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TEOPISI IMOBIPHOCTEM
§ 1. BUBHAYEHHSI IMOBIPHOCTI

[ogmii Ta ix Buan. Knacnune o3HaueHHs iMOBIpHOCTI BUNaIkoBoi noii. BiractuBocTi iMoBipHOCTEH. Enementun
KoMOiHaTOpuKH B Teopii iMoBipHOCTEH. BigHocHa yactora BunaakoBoi mozii. CtaTucTudna iMoBipHicTh. ['eomeTpruna
IMOBIPHICTb.

KOPOTKI TEOPETHYHI BI/IOMOCTI

[Tix BunmpodyBaHHAM OyneMo pPO3yMIiTH 3IHCHEHHS HaMideHUX il 1 OTpUMaHHS pe3yabTaTy NPH BUKOHAHHI
MIEBHOT'O KOMITIEKCY YMOB S. [Ipu IbOMY NMPHUITYCKAETHCS, IO I1i YMOBH € (HiKCOBAHUMU; BOHH 200 00’ €KTHBHO i1CHYIOTb,
a00 CTBOPIOIOTHCS IITYYHO 1 MOXKYTh OYTH BIATBOpPEHI HEOOMEXKEHE YHCIIO Pas3iB.

PesyneTaTom BUNPOOYBaHHS € TOAis. PO3pi3HSIIOTH MOAIT TOCTOBIPHi, HEMOKJINBI T2 BUNIAIKOBI.

JlocTOBIpHOI0 HA3KMBAIOTH MO0, SIKA MIPU BUIPOOYBaHHI 000B’3KOBO BiOyBaeThcs. HeMOXKIMBOK HA3UBAIOTH
TIO/Ii10, sIKa TIPH BUIIPOOYBaHHI 000B’SI3KOBO HE BiOyBaeThCs. BumaakoBa — 1ie Ta nofis, sika Ipy BUIPOOYBaHHI MOXe
SIK BIIOYTHCS, TaK 1 HE BiIOYTHCS.

JlocToBipHY IOJi10 MO3HAYMMO JIiTepoto (2, a HEMOXKITUBY — .

PosrisiHeMo [iesiki BJACTHBOCTI BUNIAJAKOBHX IOIiMH.

JIBi momii Ha3UBalOTHCS HeCyMiCHUMHU (CYMiCHHUMM), SIKIO TIPH BUMPOOYBaHHI BiAOYTTS OfHi€T BUK/IWOYAE (He
BHKJIIOYAE) BIAOYTTS 1HIIOL.

CyKynHICTh BUNAAKOBHX IOAIH YTBOPIOE NMOBHY TIpYMy, SKIIO OJHA 3 HUX INpPU BHINPOOYBaHHI OOOB’SI3KOBO
BiIOYBa€ThCS, & OyOb-Ki Bl TOIT € HECYMICHUMU.

EnemMenTapHuMu OyaeMo Ha3UBAaTH HAMMPOCTIINI BHUIAKOBI MOAIT, Ki MOXKYTb BiIOYTHCS IIPH BUIIPOOYBAHHI.

[Tonii, «mopomkeHi» 0JJHUM BUIIPOOYBaHHSAM, HA3BEMO PiBHOMOKJIMBUMM, SKIIO € MiICTABU BBAYKATH, IO JKOJHA
3 HUX HE € OLIBII MOKTMBOIO, HIX 1HIII.

YucenbHy Mipy MOXKJIMBOCTI BiIOYTTSI BUIIaIKOBOI MOJIT 1a€ HMOBIPHICTS 11i€T MOii.

O3HauyeHHA. KnacuyHo iMOBIpHICTIO noail A  Ha3MBaETbCs  BIQHOLWEHHS 4uMcna eneMeHTapHUX
PiIBHOMOXNMBUX MOAIN, IO CNpusitoTb MOsIBi nogii A, OO 3aranbHOro 4Ymucra ernemeHTapHuX
PiBHOMOXMBUX NOAIN, L0 YTBOPIOOTh NMOBHY rpyny.

KokHa 3 eneMeHTapHUX BUMAJKOBUX MOAIM, MO CYTi, € OJHUM 13 HACHiAKIB BUIpOOyBaHHs. Takuil miaxim €
KOPHCHUM IIPY aHaIi31 3a1a4.

3 ypaxyBaHHSM LIbOI'0 3ayBa)KEHHS aHAJIITHYHUN BUPa3 KJIACUYHOTO O3HAYCHHs HAOepe TaKkoro BUIY:

P(A) = % (1.1)

ne P(A) — xnacuuHa iIMOBIPHICTb TIOIT A
M — YKCIIO eeMEHTapHUX PIBHOMOXIIMBHUX MO, IO CHPUSIOTH MOSBI oI A (YMCII0 HACHIIKIB BUIPOOYBaHHS, B
SIKMX BiIOYBAETHCS MOIsT A);
N — 9KCIIO eJIEMEHTAPHUX PIBHOMOMKIMBHX MOZiH, 10 YTBOPIOIOTH MOBHY IPYILY (3arajbHe YHCIO PIBHOMOXKIMBUX
HACJI/IKIB BUIPOOYBaHHS).
Jlane o3Ha4yeHHs! J03BOJIsE ChOPMYITIOBATH OCHOBHI BJIACTHBOCTI KJIACHYHOI iIMOBIpHOCTI:
1) P(Q) =1 (iMOBipHiCTBH TOCTOBIpHOI MOi1 HOpiBHIOE 1);
2) P(J) = 0 (iMOBipHICTH HEeMOXIMBOI TIOMi1 HOpiBHIOE 0);
3) axmmo A — BUTIAAKOBA TS, TOI:
0<P)<1 (1.2)
Jnsa toro, mo0 MaTH AeAKi CTAaHAAPTHI METOMU MPH PO3paXyHKaxX IO CXeMi KIIACHYHOI IMOBIPHOCTI, HaBEAEMO
OCHOBHY (opMyJ1y KOMOIHATOPHUKH, a TAKOXK PO3TIITHEMO ITOHATTS KOMOiHaLiii, po3MillleHb Ta NepecTAHOBOK.
Hexait € K Tpym eneMeHTiB, YHCETbHICTS KOKHOI 3 SIKMX BiMOBIAHO TOPIiBHIOE N1, Ny, ..., Nk. BubepeMo MoBiTBHIM
YHHOM II0 OJHOMY €JIEMEHTY 3 KOXHOI IPYIIH:

