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Summary. New methods of robust stability analysis for equilibrium states and optimization of linear
dynamic systems are developed. Sufficient stability conditions of the zero state are formulated for a linear control
systems with uncertain coefficient matrices and measurable output feedback. In addition, a general quadratic
Lyapunov function and ellipsoidal set of stabilizing matrices for the feedback amplification coefficients are given.
Application of the results is reduced to solving the systems of linear matrix inequalities.
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Statement of the problem. In applied problems of analysis and synthesis of real
objects, one often uses systems of differential and difference equations with uncertain
components (parameters, functions and random perturbation) (see, e.g., [1]-[4]). This focuses
on the analysis and achievement of performance index of such systems particularly robust
stability and optimality.

As set robust stability of dynamic systems we mean parametric or functional set
characterizing uncertainty of the given structure of the system and its control components. In
particular, in the uncertain linear models matrices of coefficients and feedback may belong to
some given sets in the corresponding spaces (intervals, polytopes, affine and ellipsoidal families
of matrices, etc.).

The problem of robust stabilization of the control system is to build a static or dynamic
control to ensure the asymptotic stability for equilibrium states of the closed-loop system with
arbitrary values of uncertain components. Typically, this problem is reduced to solving systems
of linear matrix inequalities (LMI).

Analysis of the available investigations. In numerous works find sufficient stability
conditions for linear controllable systems with uncertain matrices of coefficients and feedback
with respect to measurable output in terms of linear matrix inequalities [3], [5], [6]. A survey
of problems and known methods of robust stability analysis and stabilization of feedback
control systems can be found in [7]-[9].

The Objective of the work is to develop new methods of robust stability analysis for
equilibrium states and optimization of linear difference systems with limited at a norm of matrix
uncertainties and static measurable output feedback.

Robust stabilization of control systems. Consider a continuous linear dynamical
control system:

X=(A+AA(t))x+(B+AB())u, y=Cx+Du, (1)
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where xeP", ueP™ and yeP' are state, control, and observable object output vectors
respectively, A, B, C and D are constant matrices of corresponding sizes nxn, nxm, I xn
and Ixm, and AA(t) = F,A,(t)H,, AB(t) = F;A; (t)H; are system uncertainties, where F,,
Fs, H,, H; are constant matrices of corresponding size and matrices uncertainties A ,(t) and
Ag (t) satisfy the constraints

A, @) <1, [As@®]<tor A, @) <1, [As @), <1, t=0.

Hereinafter, |- is Euclidean vector norm and spectral matrix norm, |-|_ is matrix
Frobenius norm, | is the unit nxn matrix, X = X" >0 (>0) is a positive (nonnegative)

definite symmetric matrix. To simplify the records of the matrices dependency on t we will
omit.
We control the system (1) with output feedback:

u=Ky, K=K, +K, KeE, 2)
where E is an ellipsoidal set of matrices

E={Kel™:K'PK<Q}, (3)

where P=P" >0 and Q=Q" >0 are symmetric positive definite matrices of corresponding

sizes mxm and I x| .
According to (1)—(3), the following inequality must hold:

T T T T T T
[xT,uT] C'QC-C'K,PK,C C'QD+C'K, PGMX}ZO’

D'QC +G'PK,C A u

where A=D'QD-G'PG, G=1,—-K,D. We assume that

A<O. 4)

Theniz x =0 implies u=0,and x=0 is an equilibrium state for the system.
The problem is to construct conditions under which the zero state of the closed-loop

control system (1) and (2) is Lyapunov asymptotically stable for every matrix K e E. The set
of stabilizing controls chosen with ellipsoid

E, ={Kel™:(K-Ky) P(K-K;)<Q},

e.g., in case when the zero state of the system (1) without control (u=0) is unstable. It is
equivalent to choosing a matrix K =K, + K, K e E. Matrix K, is chosen for the purposes of
stabilization the system

X=M,X, M, = A+ AA+(B+AB)(l_—K,D)*K,C. (5)
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Matrix K, can be obtained with methods described in [5].
Note that

[k <1 2 = [, ©

because /1mm(P)KT K <K' PK < Q < 4., (Q)I,. The quantity p in (6) defined by an ellipsoid
E is called the stability radius of system (1).
We introduce on the set of matrices K, = {K : det(l,, — KD) = 0} a nonlinear operator

D:0™ 0™, D(K)=(l_,-KD)"'K =K(l,-DK)™.

