàþòü íåâiä'¹ìíi
çíà÷åíèÿ íà åëåìåíòàõK, ïðè÷îìó,K = {X ∈ E : ϕ(X) ≥ 0, ∀ϕ ∈ K∗}.
Ïðîñòið ç êîíóñîì íàïiâóïîðÿäêîâàíèé: X ≤ Y ⇐⇒ Y −X ∈ K. Êî-
íóñ K ç íåïîðîæíüîþ ìíîæèíîþ âíóòðiøíiõ òî÷îê K0 = {X : X > 0}
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� òiëåñíèé. Êîíóñ K íàçèâà¹òüñÿ íîðìàëüíèì, ÿêùî äëÿ 0 ≤ X ≤ Y
âèêîíó¹òüñÿ ‖X‖ ≤ ν‖Y ‖, äå ν � óíiâåðñàëüíà êîíñòàíòà. Íàéìåíøå
òàêå ÷èñëî ν ¹ êîíñòàíòîþ íîðìàëüíîñòi êîíóñà. Êîíóñ K ¹ íîðìàëü-
íèì ëèøå òîäi, êîëè

X,Y ∈ K, ‖X‖ = ‖Y ‖ = 1 =⇒ ‖X + Y ‖ ≥ δ > 0,

äå δ � êîíñòàíòà, ùî íå çàëåæèòü âiä X i Y . Êðèòåði¹ì íîðìàëüíîñòi
êîíóñà ¹ òàêîæ óìîâà

U ≤ X ≤ V =⇒ ‖X‖ ≤ ν−‖U‖+ ν+‖V ‖,
äå ν± > 0 � óíiâåðñàëüíi êîíñòàíòè.

ßêùî E = K−K, òî êîíóñ K ¹ âiäòâîðþþ÷èì. Êîíóñ K ¹ íîðìàëü-
íèì ëèøå òîäi, êîëè ñïðÿæåíèé êîíóñ K∗ � âiäòâîðþþ÷èé. Òèïîâèìè
ïðèêëàäàìè íîðìàëüíèõ âiäòâîðþþ÷èõ êîíóñiâ â ñêií÷åííîâèìiðíèõ
ïðîñòîðàõ ¹ ìíîæèíà âåêòîðiâ ç íåâiä'¹ìíèìè åëåìåíòàìè i ìíîæèíà
ñèìåòðè÷íèõ íåâiä'¹ìíî âèçíà÷åíèõ ìàòðèöü ðiâíèõ ðîçìiðiâ.

Íåõàé â áàíàõîâîìó ïðîñòîði E1(E2) âèäiëåíî êîíóñ K1(K2). Îïå-
ðàòîð M : E1 → E2 íàçèâà¹òüñÿ ìîíîòîííèì, ÿêùî iç X ≥ Y âèïëèâà¹
MX ≥ MY . Ìîíîòîííiñòü ëiíiéíîãî îïåðàòîðà ðiâíîñèëüíà éîãî ïî-
çèòèâíîñòi: X ≥ 0 =⇒ MX ≥ 0. ßêùî ME1 ⊂ K2, òî îïåðàòîð M
� âñþäè ïîçèòèâíèé. Ëiíiéíèé îïåðàòîð M íàçèâà¹òüñÿ ïîçèòèâíî
îáîðîòíèì, ÿêùî K2 ⊂ MK1, òîáòî äëÿ áóäü-ÿêîãî Y ∈ K2 ðiâíÿí-
íÿ MX = Y ìà¹ ðîçâ'ÿçîê X ∈ K1. ßêùî K2 � íîðìàëüíèé âiä-
òâîðþþ÷èé êîíóñ i M1 ≤ M ≤ M2, òîäi iç ïîçèòèâíî¨ îáîðîòíîñòi
îïåðàòîðiâ M1 i M2 âèïëèâà¹ ïîçèòèâíà îáîðîòíiñòü îïåðàòîðà M ,
ïðè÷îìó, M−1

2 ≤ M−1 ≤ M−1
1 [6]. Êðèòåði¹ì ïîçèòèâíî¨ îáîðîòíîñòi

êëàñó îïåðàòîðiâ M = L− P , PK1 ⊂ K2 ⊂ LK1, äå K2 � íîðìàëüíèé
âiäòâîðþþ÷èé êîíóñ, ¹ íåðiâíiñòü ρ(T ) < 1, äå ρ(T ) � ñïåêòðàëüíèé
ðàäióñ ïó÷êà îïåðàòîðiâ T (λ) = P − λL [7]. Ó âèïàäêó òiëåñíîãî êî-
íóñà K2 öÿ íåðiâíiñòü åêâiâàëåíòíà óìîâi MK1 ∩ K0

2 6= ∅.
Íåõàé X(t) = Φ(t, t0, X0) ∈ E � ñòàí äåÿêî¨ äèíàìi÷íî¨ ñè-

ñòåìè, ùî îïèñó¹òüñÿ íåïåðåðâíî-äèôåðåíöiéîâíîþ ôóíêöi¹þ ïðè
t ≥ t0 ≥ 0. ßêùî çàäàíî îïåðàòîð Ω(t, t0) : E → E , ùî âèçíà÷à¹
ïåðåõiä ç ïî÷àòêîâîãî ñòàíó X(t0) = X0 â ñòàí X(t) ïðè t > t0, òî
Φ(t, t0, X0) = Ω(t, t0)X0. Ïðè öüîìó Ω(t0, t0) = E � òîòîæíèé îïåðà-
òîð. Ñèñòåìà ìà¹ iíâàðiàíòíó ìíîæèíó Kt ⊂ E , ÿêùî äëÿ áóäü-ÿêîãî
t0 ≥ 0 iç X0 ∈ K0 âèïëèâà¹ X(t) ∈ Kt ïðè t ≥ t0. ßêùî Kt � êîíóñ, òî
íèì ïîðîäæåíi íåðiâíîñòi ìiæ åëåìåíòàìè ïðîñòîðó â êîæíèé ìîìåíò
÷àñó t ïîçíà÷èìî ñèìâîëàìè òèïó