1-a rpymna 2-a rpymna k-a rpyma
(n; enemeHTiB) (n; enemeHTiB) (N, eTemeHTiB)
—— —— ——
O 0 .. O OO0 . O 0O 0 .. O
—_ _ —_

0) 0 (¢}

k enemenTiB



Toni 3aranpae uncino N croco0iB, SKUMU MOXKHA 3IHCHATH TaKUi Bif0ip, BU3HAYAETHCS CITiBBITHOIIICHHSIM
N=ng-nz-..-ng (1.3)

sIKE HA3UBAETHCA OCHOBHOIO ()OPMYJIOI0 KOMOIHATOPUKH.
Po3risiHeMo CyKyIHICTD Pi3HHMX €1eMEHTIB JOBUIBHOI MPUPOIH, YHCENbHICTIO N. ByiemMo yTBoproBaTH rpymnu o m
(M <'n) pi3HAX eJIEMEHTIB i3 L€l CYyKyMHOCTI:
N eNeMEHTIB

0 0o0 00 00
0.0 .0
[ S ———

M eJIeMEHTIB

Taxki rpynu B Teopil IMOBIPHOCTEH YacTO HA3MBAIOTHCS BHOIpKaMM.

Hexaii m <n. KomGiHamissMm Ha3MBarOTHCS TaKi TPYHH, sSKi BiIPI3HSIIOTHCA OJHA Bij iHIIOI Xo4a O OJHUM
€IIEMEHTOM. 3arajibHe YuCiIo KOMOIHALIH C (YUTaeThes: e 3 N 1o M) 3HaXOAUTHCS 3a (HOPMYIO0K0
nn—-10-(n—-2)...(n—-m+1)

m! ’
geml=m(m—1)-..-2- 1 (guraerbcs: M dakropian).

3ayeasicennsn. B uncenbhuky (1.4) € m CiBMHOXKHHKIB. SIKIIO YMCENBHUK 1 3HAMEHHUK MOMHOXHUTH Ha (N —M)!,
TOJIi OTPUMAETHCS TaKa PIBHICTD:

o

cr =

n

(1.4)

n! *
= 1.4
(n—m)!m!
Hexait m < n. Po3milleHHIMH HAa3UBAIOThCS TaKi IPYIH, SIKI BIAPI3HAIOTHCS OAHA Bif iHIIOI a00 Xoua O OAHUM
eIIeMEHTOM, a00 MOPAIKOM PO3TAIIyBAaHHS LIMX €JIEMEHTIB B Ipymi. Uucno po3milieHb A (4uTaeTscs: a 3 N mo m)

3HaXOIUTKCS 32 (hopmyoLo:

A'=n(n-1)-(n-2)-...-(n—m+1). (1.5)
M CIIBMHOXHHKIB
Sxmo B dopmymi (1.5) m=n, To A" — 4YKUCIO TaKUX PO3MILIEHb, SKi BIAPI3HAIOTHCSA TUIBKH TNOPSAKOM

pO3TallyBaHHs €IEMEHTIB, a HE CAaMUMH ejleMeHTaMu. Taki po3MillleHHs Ha3UBAIOTLCS MepecTaHOBKAaMM. 1X umcio Py
3a opmytoro (1.5)
Al =n(n-)(n-2)..2-1=n!=P,,
TOOTO
P, =4 =n! (1.6)

Yucmo N Moxe HaOMpaTu HE TIJIbKM HATypaJibHI 3HAYEHHS, BOHO MOXKE TaKOX JOpiBHIOBaTH Hymo. [lopoxna
MHOXXHHA (BHOIpKa) € MiJMHOXHHOIO JIOBUIbHOT MHOXKMHH 1 IPUPOJHO BBaXKaTH, II0 BOHA MOXE OyTH BIIOPSIKOBaHA
TiJIbKK OHUM criocoboM. Tomy BBaxaeThcs, mo 0! = 1.

Yucino koMOIHALIH BOJIOMIE TAKMMH BIACTHBOCTSAMMU:

)G =Cri=1 2C=Cl=m 3 Cr =i

4) CO+Cl+C?+..+C =27,

BimmiTiMo, 110 4ncia po3MilieHb, IepecTaHOBOK 1 KOMOiHAITiH OB’ A3aHi PiBHICTIO
A" =P, Cr.
[Ipu po3B’s3yBaHHI 337]a4 KOMOIHATOPHKI BUKOPUCTOBYIOTHCS TaKi MpaBHIIa:

Mpasuao cymu. SIkmio gaesikuii 06’€KT oL Moke OyTH BimiOpanwuii i3 cykymHOCTI 06’ €KTiB K crmocobamu, a apyruit
00’exT B Moke OyTH Bimibpamuii S criocobamu, To BimibpaTn abo o, abo B MoxHa K + S criocobammu.