For the operator D the property is performed [5]: if K eK,, K,eK, and
K,=(l,-KD)"K, eK, then

K, +K, eK, and D(K, +K,) = D(K,)+ D(K;)[I, + DD(K,)]. )

Under assumption (4) matrix G must be nondegenerate. Therefore values of the
operator D(K,) = (I, - K,D)"K, are defined. If K € E then values of D(K) and D(K) are

also defined, where K =G™K . Indeed, under conditions (2) and (4) we have

D'K'PKD<D'QD <G'PG, F'PF <P,

where F=KDG™ and P >0. Therefore spectral radius p(F)<1, and matrix |, —F is

nondegenerate, and hence matrices 1, —KD =(l,—F)G and I, - KD = G'(l,—KD) are
nondegenerate as well.

Thus we exclude a control vector from relations (1) and (2) with restriction (4) and we
get system

X=Mx, M =A+AA+(B+AB)D(K)C . (8)

Separately the zero equilibrium state of system (5) for K = K should be asymptotically

stable.

Using following statements, we will receive a solution of the formulated problem by
means of methods of quadratic Lyapunov function.

Lemma 1. [5] Suppose that the following system of matrix inequalities hold:

w u"  vT
D'QD+R-P<0, |U R-P D' |<0(<0), (9)
Y D -Q°

where P=P" >0, Q=Q"' >0, R=R">0, W=W">0, U, V and D are matrices of
suitable sizes. Then for every matrix K € E the matrix inequality holds:
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W +UTD(K)V +V DT (K)U +V'D"(K)RD(K)V <0 (<0).

Lemma 2. [10] Suppose that L is symmetric matrix, the matrix M,,...,M, and
N,,...,N, have corresponding sizes. Then, if for some numbers ¢,...,&, >0 matrix inequality

i=1 &

L+Z(giMiMiT+iNfNi]so

holds, then the inequality

L+Zr:(MiAiNi+(MiAiNi)T)£O,

i=1

is true for all ||A [|<1or |A]l <1,i=1...r.

We will note that Lemmas 1 and 2 are generalizations of the sufficiency statement of
the adequacy criterion called Petersen’s lemma on matrix uncertainty [11].

Theorem 1. Suppose that for a positive definite matrix X = X' >0 and for some
&,&, >0 the matrix inequalities (4) and

Q XB+&,C'D'(K,)HiH, C; XF, XF,
B'X +&,HiHD(K,)C ~G'PG +¢&,H . H, D" 0 0
Cs D -Q* 0 0 [<0 (10)
Fo X 0 0 -gl 0
i Fy X 0 0 0 -5l

holds, where Q=(A+BD(K,)C)" X + X(A+BD(K,)C)+gHH, +¢&,C'D"(K,)HIHD(K,)C .
Then any control (2) ensures asymptotic stability of the zero state for system (1) and the general
Lyapunov function v(x) = x" Xx.

Proof. We construct the Lyapunov function for the closed-loop system (8) as
V(X) = X" XX. According to Lyapunov’s theorem the matrix inequality X =X' >0 and

negative definite derivative of the given function due to system (8) ensure asymptotic stability
of the zero equilibrium state, that is with (2) it suffices that the following matrix inequality
holds:

(A+AA+(B+AB)D(K, +K)C)" X + X (A+AA+(B+AB)D(K, +K)C) <0. (11)
Using property (7) of operator D(K) = (I, — KD) K , we rewrite inequality (11) as

(A+AA)" X + X (A+AA)+CT(D"(K,)+ (I, +DT(K,)D")D"(K))(B+AB)" X +
+X (B +AB)(D(K,)+D(K)(I, + DD(K,)))C <0.

We rewrite last inequality as
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My X + XM, +C,D"(K)(B+AB)" X + X (B+AB)D(K)C, <0,
where M, = A+ AA+(B+AB)D(K,)C, K =G'K . Here
KeE o KeE:{K:KTPKSQ}, (12)

where P=G'PG.
We use Lemma 1 putting W =M, X +XM,, U=(B+AB)'X, V=C,, R=0.