Kt≤ àáî
Kt≥.
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Âèçíà÷èìî âëàñòèâîñòi ñèñòåì âiäíîñíî çìiííîãî êîíóñà [8]. Äè-
íàìi÷íà ñèñòåìà, ùî ìà¹ iíâàðiàíòíèé êîíóñ Kt, ïîçèòèâíà âiäíîñíî
äàíîãî êîíóñà. Ñèñòåìà íàçèâà¹òüñÿ ìîíîòîííîþ âiäíîñíî êîíóñà Kt,
ÿêùî äëÿ áóäü-ÿêîãî t0 ≥ 0

X10

K0≤ X20 =⇒ X1(t)
Kt≤ X2(t), t > t0, (1)

äå Xk(t) = Φ(t, t0, Xk0), k = 1, 2. Êëàñè ïîçèòèâíèõ i ìîíîòîííèõ
ñèñòåì ïîçíà÷èìî ñèìâîëàìè M0 i M. Äëÿ êëàñiâ ñèñòåì, ùî ìàþòü
âëàñòèâiñòü (1) ïðè äîäàòêîâèõ îáìåæåííÿõ X20 ∈ K0, X10 ∈ K0,
X10 ∈ −K0 i X20 ∈ −K0, âèêîðèñòîâó¹ìî âiäïîâiäíi ïîçíà÷åííÿ M+

1 ,
M+

2 , M−
1 i M−

2 . Ñèñòåìà êëàñó M+
2 (M−

2 ) ìîíîòîííà â êîíóñi Kt

(−Kt).
Íåõàé X ≡ 0 � içîëüîâàíèé ñòàí ðiâíîâàãè äèíàìi÷íî¨ ñèñòå-

ìè, òîáòî Φ(t, t0, 0) ≡ 0. Ñòàí X ≡ 0 ñèñòåìè íàçèâà¹ìî ñòiéêèì
â Kt, ÿêùî äëÿ äîâiëüíèõ ε > 0 i t0 ≥ 0 ìîæíî âêàçàòè òàêå
δ > 0, ùî iç X0 ∈ Sδ(t0) âèïëèâà¹ X(t) ∈ Sε(t) ïðè t > t0, äå
Sε(t) = {X ∈ Kt : ‖X‖ ≤ ε}. ßêùî ïðè öüîìó äëÿ ïåâíîãî δ0 > 0 iç
X0 ∈ Sδ0(t0) âèïëèâà¹ ‖X(t)‖ → 0 ïðè t →∞, òî ñòàí X ≡ 0 ñèñòåìè
àñèìïòîòè÷íî ñòiéêèé â Kt. ßêùî ñòàí X ≡ 0 ñèñòåìè ç iíâàðiàíò-
íèì êîíóñîì Kt ñòiéêèé (àñèìïòîòè÷íî ñòiéêèé) çà Ëÿïóíîâèì, òî
âií ñòiéêèé (àñèìïòîòè÷íî ñòiéêèé) â Kt.

Àíàëîãi÷íî îçíà÷àþòüñÿ iíâàðiàíòíi ìíîæèíè, âëàñòèâîñòi ïîçè-
òèâíîñòi i ìîíîòîííîñòi âiäíîñíî êîíóñà i ñòiéêîñòi â Kt äëÿ äèíàìi÷-
íèõ ñèñòåì ç äèñêðåòíèì ÷àñîì.

2. Êðóãîâi òà åëiïñî¨äàëüíi êîíóñè. Ðîçãëÿíåìî â ïðîñòîði
Rn+1 ìíîæèíó

K(Q,h) =
{
z ∈ Rn+1 : zT Qz ≥ 0, zT Qh ≥ 0

}
, (2)

äå Q = QT � ñèìåòðè÷íà ìàòðèöÿ ç iíåðöi¹þ i(Q) = {1, n, 0}, h � äî-
âiëüíèé âåêòîð òàêèé, ùî hT Qh > 0. Ãiïåðïëîùèíà P = {z : zT Qh =
0} ðîçäiëÿ¹ äâà êîíóñè K(Q,h) i −K(Q,h) i ïðîõîäèòü ÷åðåç ¨õ ñïiëüíó
âåðøèíó z = 0 (ðèñ. 1).
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Ðèñ. 1: Êîíóñè ±K(Q,h) â R3.

Ëåìà 1. Ìíîæèíà K(Q,h) ¹ êîíóñîì.
Äîâåäåííÿ. Âiäîìî, ùî i+(Q) = 1 ëèøå òîäi, êîëè [9]

S = Q− 1
ω

QhhT Q ≤ 0,

äå ω = hT Qh > 0. ßêùî z1 ∈ K(Q,h) i z2 ∈ K(Q, h), òî, âèêîðèñòîâó-
þ÷è ðîçêëàä S = −RT R i íåðiâíiñòü Êîøi, ìà¹ìî ñïiââiäíîøåííÿ

1
ω

zT
1 QhhT Qz1 + zT

1 Sz1 = α2 − aT a ≥ 0, α =
1√
ω

zT
1 Qh ≥ 0, a = Rz1,

1
ω

zT
2 QhhT Qz2 + zT

2 Sz2 = β2 − bT b ≥ 0, β =
1√
ω

zT
2 Qh ≥ 0, b = Rz2,

1
ω

zT QhhT Qz + zT Sz = α2 − aT a + β2 − bT b + 2(αβ − aT b) ≥ 0,

äå z = z1 + z2. Îòæå z1 + z2 ∈ K(Q,h).
ßêùî z ∈ ±K(Q,h), òî xT Qh = 0, zT Qz = zT Sz = 0, Qz = Sz = 0

i z = 0. Òóò ìè âðàõóâàëè íåâèðîäæåíiñòü Q i íàñòóïíó âëàñòèâiñòü
ìàòðèöi S ≤ 0: zT Sz = 0 ⇐⇒ Sz = 0.