IMpaBuiao g00yTKy. SIKII0 00’€KT 0L MOXHA BHOpaTH i3 CyKymHOCTI 00’€kTiB K criocoGamu i Ticis KOXKHOTO
Takoro Bigbopy o0’ekT [3 MoxkHa BHOpatu S crocobamu, TO mapa 00’ €kTiB (o, 3) y BKa3aHOMY HOPSIIKY MOXe OyTH
Bubpana k - s cocobamu.

3aysasxncenna. 1lle pa3 Haramaemo, MO B O3HAYEHHSIX KOMOIHAIliH, PO3MIIIEHD i IEPECTAHOBOK CYTTEBUM € TE,
110 BCi eJIeMEeHTH B Tpynax pi3Hi. ko x y koMOiHamisxX, po3MIIIEeHHsIX 1 MepecTaHOBKax JIesKi 13 exeMeHTiB (abo Bci)
MOXXYTh BHSBHUTHCS OJHAKOBHMH, TO TaKi IPYIIH HA3HMBAIOThCS KOMOIHAL[IAIMM 3 MOBTOPEHHSMH, PO3MiLIEHHSMH 3
MOBTOPEHHSIMH i MEPECTAHOBKAMU 3 MOBTOPEHHAMM BinnoBinHO. DOPMYIH I 3HAXOPKSHHS YHCIA TAaKOrO BUIY
TPyl MU HE HaBOIMMO, NPOTEe B §2 BKaKEMO METOAM 3HAXOMKEHHS IMOBIPHOCTEH BHIIQJAKOBHX MOMAIH, B SKUX
¢irypytoTs rpynu (KomOiHaIii, pO3MILIEHHsI, IEPECTAHOBKH) 3 TOBTOPEHHSAMH.

Pa3oM i3 iIMOBIpHICTIO 10 OCHOBHHX MOHSTH T€Opii IMOBIpHOCTEH HAJICKNUTH BIJHOCHA YacTOTa.
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BigHocHOI0 4YacTOTOI0 BHMAAKOBOI IOl HA3WMBA€THCS BIAHOIIGHHS YHCIIA BHUIPOOOBYBAaHb, B SIKHX OIS
BimOynacs, 10 3arajbHOr0 dYHCIa (PaKTHYHO TPOBEICHUX BHIIPOOOBYBaHb. T00TO, BimHOCHAa dYacToTa mmomii A
BH3HAYAETHCS POPMYJIOIO:

W(A) = % , 1.7)
ne M —aucio nosiB moxii 4, N — 3aranbHe 4uciio BUPOOYBaHb.

CriBcTaBieHHs O3HAa4€Hb IMOBIPHOCTI 1 BIJIHOCHOI 4YacTOTH J03BOJISIE 3pOOUTH BUCHOBOK: IMOBIpHICTB
00YHUCITIOITE 10 BUIIPOOYBaHHS (TOOTO BOHA € anpiopHOI BEIMYMHOIO), a BIHOCHY YacTOTy — Micis BUIPOOYBaHHS
(amocTepiopHa Benu4nHA).

I3 o3Hauenns (1.7) i BUNAgKOBOI ONii A BUIUIMBAE TaKa TMO/BiiHA HepiBHICTE (TopiBHslTE 3 (1.2)!):

0<W() <1

[Ipu HeBenmuKiil KiJTBKOCTI BUIIPOOOBYBaHb BiJHOCHA YaCTOTa BHITAJKOBOI IO MOKE MOMITHO 3MIHIOBATHCS Bif
onHi€ei cepil BumpoOoByBaHb 10 iHmOI. [Ipore TpuBami crocTepexeHHsS IOKa3ayd, IO KOJIM B OIHAKOBHX yMOBax
MIPOBOJIUTHCS JIOCTATHHO BEJIMKE YHCIIO BHIPOOOBYBaHb, TO BiJIHOCHA YacTOTa BHSBIISE BIACTUBICTH cTiiikocTi. L5
BJIACTHBICTH TOJISITAE B TOMY, 110 B PI3HUX CEPiiX BUIPOOOBYBaHb BiJIHOCHA YACTOTAa 3MIHIOETHCS MaJo0 (THM MEHIIIE,
yuM OiJIblIIe YMCIO BHINPOOOBYBAaHb), KOJMBAIOYHCh HABKOJO JESKOrO TOCTIHHOro umcia. BusiBuiock, 1o me craie
YHCIIO € IMOBIPHICTIO BUITAJKOBOI 1oA1ii. MaTemartnuHe (OpMysIFOBaHHS Ii€l BIaCTHBOCTI CTIKKOCTI Oy/le 1aHO B TeMi
«3aKkoH Benukux yucen» (Teopema . beprysmmi).

BractuBicTh CTIMKOCTI BiZIHOCHOI YacTOTH, a TAKOXK MOXKJIMBICTh, X04a O NPUHIIMIIOBO, ITPOBOJIUTH HEOOMEXEHe
YHUCIIO BUNPOOOBYBaHb BiJIHOCHO BHUIAJKOBOI TOAIi JO3BOJSIIOTE C(HOPMYIIOBATH CTATHCTHYHE O3HAYEHHS
iMOBipHOCTI: B SIKOCTI CTATUCTUYHOI IMOBIPHOCTI BUIIaIKOBOT MOAIT OepeThcsl BiIHOCHA YacTOTa i€l moii.

OnuH i3 HEMONIKIB KJIACHYHOTO O3HAYCHHS IMOBIPHOCTI, MOB’SA3aHUH 13 HEMOXIIUBICTIO BHKOPHCTaHHS TaKOTO
O3Ha4YeHHs /IS BUIAJKY BUIPOOYBaHb 13 HECKIHYEHHMM YHCIIOM HACIIIKIB BHIPOOYBaHHS, MOXe OyTH YCYHYTHH 3
JIOTIOMOT'0I0 T€OMEeTPUYHOI iMOBiIpHOCTI — IMOBIPHOCTI TONMaJaHHA TOYKH B 00JacTh (BiIpPi30K, YACTHUHY IUIOLIMHHU,
YaCTHHY TiJia TOUIO).