Inequality (4) follows from the first block inequality in (9). Then the second block inequality
in (9) has the form

MyX +XM, X(B+AB) C,
(B+AB)'X -G'PG D' |<0.
Cs D -Q*

Using the structure of matrix uncertaintiesA,(t), Ag(t), we decompose the last
inequality:

[A"TX +XA+C'D"(K,)B"X + XBD(K,)C XB  C; HY
B'X -G'PG D" |+| 0 |AJ[FiX 0 0]+
C, D Q' |o
[ XF, C'D" (K )H; XF,
+ 0 |A[H, 0 0]+ 0 Ag[FaX 0 0]+ 0 |A;[H,D(K,)C 0 0]+
0 0 0
0 XF,
+|Hg [Ag[FgX 0 0]+ 0 [A [0 H, 0]<O,
0 0

which is done for Lemma 2 if there are &,,&, >0 such as

ATX + XA+C'D"(K,)B"X + XBD(K,)C XB  C[

BTX -G'PG D' |+
C, D -Q™
HiH, 0 0 XF,F/X 0 0
+&| O 0 0 +i 0 0 0|+
ool 4 o oo
C'D"(K,)H H.D(K,)C C'D"(K,)HiH, 0 XF,FgX 0 0
+&, HeH D(K,)C HiH, 0 +£i 0 0 0[<0.
0 0 o| 2 0 00
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We use the well-known criterion of nonpositive (negative) definite of block matrices for
the last inequality (Schur’s lemma [12]): if detV = 0 then

u <2 15T
vy |00 & V<0, U-2viZT <0 (<0).

We get inequality equivalent to condition of the form (10) under which together with
(4) matrix inequality (11) holds. These conditions ensure asymptotic stability for the zero state
of the closed-loop system (8) for any control (2).

This completes the proof of the theorem.

Bounds on the quadratic quality criterion under uncertainty conditions. Consider
a control system (1), (2) with quadratic quality functional

- S N
J(u,xo)z_([(p(x,u)dt, (p(x,u)z[xT UTJCDB(]@{NT R}o, (13)

where X, is initial vector, S=S" >0, R=R" >0, and N given constant matrices.

We need to describe the set of controls (2) that would provide asymptotic stability for
the state x=0 of system (1) and a bound

J(u,x) < w, (14)

where @ > 0 is some maximal admissible value of the functional. When solving this problem,
we still use the quadratic Lyapunov function v(x) = x' Xx under constraint

Xg XXy < . (15)

Under assumptions (2) and (4) values of D(K), D(K,), and D(K) are defined, where

K=G?K, G= I, — K,D. Here the closed-loop system can be represented as (8), and the

derivative of function v(x) due to system (8) and the expression under the integral in (13) have
the form

v(x)=x"(M"X + XM)x, o(x,u) =x' L' ®Lx,

where L" =[1, CTD"(K)], K=K, +K.
We now require that together with (4) the following inequality holds:

n

V(X) < —p(X,u). (16)
For this it suffices that the following matrix inequality holds:
MTX + XM +L"®L <0. A7)

Then the zero solution x =0 of system (8) is asymptotically stable and together with
(16) we get an upper bound on the functional:
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o0

J(u,xo)S—J'%v(x)dtzngxO <, (18)
0

Using property (7) of operator D , we rewrite inequality (17) as
W +U 'D(K)V +V D" (K)U +V D" (K)RD(K)V <0, (19)

where W =M{X + XMy +L®L,, U=(B+AB)' X +NT+RD(K;)C, V =Cy, Ly=[I, C'D'(K,)]-
Here condition (12) hold.
Applying Lemma 1, relations (16)—(19), and Lemma 2, we arrive at the following result.
Theorem 2. Suppose that for a positive definite matrix X = X' >0 and for some
&, &, >0 the matrix inequalities (15) and

G'PG-D'QD >R, (20)
z N, Cl XF, XF, |
N, R-G'PG D' 0 0
C, D Q' o0 0 |<0, (21)
F.l X 0 0 -gl O
Fa X 0 0 0 -l |

holds, — where  Z =(A+BD(K,)C)" X + X(A+BD(K,)C)+ L®L,+&H H, +¢,C.C.,
N,=XB+N+C'D'(K,)R+¢,C/H,, C.=H,D(K,)C. Then any control (2) ensures

asymptotic stability of the zero state for system (1), the general Lyapunov function
v(x) = x" Xx, and a bound on the functional (14).