Âëàñòèâiñòü êîíóñà αK(Q,h) ⊂ K(Q,h) ïðè α ≥ 0 î÷åâèäíà.
Ëåìà äîâåäåíà.
Çàçíà÷èìî, ùî K(Q, h) = K(Q,h1) äëÿ äîâiëüíîãî âåêòîðà

h1 ∈ intK(Q,h). Çîêðåìà, h ìîæå áóòè âëàñíèì âåêòîðîì ìàòðèöi Q,
ùî âiäïîâiäà¹ ¨¨ ¹äèíîìó äîäàòíîìó âëàñíîìó çíà÷åííþ [10].
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Ëåìà 2. Ìíîæèíà âíóòðiøíiõ òî÷îê êîíóñà K(Q,h), éîãî ãðà-
íèöÿ òà ñïðÿæåíèé êîíóñ âiäïîâiäíî ìàþòü âèãëÿä

intK(Q,h) =
{
z ∈ K(Q,h) : zT Qz > 0, zT Qh > 0

}
,

∂K(Q,h) =
{
z ∈ K(Q,h) : zT Qz = 0

}
,

K∗(Q,h) = QK(Q,h).

Íåõàé T � íåâèðîäæåíà ìàòðèöÿ ïåðåòâîðåííÿ

TT QT = ∆ =
[ −I 0

0 1

]
, h = Tg.

Òîäi K(Q,h) = TK(∆, g). ßêùî g = e = [0, . . . , 0, 1]T , òî K(∆, g) ñïiâ-
ïàäà¹ ç êðóãîâèì êîíóñîì Ìiíêîâñüêîãî [11]

K =
{
z ∈ Rn+1 : zT = [xT , u], ‖x‖ ≤ u

}
, (3)

äå ‖x‖ =
√

xT x. Îòæå, K(Q,h) = αTK, äå α = eT T−1h, òîáòî K(Q,h)
ñïiâïàäà¹ ç TK (−TK), ÿêùî α > 0 (α < 0).

Îñêiëüêè K ¹ íîðìàëüíèì êîíóñîì ç êîíñòàíòîþ íîðìàëüíîñòi 1,
òî êîíóñ K(Q,h) òàêîæ íîðìàëüíèé, éîãî êîíñòàíòà íîðìàëüíîñòi
íå ïåðåâèùó¹

√
t−/t+, äå t−(t+) � ìiíiìàëüíå (ìàêñèìàëüíå) âëàñíå

çíà÷åííÿ ìàòðèöi TTT .
Ïîáóäó¹ìî ìàòðèöþ ïåðåòâîðåííÿ T çà äîïîìîãîþ ñïåêòðàëüíîãî

ðîçêëàäó

Q = γhhT −HΓHT = GDGT , σ(Q) = {−γ1, . . . ,−γn, γ}, (4)

äå γ > 0, Γ = diag{γ1, . . . , γn} > 0, D = diag{−γ1, . . . ,−γn, γ},
G = [H,h], hT h = 1, HT H = I, hT H = 0, GGT = GT G = I. Êîíóñ (2)
âèçíà÷à¹ìî ó âèãëÿäi

K(Q) =
{
z ∈ Rn+1 : zT Qz ≥ 0, zT h ≥ 0

}
,

äå h � íîðìîâàíèé âëàñíèé âåêòîð ìàòðèöi Q, ùî âiäïîâiäà¹ ¨¨ ¹äè-
íîìó äîäàòíîìó âëàñíîìó çíà÷åííþ γ. Ïðè öüîìó âèêîíóþòüñÿ òàêi
ñïiââiäíîøåííÿ

K∗(Q) =
{
w ∈ Rn+1: wT Q−1w ≥ 0, wT h ≥ 0

}
= K(Q−1) = QK(Q),
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K(Q) = GK(D) = TK, K(D) = LK(∆), K(∆) = K,

T = GL, L = diag{γ1
−1/2, . . . , γn

−1/2, γ−1/2}.
Çàçíà÷èìî, ùî íàëåæíiñòü âåêòîðà z êîíóñó K îïèñó¹òüñÿ â òåð-

ìiíàõ íåâiä'¹ìíî âèçíà÷åíèõ ìàòðèöü [12]:

z =
[

x
u

]
∈ K ⇐⇒ u ≥ 0, u2I ≥ xxT ⇐⇒

[
uI x
xT u

]
≥ 0.

Àíàëîãi÷íî,

z ∈ K(Q) ⇐⇒ uz ≥ 0, γu2
zΓ
−1 ≥ UzU

T
z ⇐⇒

[
uzΓ−1 Uz

UT
z uzγ

]
≥ 0,

äå uz = hT z, Uz = HT z.

Ëåìà 3. Äëÿ êîæíîãî âåêòîðà z ∈ K(Q) êâàäðàòè÷íà ôîðìà
zT Ωz íåâiä'¹ìíà òîäi i òiëüêè òîäi, êîëè Ω ≥ αQ äëÿ äåÿêîãî α ≥ 0.

Äîâåäåííÿ. Âiäîìî, ùî wT Ωw ≥ 0 ïðè w ∈ K ëèøå òîäi, êîëè
iñíó¹ òàêå α ≥ 0, ùî âèêîíó¹òüñÿ íåðiâíiñòü Ω ≥ α∆ [13]. Îñêiëüêè
K(Q) = TK, òî ïîêëàâøè z = Tw i âèêîðèñòîâóþ÷è çàêîí iíåðöi¨
ìà¹ìî êðèòåðié íåâiä'¹ìíîñòi êâàäðàòè÷íî¨ ôîðìè zT Ωz íà êîíóñi
K(Q) ó âèãëÿäi ìàòðè÷íî¨ íåðiâíîñòi Ω ≥ αQ.

Ëåìà äîâåäåíà.

Ââåäåìî íàñòóïíi ïîçíà÷åííÿ

M = [R, l] =
[

A b
cT d

]
, R =

[
A
cT

]
, l =

[
b
d

]
,

A = [a1, . . . , an], bT = [b1, . . . , bn], cT = [c1, . . . , cn].