[punycrumMo, 110 3iHCHIOEThCS BUIIPOOYBaHHSI — Ha MPSIMOKYTHUK (), B SIKOMY MICTUTBhCS JOBUTbHA (irypa A,
HaBMaHHS KUJA€Thcsa Touka (Man. 1.1).

Man.1.1.

[lpu 1bOMY BBAXKAETHCS, IO BUKOHYIOTBCS TaKi TNPHUIYLHICHHS: BOHA MOXKE ONMHUTUCS B OyAb-siKid TOHII
MPSMOKYTHHKA €), IMOBIPHICTh (MOXKIIMBICTh) MOMNAJaHHs TOYKM Ha (irypy A mpomopiiiiiHa ruiomy wiei ¢irypu i He
3aJIeKHUTh Hi Bij po3ramryBanHs A BimHocHO Q, Hi Bix opmu A. Xaii Bunankosa mojist A — Touka nonana B Girypy A.
Toni reomeTpuyuHe 03HAYeHHSI iIMOBIpPHOCTI TI0/TiT 4 1AETHCS PIBHICTIO:
p(a) = >A) (1.8)
S(©Y
ne S(A) — roma dirypu A, S(Q) — romma npsAMoKyTHHKA Q.

OznauenHs (1.8) € 4aCTHHHUM BHITAJKOM 3arajbHOTO O3HAYEHHS T'€OMETPHUYHOI iIMOBIpHOCTI. SIKIO mMO3HAYNTH
Mipy (HOBXHHY, IDIomTry, o0’em) obiacti depe3 MES, TO IMOBIPHICTH TMOMAINAHHS TOYKM, KHHYTOI HaBMaHHA (i3
36epeKeHHAM BHIIC HABEICHHUX MIPHUITYIEHb) B 001acTh d — yacTuHy obacti D, BU3Ha9a€eThCs piBHICTIO:

mes d

P=——. 1.9
mes D (1.9)

PO3B’AA3YBAHHA THIIOBUX 34/TAY

3agaua 1.1. [lepen 3MaraHHSAMH TIPOBOIWTHCS JKepeOKyBaHHA cepen cmoprcMeriB. B ypri € 300 keToHiB,
nporyMepoBaHux Big 1 mo 300. 3HaiiTH IMOBIPHICTH TOTO, IIO HABMAHHS BUTSATHYTHHA JKETOH IIEPIITUM
CIIOPTCMEHOM MaTuMe xo4a 0 omHy mudpy: a) §; 6) 2.

O a) Iloxis A monsrae B TOMy, 110 HABMAHHs B3ATUH JKETOH MaTUMeE Xoua O oxHy uudpy 8. BunpoOyBaHHsS — B3ATTS
KeToHa. Yncio BCix HAcHiAKiB BHIpoOyBaHHS (enmemeHTapHUX momii) N =300, ocKiUIbKH Oymb-sSKH 13 KETOHIB
MoXxe OyTr BUTATHYTHM. Bci Born piBHOMOXimBI. [loxis 4 BinOyBaeThesi KOXKHUM pa3 TOAl, KO KETOH MaTHMeE
abo oxny, abo aBi mudpu 8. s Toro, mobd migpaxyBaTH YMCIO BCIX TAKMX HACHTIJIKIB BUMPOOYBAaHHS, TOCTaTHHO
3HAWTH YHCIIO KETOHIB 3 Xo4ua 0 ofHiero mudporo 8 B oaHiil coTHi (8 He MOke OyTH Ha MiCIli COTEHB) 1 pe3ysIbTaT
TIOMHOXKUTH Ha TpU. 30KpeMa, B IEpIIii COTHI 8 MOXe 3yCTpITHCS Ha MicCIli OIMHHUIIb B AECSATH KeToHax (8§, 18, ...,
88, 98), a Ha wmicui necarkiB Takox B nmecatu (80, 81, ..., 88, 89). Ilpore 88 mopaxoBaHO B mepmiii cepii, ToMy
BCBOT'O HACJIiIKiB BUIPOOYBaHHSI, B SIKUX MO A BiAOYBa€ThCS, IS MepIoi COTHI popiBHIoE 19, a m=3 - 19 =57,
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3rigHo 3 (1.1) P(4) = 57/300 = 0,19.
0) B — BUTATHYTHI )K€TOH Mae xo4da 0 oxgHy udpy 2.
OueBumno, mo N =300. B mepmiii cotHi € 19 xeToHiB 3 Xoua O omuiero mudporo 2, B apyrid — 20 (BoHa
vy 299, 300) — 99. Orxe, M=19+20+99=138 i

3aBepuryetbes umciiom 200), B Tperid (201, 202,

P(B) = 138/300 = 0,46. ®

3ayearicennn. OTpuMaHi pe3ylbTaTH BKa3yloTh Ha Te, 110 1oxis B B 2,42 pa3u OuIbII iMOBipHIIIa B IIOPIBHSHHI 13

noziero A.

HactynHy 3amady mOB’sI3yIOTh i3 TOMHIIKOK BIOMOro (paHITy3pKOro Marematwka i ¢itocoda [’ Amambepa
(1717-1783), sixa momsrana B ITHOPYBaHHI PIBHOMOXKJIMBOCTI €JIEMEHTAPHHUX IOMIAH — OJHIET i3 OCHOBHUX BUMOT
KJIACUYHOT'O O3HAYECHHS IMOBIpPHOCTI.

3amaua 1.2. 3HaliTH IMOBIpHICT BCIX MOXJIMBUX 3Hau€Hb CYMH OYOK Ha BEPXHIX I'paHAX JBOX KHHYTHUX TPaJbHUAX
KYOUKiB.