Based on Theorem 2 and its corollaries, we can formulate the following optimization
problem for system (1): minimize » >0 under constraints (15), (20) and (21).
The results of Theorems 1-2 can be generalized in case when

AA®M) =3 FIAL@HL  AB() =Y FlAL(BH!

Numerical experiment. Consider a control system for a double oscillator. It is system
of two solids that connected by a spring and slide without a friction along of horizontal rod
(Fig. 1). This system is defined with two linear differential equations of order two, or, in vector-
matrix form [13]:

X =(A+AA(t))x+Bu (22)
where
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0 0 o -
0 0 0
0
A+AA(t) = LR T +F,A()H, B= Fa=
m o m A A, 110 A =51
LT 0] L 9]
L M, m, ]

Figure 1. A two-masse mechanical system

Here x, and X, are coordinate and velocity respectively for the first solid, x, and X,

are coordinate and velocity respectively for the second solid, m, and m, are masses of the first
and second solids respectively. We define a stiffness coefficient as variable periodic function
of time k =k, + 9A(t), where A(t) =sin(at), 0 <<1 is the amplitude of harmonic oscillations,
and @ is the frequency parameter.

Letm =1, m, =1k, =2, §=0,02, A(t) =sin(t/5).

We assume that the output vector

X, +U 0 010 1
y=Cx+Du= , C= , D= ,
X, 01 00 0

can be measured. We find control in the form static output feedback u= Ky, where
K=[k, k,]=K,+K.We find the vector K, =[1,6938 0,1089] that ensures asymptotic
stability for system x=Myx, M,=A+BD(K,)C. Here the spectrum equals
o(M,)={-0,3259+1,6913i; —0,8333;-0,3296}. The behavior of solutions of system with

matrix uncertainty (22) with control u =K,y and initial vector x,=[1 -2 0 2]T is shown
on Fig. 2.

For demonstration of Theorem 2 we define a matrix functional (13): S=01I,,
R=0,01, N" =[0,00 0 0 0,01]. Using the Matlab suite, we find P =39,5751 and positive
definite matrices
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114,3996 49,8299 42,2629 37,6176

_{29,6673 11,8521} X = —-49,8299 55,1945 15,0903 -5,6888
11,8521 17,0069 |’ 42,2629 15,0903 36,7322 15,6111 |’

37,6176  5,6888 15,6111 39,8411

that satisfy the inequalities (20), (21) for & = 0,01.

Thus, for all values of the vector of feedback amplification coefficients K = K, + K
from a closed region E, bounded by the ellipse (K -K,)Q*(K-K,)" <P™ (Fig. 3), the
motion of the system of two solids in a neighborhood of the zero state is asymptotically stable.
Here v(x) = x' Xx is a general Lyapunov function, and the value of the given quality functional
does not exceed v(x,) =889,8436. Stability radius of system equals p =0,9639.

5 T T T T T
N S N
/\ I | | I |
4 / \ l i i l i
| | | + |
3 L R GEaRE R
| | | | |
d /\\ | | | | |
2 1 ] I 1 :
x /v \\ o O f---- T**Koﬂ‘ ***** i *****
1 1 : : 1 :
v, @\ o N T O
0 ’ | | | | |
A \ / | | | | |
- o Y I S [
v ] [ R S
2 | | | | |
0 10 20 30 40 1 1.5 2 2.5 3
t K
Figure 2. Behavior of the control system u = K,y Figure 3. Region of feedback amplification
coefficients

Conclusions. In this work, we have proposed new methods of robust stability analysis
and optimization of linear difference systems with static output feedback. Here values of
unknown matrix coefficients are defined by restrictions on norm of matrix uncertainties and the
measurable output vector contains components of both the system state and the control.
Practical implementation of the proposed methods is related to solving differential or algebraic
LMI. An important characteristic feature that distinguishes LMI that we have found from
known ones is the possibility to construct an ellipsoid of stabilizing matrices for the feedback
amplification coefficients, general quadratic Lyapunov function, and also bounds on the
quadratic quality functional for linear control systems with the considered matrix uncertainties.