Âñòàíîâèìî óìîâè, ïðè ÿêèõ K(Q) ¹ iíâàðiàíòíèì êîíóñîì ìàòðèöi
M .

Ëåìà 4. K ¹ iíâàðiàíòíèì êîíóñîì ìàòðèöi M òîäi i òiëüêè
òîäi, êîëè âèêîíóþòüñÿ óìîâè

l ∈ K, M∆MT ≥ α∆, (5)

äå α ≥ 0 � äåÿêå íåâiä'¹ìíå ÷èñëî.
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Äîâåäåííÿ. Îñêiëüêè

z =
[

x
u

]
∈ K ⇐⇒

[
uI x
xT u

]
≥ 0,

òî âêëþ÷åííÿ MK ⊂ K îçíà÷à¹, ùî

Sz =
[

uI x
xT u

]
≥ 0 =⇒ SMz =

[
(cT x + du)I Ax + bu
xT AT + ubT cT x + du

]
≥ 0,

òîáòî äëÿ äîâiëüíèõ âåêòîðiâ z ∈ K i g ∈ Rn+1 ïîâèííi âèêîíóâàòèñü
ñïiââiäíîøåííÿ

gT SMzg = lTg z ≥ 0, lTg =
[
gT Sr1g, . . . , gT Srn

g, gT Slg
]
,

Sl =
[

dI b
bT d

]
, Sri

=
[

ciI ai

aT
i ci

]
, i = 1, . . . , n.

Âðàõîâóþ÷è ñàìîñïðÿæåíiñòü êîíóñà K, ìà¹ìî lg ∈ K, òîáòî

gT Slg = wT l ≥ 0, (gT Slg)2 −
n∑

i=1

(gT Sri
g)2 = wT Sw ≥ 0,

äå

g =
[

y
v

]
, w = Φ(g) =

[
2vy

yT y + v2

]
, S = llT −RRT = M∆MT .

Ëåãêî âñòàíîâèòè, ùî íåëiíiéíå ïåðåòâîðåííÿ Φ : Rn+1 → Rn+1

çáåðiãà¹ êîíóñ K, áiëüøå òîãî, Φ(K) = K. Òîìó ìîæíà ñêîðèñòàòèñü
ëåìîþ 3.

Îòæå, êðèòåðié iíâàðiàíòíîñòi êîíóñà K äëÿ ìàòðèöi M ïðåäñòàâ-
ëÿ¹òüñÿ ó âèãëÿäi (5).

Ëåìà äîâåäåíà.
Òåîðåìà 1. K(Q) ¹ iíâàðiàíòíèì êîíóñîì ìàòðèöi M òîäi i

òiëüêè òîäi, êîëè âèêîíóþòüñÿ óìîâè

hT Mh ≥ 0, hT MQ−1MT h ≥ 0, MT QM ≥ αQ, (6)

äå α ≥ 0 � äåÿêå íåâiä'¹ìíå ÷èñëî.
Äîâåäåííÿ. Îñêiëüêè K(Q) = TK, òî óìîâè MK(Q) ⊂ K(Q) i

MTK ⊂ K, äå MT = T−1MT , åêâiâàëåíòíi.
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Çàñòîñó¹ìî ëåìó 4 äî ìàòðèöi MT . �¨ îñòàííié ñòîâï÷èê çãiäíî ç
ðîçêëàäîì (4) ìà¹ âèãëÿä lT = γ−1/2T−1Mh. Òîìó óìîâè (5) äëÿ
âåêòîðà lT i ìàòðèöi MT çâîäÿòüñÿ äî âèãëÿäó

hT Mh ≥ 0, hT MT QMh ≥ 0, MQ−1MT ≥ αQ−1. (7)

Âiäîìî, ùî ìàòðèöÿ M ìà¹ iíâàðiàíòíèé êîíóñK òîäi i òiëüêè òîäi,
êîëè ìàòðèöÿ MT ìà¹ iíâàðiàíòíèé êîíóñ K∗. Â íàøîìó âèïàäêó
K∗(Q) = K(Q−1). Îòæå, îòðèìàíèé êðèòåðié iíâàðiàíòíîñòi êîíóñà
K(Q) òèïó (7) íà îñíîâi çàêîíó iíåðöi¨ ïðåäñòàâëÿ¹òüñÿ ó âèãëÿäi (6).
Òóò ïàðàìåòð α çíàõîäèòüñÿ â iíòåðâàëi 0 ≤ α ≤ γ−1hT MT QMh.

Òåîðåìà äîâåäåíà.
Çàçíà÷èìî, ùî òåîðåìà 1 óçàãàëüíþ¹ îñíîâíèé ðåçóëüòàò ðîáîòè

[10] äëÿ åëiïñî¨äàëüíèõ êîíóñiâ òèïó K(Q).
Ðîçãëÿíåìî ëiíiéíó äèôåðåíöiàëüíó ñèñòåìó

ż = Mz, z ∈ Rn+1, t ≥ 0, (8)

i ñôîðìóëþ¹ìî óìîâè ¨¨ ïîçèòèâíîñòi âiäíîñíî êîíóñà K(Q) ⊂ Rn+1,
òîáòî óìîâ, ïðè ÿêèõ ìà¹ ìiñöå âêëþ÷åííÿ eMtK(Q) ⊂ K(Q) äëÿ áóäü-
ÿêîãî t ≥ 0. Â öüîìó âèïàäêó K(Q) ¹ iíâàðiàíòíèì êîíóñîì ñèñòåìè
(8).