O QueBuiHO, 110 MiHIMAJILHAM 3HAYEHHSIM CYMH € YHCIIO 2, a MakcuManbHuM — 12. Tomy motpi6HO Gyme 3HaTH

imoBiprocti BumaakoBux mopid (2 =2), (X =3), ..., (X =12), ne > — cymMa OYOK Ha BEPXHiX TPaHAX KYOHUKIB.
[IpoananizyiiTe, 4OMy KOXKHa i3 IIUX MOJiil € BUMaIKOBOIO. BUNIPoOyBaHHIM € KMIaHHs JBOX KYOMKIB, HACIIIKAMH €
CYKYIIHICTh Tap OYKiB Ha BepxHiX rpansx. [lizpaxyemo umcino nmx map. «OIUHUIS» TMEpHIoro KyOWka MoXKe
3ycrpities 3 1, 2, ..., 6 apyroro, ToOTO BOHa «IOPOPKYe» 6 HACHIAKIB BUIpOOyBaHHs. Taky K KiIBbKICTh
«MOPOIKYE» 1 «aBiliKkay. [Ipu bOMY CJIi1 MaTH Ha yBa3i, 10 HACHIAKU BUnpoOyBaHHs (1+2) 1 (2+1) — pi3Hi (mepma
uudpa BiANOBIIAE YUCIy OYOK HA BEPXHIH IpaHl mepuioro KyOuwka, Apyra — Ipyroro). AHaJloriyHa CHTYauis 3
perToro yucen mepmroro kyomka. Otxe, N =6 - 6 = 36. KoxkeH i3 WX HACTIJIKIB BiAMOBIA€ BUMOraM O3HAYCHHS
IMOBIPHOCTI: BOHHM PiBHOMOXKJIMBI 1 yTBOPIOIOTH OBHY rpymy. CripaB/ii, BOHH MONAPHO HECYMIiCHI, OCKIIIbKU MOsIBA
OJTHOTO 13 HACIHIJKIB MPH BUIPOOYBaHHI BHUKIIOYAE IMOSBY OYIb-SKOTO 1HIIOrO B IIbOMY X BHIpoOyBaHHi. I[Ipu
BUIPOOYBaHHI 000B’S3KOBO BIIOYAEThCS OMH 13 HachiakiB. Hapemri, piBHOMOXIHBICTh JIOCSTA€ThCS 338 PaXyHOK
CUMETPUYHOCTI KYOHMKIB Ta OIHOPIJTHOCTI MaTepiaily, 3 IKHX BOHU BUTOTOBJICHI.

[oxii (2 =2) cnpusie Tiabku omaun Hacnuigok (1+1). Tomy P32 = 2)= 1/36. Toxii (3= 3) cupusiiors BKe 1Ba
Haciaigku BunpoOysauus: (1+2), (2+1). Tomy P(>=3)=2/36. IIponoxyrour OOYMCIIEHHS WMOBIPHOCTEN peInTH
BHIIAJIKOBUX ITO/1ii, OTPMAEMO TaKy TaOJHIO:

K 2 3 4 5 6 7 8 9 |10 )11 | 12

P> =k) |1/36|2/36|3/36|4/36|5/36|6/36 | 5/36 | 4/36 | 3/36 | 2/36 | 1/36

Amayi3 Tabiuii J03BoJIst€ 3pOOUTH BUCHOBOK, 30KpeMa, 1110 iMOBipHicTs nomii (2. =7) B wicTh pasiB Oijiblua Bij
imoBipHocreit nomii (2> =2) ta (3. = 12). ®

3anaua 1.3. HaBicHuil 3aMOK 13 «CEKpeToM» Mae IICTh BOCBMUKYTHHX NPHU3M, KOXKHA 3 SKUX IOBEPTAETHCA HABKOJIO

CBO€ET OCi HE3aJIeKHO Bifl iHIIMX. BivHI TpaHi KOXKHOT 13 IPU3M MpoHyMepoBaHi mudpamu Bix 1 1o 8. 3amok
BIJIKPUBAETHCS, SIKIIO OOEPTAHHSIM TPHU3M Ha YUIbHIA CTOPOHI 3aMKa Oyle HaOpaHO IEBHE MIECTH3HAYHE
YKCI0. 3HANUTH IMOBIPHICTD TOTO, IO MICHs JOBUIBHOIO HA0OPY MIECTH3HAYHOTO YMCIIa Ha YiTbHIH CTOPOHI
3aMOK BIJIKPUETHCS. 3pOOUTH BUCHOBOK PO HAJIHHICTD I[bOTO 3aMKa.

O BumpoGyBaHHs — 00epTaHHs KOXKXHOI i3 IiecTd npusMm. Ilomiss 4 — HaGip CEKPETHOro MIECTH3HAYHOIO YMCIA.

Hacnimok BunpoOyBaHHs — IlECTH3HAa4YHE 4YMCHO. J[JIs1 3HAXO/DKEHHS BCIX HACTIJIKIB BUMPOOYBaHHS MOTPIOHO
MOpaxyBaTH YUCIIO BCIX PI3HUX IECTH3HAYHMX unced. LIi uncia Bigpi3HSIIOTHCS OHE Bif iHIIOro abo muppamu, abo
MOPSIIKOM IX po3TammryBaHHA. Ha mepmmmii mormsn rpymu i3 mecTu eneMeHTiB (umdp) € posmimenHsmu. [Ipore
HEOOXiJHOI0 BUMOT'OIO SIK PO3MIIICHb, TaK 1 KOMOIHAIIH € Te, 0 BCi eIeMEHTH TPYIH € pi3HUMHU. B Toif gac sk B
JaHii 3a1a4i rpymnu (9ucia) MOXKYTh MICTHTH AesKi a00 BCi OMHAKOBI eneMeHTH (1udpu). AHaII3 CXeMH yTBOPEHHS
TPYIl €IEeMEHTIB, /Ui SKOi BUBEAEHA OCHOBHa Qopmyna xoMOiHatopuku (1.3), mae mimcraBu CTBEPIKYBAaTH TIPO
MOJJIMBICTh 3aCTOCYBaHHS ii B JAHOMY BHIIQJIKY:

1-a mpusma 2-a mpu3ma 6-a mpusma
(8 mapp) (8 wnchp) (8 mapp)
——— ——— ———
L2..,8 L2,..,8 L2, ..,8
—_— —_— —_—
o () (0]
6 madp

3rimHo 3 qaHor0 (hopmynoro komGinaTopuku (1.3), xe k = 6,
6



N2 = ... = Ne = §, OTpUMYEMO
nN=N=8-8-..-8=8=262144.
3 ycixX HacHiKiB BUIPOOYBAaHHS TUTBKM B OJHOMY 3aMOK BIJIKPHBA€THCS (KOIM Oyze HaOpaHO CEKpETHE YHMCIIO),
tomy M = 1. Ocratouno P(4) = 1/262 144 = 0,0000038.
XapakTepucTHKa Ha/IiHHOCTI 3aMKa BU3HAYAE€THCS YUCIOM N: HE 3HAIOUM CEKPETHOTO YMciia, MOTpiOHO 31ificHUTH
BCBOro 262 144 HaGopu pi3HUX IIECTU3HAYHUX ynces. @

3amaua 1.4. BaHk npoTsAroM Micsisg MOXe BUAATH B KPEIUT IO3KMKY I1'IThOM CBOIM KITIEHTaM, B TOW Yac SIK TOCTYIHIN
3aMOBJICHHSI Ha KpEIUT Bija 15 KiIieHTIB mepuroro paiiony i 10 xiieHTiB apyroro paiiony. [is 30epesxeHHs
KJIIEHTIB OaHK pO3IIISae SIK THUMYACOBY BUMYIIEHY Mipy — PO3irpyBaHHSI BUTIAJKOBUM YHHOM IT°SITH TIO3HK
cepell THX, BiJl KOrO IOCTYITMJIO 3aMOBJICHHS. 3HAWTH IMOBIpHICTH TOTO, IO YHCIIO KIIIEHTIB MEPIIOTrO
paiioHy, SIKMM JiCTaHEThCs IO3MKa, JIOpiBHIOE: a) 5; 0) 0; B) 3.

O BumpoGyBaHHS — IPOBENEHHS PO3IrpYBaHHs cepell KIeHTIB Ganky. Haciiok BUIpoOyBaHHs — IT’STipKa KIII€HTIB.
Uucnmo HaciinKiB BUIPOOYBAaHHS JOPIBHIOE YHCITY BCEMOXKIIMBHX I SITIPOK, SIKI MOXXHA YTBOPHUTHU 13 CYKYITHOCTI
YHUCENBHICTIO 25 eJIeMEHTIB (KIIIEHTIB OaHKY).

Jnist Takux TPYN ENEMEHTIB XapakTepHHM € Te, 110 BOHM BIiJPI3HSIOTHCS OAHA BiJ iHIIOI Xo4a O OAHUM
enemeHTOM. KpiM Toro, sik OCHOBHa CYKYITHICTh €JIEMEHTIB (3 25 KIII€HTIB), TaK i YTBOPEHi TPYIH 110 5 €JIEMEHTIB,
CKJIaJIal0ThCS 3 PI3HMX eJeMeHTiB (BiACYyTHICTH NoBTOpiB). Lle nae mijncraBu 3poOMTH BUCHOBOK, IO Taki TPYNH €
KoMOiHaIisMu. | X YMCITo T BCIX TPHOX IMi/13a/1a4 JIOPIBHIOE:

n=C5 = 25-24-23.22-21 _ 53130,
5-4-3-2-1
a) A — BIAaCHMKaMH KpEIUTy € II'sITh KII€HTIB Mepmoro paidoHy. UMcino HaciikiB BUMNPOOYBaHHS, JUIS SIKUX
BiZIOyBa€eThCs MOJist A, TOPIBHIOE YUCITY BCEMOMKIJIMBUX ITSITIPOK KITI€HTIB, KOTPI MOXKHA YTBOPHTH 13 3arajibHOTO
yucna 15 kimenTiB nepioro paiony. Lli m’stipku 3HOBY € KOMOIHALISIMH 1 1X 3arajibHe YUCII0
15-14-13-12-11

m=Cs = ——————=3003.
5-4-3-2-1
3a KJIaCUYHUM O3HAYEHHSIM IMOBIpHOCTI
p(ay=m =308 4 057,
n 53130

0) B — BIacCHUKaMHU KPEAUTY € II’SITh KIIE€HTIB JpYyroro paiioHy. Uucino HaciiikiB BUIIPOOYBaHHS M, VIS SIKMX
BiIOYBAETHCsI MOMIsl B, JNOPIBHIOE YHMCIy BCEMOXJIMBUX IT’STIPOK KIIIEHTIB, 110 MOXXKHA YTBOpHTH i3 10 KIiIi€HTIB
JPYroro paiioHy. 3HOBY X IIi I’ ATIPKK € KOMOIHAIISIMH 1
10-9-8-7-6
m=Cy=—r—— =252,
5-4-3-2-1

252
a PB) =M =220 005,
n 53130
B) C — BIIaCHHKaMH KPEIMTY € TPH KJIIEHTH MEPILIOro paiioHy 1 JBa KIIEHTH APYroro paiony. BecemoxiuBi Tpiiiku