The results are obtained based on the known generalizations statement on adequacy of
Petersen’s lemma about matrix uncertainties. Unfortunately, the conditions of theorem 1-2 are
generally theoretical. Their practical use in problems of output robust stabilization based on
quadratic Lyapunov functions with uncertain matrices requires special methods of matrix K,

(see, e.g., [7, 9]). This is one of the topical tasks of the following studies.
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POBACTHA CTIMKICTD TA OLIHIOBAHHS ® YHKIIIOHAJIA
AKOCTI JIIHIHHUX CUCTEM KEPYBAHHS 3 MATPUYHOIO
HEBU3HAYEHICTIO

Anapii Adinyiiko; Pyciaana Pycbka
3axionoykpaincekuil HayioHanvHull yHigepcumem, TepHonine, Ykpaina

Pe3tome. Po3pobneno Hogi memoou ananisy pobacmuoi cmiukocmi cmawy pienosacu U onmumizayii
JUHIUHUX cUCmeM KepYBaHHA 3i 360pOMHUM 36 SI3KOM NO 8ux0dy. B cucmemax xepyeanns npucymmui mampuyHi
HeBU3HAYEHOCMI, 3HAYEHHS AKUX 3A0aHi OOMEJICEHHSAMU NO HOPMI, a BUMIDHULL GEeKMOp 6UX00Yy MICMUmb
KOMNOHEHMU AK CMAaHy cucmemu, max i KepyeamHs. [[ns maxux cucmem cQoOpMOBAHAHO OOCMAMHI YMOBU
cmitikocmi  HYIb08020 cmauy pienosacu. Ilpakmuuna peanizayis ompumManux memooié 3600UmMvbcs 00
PO38 ’A3Y6AHHS AN2eOPAIYHUX NIHIUHUX MAMPUYHUX HEpIGHOCmell. BIOMIHHOI0 0COOIUBICMIO OMPUMAHUX NIHIUHUX
MampuyHux HepigHocmel 6i0 BI0OMUX € MONCIUBICMb NOOYO08U enincoida cmadinizyiouux Mmampuys
Koe@iyichmie niOCUNeHHSI 360POMHO20 36 SI3KY, CNLIbHOI Keadpamuunoi Qyukyii JIanynosa, a makodic 6epxmuboco
OYIHIOBAHHA KBAOPAMUYHO20 (DYHKYIOHANA AKOCcmi Ofid  JAIHIUHUX CUCMeM KepYBAHHA 3 PO32ISAHYMUMU
HesusHaueHocmamu. Pesyremamu pobomu ompumani HA OCHOGI BI0OMUX Y3A2ANbHEHb MEEPONCEHHS
docmamuocmi aemu Ilimepcena npo mampuuni HesusHawenocmi. Pozenanymo 3acmocy8anHs OMPUMAHUX
meopem O cmabinizayii ma onmumizayii cucmemu Kepy8auHs O8IUHUM ocyunimopom. [na po3e’s3yearms
noOyooeanoi cucmemu JIHIUHUX MAMPUYHUX HepigHocmell 3acmocogano egexmueni 3acobu LMI Toolbox
xomn tomepnoi cucmemu Matlab. Ompumani docmamui ymosu cmitikocmi cmamny pisnosazu i onmumizayii
NIHIGHUX  OUHAMIYHUX CUCMEM Y 3A2anbHOMY 6UNAOKY Maiomv meopemuunuti xapakmep. Ix npaxmuune
BUKOPUCMAHHA 6 3a0auax pobacmnoi cmabinizayii no euxody Ha OcHO8I No6Y008U KEAOPAMUYHUX DYHKYIL
Jlanynoea 3 negusHAUEHUMU MAMPUYSMU NOPEDYE CREYIATbHUX MeMOOI8 3HAX0OICEHHS MAMPUyi, IKA GUIHAYAE
yenmp enincoioa. Lle € 00Hi€I0 3 akMyanbHUX 3a0ay HACMYNHUX 00CAIOdNCeHb. OMPUMAHI Pe3yTbmamu MONCY b
b6ymu sUKOpUCMani npu pospoodieHHi areopummis pobacmuoi cmabinizayii U onmumizayii OUHAMIYHUX CUCTEM,
HAnpUKaao i3 3068HIWHIMU 30YDeHHAMU.

Knrwuosi cnoea: cucmema Kepysanus, 360pomHUll 36 ’5130K, podOaAcmua CMIUKICMb, MAMpUuiHd
HeBU3HAYECHICNb, eNiNcoio.
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