Òåîðåìà 2. K(Q) ¹ iíâàðiàíòíèì êîíóñîì ñèñòåìè (8) òîäi i
òiëüêè òîäi, êîëè äëÿ äåÿêîãî α ∈ R1 âèêîíó¹òüñÿ ìàòðè÷íà íåðiâ-
íiñòü

MT Q + QM ≥ αQ, (9)

Äîâåäåííÿ. Êðèòåðié ïîçèòèâíîñòi ñèñòåìè â òåðìiíàõ ñïðÿæå-
íîãî êîíóñà K∗(Q) = K(Q−1) ìà¹ âèãëÿä [14]

z ∈ K(Q), w ∈ K∗(Q), wT z = 0 =⇒ wT Mz ≥ 0. (10)

Ïîêàæåìî, ùî iç îðòîãîíàëüíîñòi íåíóëüîâèõ âåêòîðiâ z ∈ K(Q) i
w ∈ K∗(Q) âèïëèâà¹, ùî w = βQz, äå β > 0. Íåõàé w = Qg, äå g �
äåÿêèé âåêòîð, i âèêîíóþòüñÿ ñïiââiäíîøåííÿ

zT Qz ≥ 0, wT Q−1w = gT Qg ≥ 0, wT z = gT Qz = 0.

Òîäi, ÿêùî V = [z, g] � ìàòðèöÿ ïîâíîãî ðàíãó, òî äëÿ äîâiëüíîãî
ε > 0

Gε = V T (Q + εI)V =
[

zT Qz 0
0 gT Qg

]
+ εV T V > 0.
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Çâiäñè âèïëèâà¹, ùî âåêòîðè z i g ïîâèííi áóòè ëiíiéíî çàëåæíèìè.
Â ïðîòèâíîìó âèïàäêó äëÿ äåÿêîãî ε > 0 ìà¹ìî ïðîòèði÷÷ÿ:

1 = i+(Q) = i+(Q + εI) ≥ i+(Gε) = 2.

Îòæå, w = βQz, ïðè÷îìó, β > 0, îñêiëüêè zT h > 0 i wT h > 0.
Óìîâà (10) îçíà÷à¹, ùî zT (MT Q + QM)z ≥ 0 äëÿ äîâiëüíîãî

z ∈ K(Q), ùî çãiäíî ç ëåìîþ 3 åêâiâàëåíòíî óìîâi (9).
Çàóâàæèìî, ùî â äàíîìó âèïàäêó z ∈ ∂K(Q), òîáòî zT Qz = 0.

Òîìó óìîâà (9) çàáåçïå÷ó¹ iíâàðiàíòíiñòü êîíóñà K(Q) äëÿ ñèñòåìè
(8) ïðè äåÿêîìó α ∈ R1. Ìîæíà âñòàíîâèòè, ùî α ≤ 2hT Mh.

Òåîðåìà äîâåäåíà.
Òåîðåìà 3. Íåõàé iñíóþòü ñèìåòðè÷íà ìàòðèöÿ Q ç iíåðöi¹þ

i(Q) = {1, n, 0} i êîíñòàíòè α ∈ R1 i β > 0, äëÿ ÿêèõ âèêîíóþòüñÿ
íåðiâíîñòi

MT Q + QM ≥ αQ, MT QM ≤ βQ,

hT M−1h ≤ 0, hT (MT QM)−1h ≥ 0,
(11)

äå h � âëàñíèé âåêòîð ìàòðèöi Q, ùî âiäïîâiäà¹ ¨¨ ¹äèíîìó äîäàò-
íîìó âëàñíîìó çíà÷åííþ. Òîäi äèôåðåíöiàëüíà ñèñòåìà (8) åêñïî-
íåíöiàëüíî ñòiéêà i ìà¹ iíâàðiàíòíèé êîíóñ K(Q).

Äàíèé ðåçóëüòàò ¹ íàñëiäêîì òåîðåì 1,2 i çàãàëüíî¨ òåîðåìè ïðî
ñòiéêiñòü ëiíiéíèõ ïîçèòèâíèõ ñèñòåì [15].

Ïðèêëàä. Ðîçãëÿíåìî äèôåðåíöiàëüíå ðiâíÿííÿ òðåòüîãî ïîðÿä-
êó

d3w

dt3
+ (4− a)

d2w

dt2
+ (5− 4a)

dw

dt
− 5aw = 0,

äå a � äiéñíèé ïàðàìåòð. Äàíå ðiâíÿííÿ ìîæíà ïåðåïèñàòè ó âèãëÿäi
ëiíiéíî¨ ñèñòåìè

ż = Mz, z =




w
ẇ
ẅ


 , M =




0 1 0
0 0 1
5a 4a− 5 a− 4


 . (12)

Ñïåêòð ìàòðèöi M ìà¹ âèãëÿä σ(M) = {a, −2+ i,−2− i}. Ñèñòåìà
ìà¹ iíâàðiàíòíèé åëiïñî¨äàëüíèé êîíóñ K(Q) ëèøå òîäi, êîëè αM ∈
σ(M), äå αM = max{Re λ : λ ∈ σ(M)}. Â öüîìó âèïàäêó αM = a.

Ðàçîì ç ìàòðè÷íîþ íåðiâíiñòþ (9) ðîçãëÿíåìî ìàòðè÷íå ðiâíÿííÿ

MT Q + QM − αQ = I. (13)



38 À.Ì. Àëiëóéêî, Î.Ã. Ìàçêî

Çãiäíî ç òåîðåìîþ iíåðöi¨ éîãî ðîçâ'ÿçîê ïîâèíåí çàäîâîëüíÿòè óìî-
âàì

i+α (M) = i+(Q), i−α (M) = i−(Q), i0(Q) = 0,

äå i+α (M) (i−α (M)) � êiëüêiñòü âëàñíèõ çíà÷åíü ìàòðèöi M , ðîçòàøî-
âàíèõ ñïðàâà (çëiâà) âiä ïðÿìî¨ 2Re λ = α [7]. Áóäåìî ââàæàòè, ùî
α = a− 2, òîäi i(Q) = {1, 2, 0}.

Íåõàé a = −1, òîäi

M =




0 1 0
0 0 1
−5 −9 −5


 , σ(M) = {−1, −2 + i,−2− i}, αM = −1.