KIIEHTIB MEpPIIOro paifoHy MOXHa yTBOpUTH Cjs Croco0ammu, a BCEMOXIIUBI JABIMKM KI€HTIB ApYyroro paiioHy —

HMKOPHUCTABIIN iB, OTpHMaEeMo:
Clzo_ Buxopucra NpaBHJI0 J00yTKiB, 0 aeEMO

mchs.cfozw.wzﬁs .45 = 20475,
3-2.1 21
20475
3BimKH P(C)==—==%0,385. ®
© 53130

3agaua 1.5. KepiBHHAIITBO MPUBAaTH30BAHOTO MiANPHEMCTBA OT'OJIOCHIIO KOHKYPC 3 BHIDIATOIO TPHOX MEPIINX MpeMill Ha
Kpamui IpoeKT MozepHizamii BupooHumTBa. Ha korKypc moctynmino 9 nmpoekTiB. CKUTBKH MOXKHA CKIIACTH
BCIX MOXJIMBHX TPiHOK BIACHUKIB IpeMii?

O 3 neB’sTH Pi3HUX €IEMEHTIB YTBOPIOIOTLCA TPYIM 110 TP Pi3HUX eleMeHTH. [I0pAI0K «PO3TallyBaHHA» eJIEMEHTIB
cyrreBmid i HuX. CripaB[ii, HeXai MPOEKTH i Homepamu 5, 6, 8§ Bubopomm mpemii. Aie, 30kpema, Tpidikm: 1) Ne 5
— I-a mpemis, No6 — II-a, Ne 8 — Il-s1; 2) Ne5 — IIl-s1, Ne 6 — I-a, Ne 8 — Il-a — pizni. Tomy Taki Tpymu €
PO3MIIIIEHHAMH i TX YHCIIO JIOpiBHIOE A3 =9-8-7 = 504. ®
3aysasxcenna. Hexait 3amaya 1.6 MOmOBHEHa TaKUM YWHOM: «3HAWTH IMOBIPHICTH TOTO, IO TICIS ITiIBEACHHS
MJCYMKIB KOHKYPCY BJIIACHIKaMH TPHOX TEPIINX MPEMiif CTaHyTh aBTOPH MPOEKTIB i HoMepamu: Ne 7 — [-a mpemis,
Ne 5 — II-a mpemist, Ne 9 — IlI-1 mpemist». Tomi mr0 iMOBIpHICTB, B3araii KaKydd, HE MOXKHA 3HAWTH 32 KIACHIHUM
O3HAUEHHAM IMOBIpPHOCTI, OCKUIBKH HACHIJKH BUIPOOYBaHb HE OyAYyTh PIBHOMOMIIMBAMH BHUIAIKOBHMH MOIISIMHU
(TIpPOEKTH CYTTEBO MOXKYTh BiIPi3HATHCS OAWH BiJ OXHOTO, 8 TOMY MOXXYTb MaTH pi3Hi IIaHCH OyTH BiJ3HAYEHUMH).

3apauya 1.6. Ha gornprox kaprtkax HamucaHi jitepu E, ¥V, H, T. KapTkn nepemimnyioTbcs 1 pOo3KJIQAAIOTECS B PSII.
3HalTH IMOBIPHICTB TOTO, 110 B pe3ynbTati Oyae orpumane cioBo «THEY».

O BunpoGyBaHHs — PO3KJIaJaHHs KAPTOK B P micist nepemitnyBanust. [loxist A — orpumannst ciosa « THEY». Tinbku
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OIMH HACJIiIOK BHIPOOYBaHHS CIipusie TOsiBi mi€l mofii, Tooro m = 1. Hacnigkn BumpoOyBaHHS — I BCEMOXIIMBI
rpynu 1o 4 enmeMeHTH (JliTepH), JUIS SIKMX CYTTEBHI TIOpPS/IOK PpO3TAlIyBaHHS €JIEMEHTIB, 1 iX YHCIO
n=Ps=41=4.3-2-1=24. Orxe, P(4) =1/24. ®

3agaua 1.7. Ha KHIKKOBIH MTOJHIN pO3TAIIOBAHO 26 KHUT, BAPTOCTI SKUX BIIMOBIAHO piBHI: 8 10 5 rpH., 12 1m0 4 TpH. 1
6 mo 3 rpH. HaBmanus Oepyrbest aBi KHuTH. SIka IMOBIpPHICTB TOTO, IO IX CyMapHa BapTiCThb CKJIAJA€
8 rpu.?

O Tloxisn 4 — cymapHa BapTiCTh BifiOpaHUX JBOX KHUT JOpiBHIOE 8 rpH. BumpoOyBanHs — Bigbip nBox KHuT. Yucio
HACJI/IKIB TOPIBHIOE YUCITY BCEMOXKIIMBHX CITOCO0IB BiIOOpY MBOX KHUT. Taki rpyn mo JBi KHATHM € KOMOiHAIisIMU,

00 JUIsl HUX HECYTTEBUI MOPSIIOK PO3TALIYBaHH B IpyIi eneMeHTiB (kHur). Tomy N = sz6 = 265 =325.

2-1

[onist A BinOyBaeThcs ab0 TOMI, KONMM OOMIBI KHUTM KOIITYIOTH MO 4 T'pH. (TaKWX HACIHIAKIB BUNPOOYBaHHS €
C?,), abo o/lHa KHHUTa KOIITYE 5 TPH., a Apyra — 3 TpH. (TaKUX HACTIAKIB € 8-6 = C} - C}). 3rigHo 3 npaBuioM cymu
KoMOiHaTopuku m = Ch + C - C} = 66+ 48 = 114. Ocrarouno P(A) = 114/325=10,351. ®
B nesxux BUmamkax mpu 3HaXO0/PKEHHI YUCIa KOMOIHAIIN TOITbHIIIE KoprcTyBaTucs Gpopmyoro (1.4%), a ue (1.4).
IIpu 11bOMY KOPUCHUM € BUKOPHCTAHHS OCHOBHHX BJIACTHBOCTEH YHCIIa KOMOIHAILIH.