Iç ìàòðè÷íîãî ðiâíÿííÿ (13) îòðèìó¹ìî

Q =




27 17 8
17 −3, 8 1, 2
8 1, 2 0, 2


 , h =




0, 89719
0, 38737
0, 21211


 , i(Q) = {1, 2, 0}.

Ðîçâ'ÿçóþ÷è ñèñòåìó íåðiâíîñòåé (11) âiäíîñíî a, α i β ïðè çíàéäåíèõ
Q i h, îòðèìó¹ìî a = −0, 81697, α = −2, 9682, β = 1, 07585. Îòæå,
âèêîíóþòüñÿ óìîâè òåîðåìè 3, ïðè ÿêèõ ñèñòåìà (12) åêñïîíåíöiàëüíî
ñòiéêà i ìà¹ iíâàðiàíòíèé êîíóñ K(Q).

Ðîçãëÿíåìî íåàâòîíîìíó ñèñòåìó

ż = M(t)z, z ∈ Rn+1, t ≥ 0, (14)

ó ôàçîâîìó ïðîñòîði ÿêî¨ çàäàíî çìiííèé åëiïñî¨äàëüíèé êîíóñ

K(Q) =
{
z ∈ Rn+1 : zT Q(t)z ≥ 0, zT h(t) ≥ 0

}
,

äå åëåìåíòè ìàòðèöü M(t), Q(t) = QT (t) i âåêòîðà h(t) ¹ íåïåðåðâíè-
ìè ôóíêöiÿìè ÷àñó t.

Òåîðåìà 4. K(Q) ¹ iíâàðiàíòíèì êîíóñîì ñèñòåìè (14) òîäi
i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ ìàòðè÷íà äèôåðåíöiàëüíà íåðiâ-
íiñòü

Q̇ + MT (t)Q + QM(t) ≥ α(t)Q, t ≥ 0, (15)

äå α(t) � äåÿêà ôóíêöiÿ.
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Äîâåäåííÿ. Íåõàé T (t) � òàêà íåâèðîäæåíà ìàòðèöÿ, ùî
TT (t)Q(t)T (t) ≡ ∆. Òîäi çà äîïîìîãîþ ïåðåòâîðåííÿ z = T (t)w îò-
ðèìó¹ìî ñèñòåìó

ẇ = N(t)w, N(t) = T−1(t)M(t)T (t)− T−1(t)Ṫ (t), (16)

ÿêà ìà¹ iíâàðiàíòíèé êðóãîâèé êîíóñ K ëèøå òîäi, êîëè K(Q) ¹ ií-
âàðiàíòíèì êîíóñîì ïî÷àòêîâî¨ ñèñòåìè (14). Çà òåîðåìîþ 3 êðèòåðié
iíâàðiàíòíîñòi êîíóñà K äëÿ ñèñòåìè (16) ìà¹ âèãëÿä

NT (t)∆ + ∆N(t) ≥ α(t)∆,

äå α(t) � äåÿêà ôóíêöiÿ. Îñòàííÿ íåðiâíiñòü ïiñëÿ ìíîæåííÿ çëiâà i
ñïðàâà âiäïîâiäíî íà T−1T (t) i T−1(t) ç âèêîðèñòàííÿì òîòîæíîñòi

Q̇(t) + T−1T (t)ṪT (t)Q(t) + Q(t)Ṫ (t)T−1(t) ≡ 0

çâîäèòüñÿ äî âèãëÿäó (15).
Òåîðåìà äîâåäåíà.
3. Êîíóñè òèïó Kp(µα) i Kq(σβ). Ðîçãëÿíåìî ó ïðîñòîði Rn+m

ìíîæèíè âåêòîðiâ

Kp(µα) = {z ∈ Rn+m : zT = [xT , uT ], u ∈ Rm
+ , ‖x‖p ≤ µα(u)}, (17)

Kq(σβ) = {w ∈ Rn+m : wT = [yT , vT ], v ∈ Rm
+ , ‖y‖q ≤ σβ(v)}, (18)

äå µα(u) = α min
k

uk, σβ(v) = β
∑
k

vk, Rm
+ ⊂ Rm� êîíóñ âåêòîðiâ ç

íåâiä'¹ìíèìè åëåìåíòàìè, ‖x‖p � îäíà ç òàêèõ âåêòîðíèõ íîðì:

‖x‖∞ = max
k
|xk|, ‖x‖1 =

∑

k

|xk|,

‖x‖2 =
√∑

k

x2
k � åâêëiäîâà íîðìà,

‖x‖p =

(∑

k

|xk|p
)1/p

� íîðìà Ãåëüäåðà.

Íåõàé ïàðàìåòðè α, β, p i q çàäîâîëüíÿþòü ñïiââiäíîøåííÿ

αβ = 1, α > 0, β > 0, p−1 + q−1 = 1, p ≥ 1, q ≥ 1. (19)
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Òîäi äëÿ êîæíî¨ iç ââåäåíèõ íîðì ìíîæèíè (17) i (18) ¹ òiëåñíèìè
êîíóñàìè, ïðè÷îìó âèêîíóþòüñÿ íåðiâíîñòi

|yT x| ≤ ‖x‖p‖y‖q, vT u ≥ µα(u)σβ(v). (20)

Ó âèïàäêó p > 1(q > 1) ïåðøà íåðiâíiñòü (20) ¹ íåðiâíiñòü Ãåëüäåðà.

Ëåìà 4. Ïðè óìîâàõ (19) K∗p(µα) = Kq(σβ).

Äîâåäåííÿ. ßêùî z ∈ Kp(µα) i w ∈ Kq(σβ), òî çãiäíî ç (19) i (20)
ìà¹ìî

yT x + vT u ≥ −‖x‖p‖y‖q + µα(u)σβ(v) ≥ 0.

Öå îçíà÷à¹, ùî Kq(σβ) ⊂ K∗p(µα).
Çâîðîòíå âêëþ÷åííÿ Kq(σβ) ⊃ K∗p(µα) òàêîæ âèêîíó¹òüñÿ. Äiéñ-

íî, íåõàé yT x + vT u ≥ 0 äëÿ äîâiëüíîãî âåêòîðà z ∈ Kp(µα). Òîäi,
î÷åâèäíî, v ∈ Rm

+ i äëÿ âñòàíîâëåííÿ íåðiâíîñòi ‖y‖q ≤ σβ(v) ñëiä
ðîçãëÿíóòè òàêi âèïàäêè:

1) p = 1, q = ∞, xk =
{ −ys, k = s

0, k 6= s
, u = β‖x‖1e,

2) p = ∞, q = 1, xk =
{ −1, yk ≥ 0

1, yk < 0 , u = β‖x‖∞e,

3) p > 1, q > 1, xk =
{ −|yk|q/p, yk ≥ 0

|yk|q/p, yk < 0
, u = β‖x‖pe,

äå |ys| = ‖y‖∞, e = [1, . . . , 1]T . Äëÿ êîæíîãî ç íèõ âèêîíó¹òüñÿ ñïiââiä-
íîøåííÿ

yT x + vT u = −‖x‖p‖y‖q + ‖x‖p σβ(v) ≥ 0,

çâiäêè âèïëèâà¹, ùî ‖y‖q ≤ σβ(v), òîáòî w ∈ Kq(σβ).
Ëåìà äîâåäåíà.

Ïîáóäó¹ìî óìîâè iíâàðiàíòíîñòi äåÿêèõ êîíóñiâ äëÿ êëàñó ðiçíè-
öåâèõ ñèñòåì. Ðiçíèöåâà ñèñòåìà

zk+1 = f(zk, k), k = 0, 1, . . . , (21)

ìà¹ iíâàðiàíòíèé êîíóñ K, ÿêùî iç z0 ∈ K âèïëèâà¹ zk ∈ K ïðè k > 0.
Öå îçíà÷à¹, ùî âèêîíóþòüñÿ âêëþ÷åííÿ

K0 = f(K, 0) ⊂ K, Kk = f(Kk−1, k) ⊂ K, k = 1, 2, . . . .
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Çîêðåìà, íåîáõiäíi òà äîñòàòíi óìîâè iíâàðiàíòíîñòi êîíóñà K äëÿ
ëiíiéíî¨ ñèñòåìè

zk+1 = Mkzk, k = 0, 1, . . . , (22)
çâîäÿòüñÿ äî âèãëÿäó WkK ⊂ K, äå Wk = MkMk−1 · · ·M0, k = 0, 1, . . . .

Ðîçãëÿíåìî ñòàöiîíàðíó ðiçíèöåâó ñèñòåìó

zk+1 = Mzk, M =
[

A B
C D

]
, k = 0, 1, . . . , (23)

äå A = ‖aij‖n
1 , B = ‖bij‖n,m

1 , C = ‖cij‖m,n
1 , D = ‖dij‖m

1 . Öÿ ñèñòåìà
ìà¹ iíâàðiàíòíèé êîíóñ K ëèøå òîäi, êîëè MK ⊂ K.

Ââåäåìî òàêi ïîçíà÷åííÿ:

A = [a∗1, . . . , a∗n] =




aT
1∗
...

aT
n∗


 , B = [b∗1, . . . , b∗m] =




bT
1∗
...

bT
n∗


 ,

C = [c∗1, . . . , c∗n] =




cT
1∗
...

cT
m∗


 , D = [d∗1, . . . , d∗m] =




dT
1∗
...

dT
m∗


 .

1. K = K∞(µα). Âêëþ÷åííÿ MK ⊂ K îçíà÷à¹, ùî

z =
[

x
u

]
∈ K =⇒ |aT

s∗x + bT
s∗u| ≤ α(cT

k∗x + dT
k∗u), s = 1, n, k = 1,m.

Îñòàííi íåðiâíîñòi ïîäàìî ó âèãëÿäi

(αck∗ ± as∗)T x + (αdk∗ ± bs∗)T u ≥ 0.

Îòæå,

MK ⊂ K ⇐⇒
[

αck∗ ± as∗
αdk∗ ± bs∗

]
∈ K∗ = K1(σβ), s = 1, n, k = 1,m.

Êðèòåðié iíâàðiàíòíîñòi êîíóñà K∞(µα) äëÿ ñèñòåìè (23) çâîäèòüñÿ
äî ñèñòåìè íåðiâíîñòåé

dkj ≥ β|bsj |,
n∑

i=1

|αcki±asi| ≤
m∑

j=1

(dkj±βbsj), k, j = 1,m, s = 1, n. (24)
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2. K = K1(µα). Çíàéäåìî óìîâè òîãî, ùî
‖x‖1 ≤ µα(u) =⇒ ‖Ax + Bu‖1 ≤ µα(Cx + Du).

Â íàøèõ ïîçíà÷åííÿõ âèêîíóþòüñÿ ñïiââiäíîøåííÿ

‖Ax + Bu‖1 ≤
n∑

k=1

(|aT
k∗x|+ |bT

k∗u|
) ≤ ‖A‖∞‖x‖1 +

n,m∑

k,j=1

|bkj |uj ≤ hT u,

hT =
[ α

m
‖A‖∞ + ‖b∗1‖1, . . . , α

m
‖A‖∞ + ‖b∗m‖1

]
,

‖A‖∞ =
n∑

k=1

‖ak∗‖∞.

Âðàõîâóþ÷è, ùî K∗ = K∞(σβ), ïðàãíåìî çàäîâîëüíèòè íåðiâíîñòi
αcT

s∗x + (αds∗ − h)T u ≥ 0, α‖cs∗‖∞ ≤ σβ(αds∗ − h), s = 1, m.

Îòæå, óìîâè iíâàðiàíòíîñòi êîíóñà K1(µα) äëÿ ñèñòåìè (23) ìàþòü
âèãëÿä

‖A‖∞ + β

m∑

j=1

‖b∗j‖1 + α‖cs∗‖∞ ≤
m∑

j=1

dsj ,

dsj ≥ 1
m
‖A‖∞ + β‖b∗j‖1, s = 1,m, j = 1,m.

(25)

3. K = K2(µα). Öåé êîíóñ îïèñó¹òüñÿ â òåðìiíàõ íåâiä'¹ìíî âèçíà-
÷åíèõ ìàòðèöü:

z =
[

x
u

]
∈ K ⇐⇒

[
µα(u)I x

xT µα(u)

]
≥ 0.

Òîìó âêëþ÷åííÿ MK ⊂ K îçíà÷à¹, ùî
wT Lkw = lTk z ≥ 0, ∀w ∈ Rn+1, z ∈ K, k = 1,m,

äå

Lk =
[

α(cT
k x + dT

k u)I Ax + Bu
xT AT + uT BT α(cT

k x + dT
k u)

]
≥ 0, lk =




wT Pk1w
...

wT Pknw

wT Qk1w
...

wT Qkmw




∈ K∗,
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Pki =
[

αckiI a∗i
aT
∗i αcki

]
, Qkj =

[
αdkjI b∗j
bT
∗j αdkj

]
, i = 1, n, j = 1, m.

Íàëåæíiñòü âåêòîðà l ñïðÿæåíîìó êîíóñó K∗ = K2(σβ) îïèñó¹òüñÿ
ó âèãëÿäi

l =
[

y
v

]
∈ K∗ ⇐⇒

[
σβ(v)I y

yT σβ(v)

]
≥ 0.

Òîìó äîñòàòíüîþ óìîâîþ iíâàðiàíòíîñòi êîíóñà K2(µα) äëÿ ñèñòåìè
(23) ¹ ñèñòåìà ìàòðè÷íèõ ñïiââiäíîøåíü [16]

Sk =




Qk · · · 0 Pk1

... . . . ...
...

0 · · · Qk Pkn

Pk1 · · · Pkn Qk


 ≥ 0, Qk = β

m∑

j=1

Qkj , k = 1, m. (26)

ßêùî ìàòðèöi Qk íåâèðîäæåíi, òî öÿ óìîâà çâîäèòüñÿ äî âèãëÿäó

Qk > 0, Qk ≥
n∑

i=1

PkiQ
−1
k Pki, k = 1,m.

Íåîáõiäíi òà äîñòàòíi óìîâè iíâàðiàíòíîñòi êîíóñà K2(µα) äëÿ ñè-
ñòåìè (23) ìîæóòü áóòè ïðåäñòàâëåíi ó âèãëÿäi (äèâ. äîâåäåííÿ ëåìè
4)

lj ∈ K2(µα), Mk∆MT
k ≥ αk∆, (27)

äå

lj =
[

b∗j
d∗j

]
, Mk =




A β
∑
j

b∗j

αcT
k∗

∑
j

dkj


 , αk ≥ 0, j, k = 1, . . . , m.

4. K = Kp(µα), p > 1. Àíàëîãi÷íî, ÿê i ó âèïàäêó p = 1, ìà¹ìî
ñïiââiäíîøåííÿ

‖Ax + Bu‖p ≤ ‖A‖p‖x‖p +
m∑

j=1

|b∗j |uj ≤ hT u,

hT =
[ α

m
‖A‖p + ‖b∗1‖p, . . . ,

α

m
‖A‖p + ‖b∗m‖p

]
,
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‖A‖p = sup
‖x‖p=1

‖Ax‖p.

Âðàõîâóþ÷è, ùî K∗ = Kq(σβ), ïðàãíåìî çàäîâîëüíèòè íåðiâíîñòi

αcT
s∗x + (αds∗ − h)T u ≥ 0, α‖cs∗‖q ≤ σβ(αds∗ − h), s = 1, m.

Îòæå, óìîâè iíâàðiàíòíîñòi êîíóñà Kp(µα) äëÿ ñèñòåìè (23) ìàþòü
âèãëÿä

‖A‖p + β

m∑

j=1

‖b∗j‖p + α‖cs∗‖q ≤
m∑

j=1

dsj ,

dsj ≥ 1
m
‖A‖p + β‖b∗j‖p, s = 1,m, j = 1,m.

(28)

äå p > 1, q > 1, αβ = 1, 1/p + 1/q = 1, ‖A‖p � óçãîäæåíà ìàòðè÷íà
íîðìà ç âåêòîðíîþ íîðìîþ ‖x‖p. Çîêðåìà,

‖A‖1 = max
j

∑

i

|aij |, ‖A‖2 =


∑

i,j

a2
ij




1/2

, ‖A‖∞ = max
i

∑

j

|aij |.

Îòðèìàíi óìîâè iíâàðiàíòíîñòi êîíóñiâ (24) � (28) äëÿ ñèñòåìè (23)
ìîæíà óçàãàëüíèòè, ðîçãëÿíóâøè êîíóñè òèïó

K = {z ∈ RN : zT = [xT
1 , . . . , xT

n , uT ], max
i
‖xi‖p ≤ µα(u)},

K∗ = {w ∈ RN : wT = [yT
1 , . . . , yT

n , vT ],
∑

i

‖xi‖q ≤ σβ(v)},

äå xi, yi ∈ Rni , u, v ∈ Rm, N = n1+· · ·+nn+m. Ïðè öüîìó, ÿê i ðàíiøå,
ðiâíîñòi p−1 + q−1 = 1 i αβ = 1 ¹ óìîâàìè ñïðÿæåííÿ êîíóñiâ K i K∗,
à ìàòðèöÿ áàãàòîçâ'ÿçíî¨ ñèñòåìè (23) ìà¹ òàêó áëî÷íó ñòðóêòóðó:

M =




A11 · · · A1n B1

... . . . ...
...

An1 · · · Ann Bn

C1 · · · Cn D


 ,

äå Aij ∈ Rni×nj , Bi ∈ Rni×m, Cj ∈ Rm×nj , D ∈ Rm×m.
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