3amaua 1.8. Iapris i3 1000 nmiurok mokonaty, cepes skux 4 i3 npu3amH, JOBITbHAM YMHOM PO3IOAiJIeHa Ha Bl piBHI
YaCTHUHHU, KOXHA 3 SAKUX BiIpaBlieHa ABOM CHOXKMBauyaM. 3HalTU MMOBIpHICTH TOTrO, IIO: a) BCi HMPU3M
JICTaHYTBHCS OTHOMY CIIOXKHBauy; 0) 000M CIlO)XMBa4YaM TOpiBHY.
O a) BunpoOysanus — Bigbip 500 minrok mokonay i3 1000. [Toxist A — BCi IpU3H AICTAHYTHCS OAHOMY CIIOKHBAYY.
P 500 . . . .
BaranbHe uncio Hacniakis BunpoOysanus N = Cpoo. Hogis A BinGysaetses , koau i3 500 IWIMTOK, BiAmpasieHnx
OJTHOMY CIIOKUBauy, Oyne abo 496 6e3 mpuziB i3 996 i Bei 4 i3 nmpuzamu, ado 500 6e3 npu3is i 0 i3 npuzamu. Yuncno

o 496 4 | ~500 O . L ~4 O
takux Hachiakis M= Cggl - C, +Cgoq - C,. 3a nepumoro Bracrusictio uncna xom6binauiii C, =C, =1, a 3a

pethoio Coee =Copy ° = Cage - ToMy
996!
p(ay=M = Com Ci +Cos-Ci _2-Cowp _, 50014961 _
n Ciono Ciow 1000
50015001

996150015001 9. 99614961497 - 498 - 499 -500
100015001496! 996!-997 - 998 - 999 -1000 - 496!
_ 2-497 - 498 - 499 -500 ~0124 |

997 - 998 - 999 -1000

ne 1000!=9961997 - 998 - 999 -1000, S00!= 4961497 - 498 - 499 -500.

0) Ilonist B — B oaniit wacTuHi npoxaykuii € 2 npu3u. Toxi Takor K BIACTHUBICTIO Oy/ie BOJOMAITH 1 pyra 4acTHHA.
[onis B BimOyBaTtumeTbes, skmio i3 500 mIMTOK, BiIIpaBlIeHUX OJAHOMY CHOXHBady, Oyae 498 6e3 mpusis i JBi 3

npu3aMu 3 4oTHPBOX. Yucno Takux Hachiakis M= Cgyp - CJ. Tomy

96! 4l
P(B) = Cor -C? _ 4981498! 212! _ 9961500150044
Cono 1000! 1000498149812 2!
5001-500!

~ 9961(4981499 -500)? -4-3-2-1
©9961-997 -998 - 999 -1000 - (4981)% - (2-1)>
(499 -500)%-6

~ 997 -998 - 999 -1000

Po3B’s13yBaHHS HACTYITHOI 321491 UTIOCTPYE MOXKJIMBICT OTPUMAHHS JONATKOBOI iH(pOpMAIIii Ha TiICTaBl 3HAHHS
IMOBIpHOCTI BHITaJKOBOI TTOI1.

~0,376 . ®

3agaua 1.9. B xoHTeiHEpi 3HAXOMATHCA CTAHAAPTHI i OpakoBaHi Aeranmi. IMOBIpHICTH TOTO, IO HABMAaHHS BUTATHYTI
TpH fetaii OyayTh CTaHIAPTHUMH, JOPiBHIOE 2/3. Ska MiHiMaIbHA KiINBKICT AeTaneil B KoHTerHepi?

O Tlosnaunmo: k — 4KciI0 BCiX Jeraneill B KOHTEHHEpI, s — KiIbKICTh CTAHIAPTHUX cepel HUX. BunpoOysanHs — BinGip
Tppox neraneir. [lomis A — Tpum merami craHmapTHi. 3rigHO 3 yMOBOIO P(A4)=2/3. 3a KIacHYHOK (OPMYIIO0
3 _ . —
P(A)=m=C—53= s-(s=1)-(s 2).
n C/, k-(kk-1-(k-2)
OTxe, s:(s=D):(s=2) :g.
k-(k-1)-(k-2) 3



ine gucio S 3a70BONBHSE MOMBIHHY HEepiBHICTh 3< s < Kk —1, ockinbku st $=0, 1, 2 momis A ctae HEMOXKITUBOIO, a
st S=K — nmocroBipHOrO. 3aMiHMBIIM S B MOMEPEAHbOMY piBHsAHHI umcioM K-1, oTpumaeMo HepiBHICTH
k-1-(k=2)-(k-3) _ 2

k-(k-1)-(k-2) 3

iBHOCHIBHY HepiBHOCTI 3-(K —3) > 2-K, 3Bigku Kk > 9. 3amumaerbes TIIBKHU 3’ SICYBAaTH ICHYBAHHS LIJIOT0 YUCIA
3-(k=-3)>2-k k>9.3 ’ S,

sIKe 3a/I0BOJIBHSAE YMOBY 3a/1a4i. [IpocTa nepeBipka 1mokasye, 1o 3HaYeHHsIM S € gucio 8. @
3amaua 1.10. 3HaiiTH IMOBIpHICTH TOTO, IO NPY KHJaHHI BOCBMU MOHET Tep0 BHIIa/Ie Ha IECTH 3 HUX.

O BumnpoGyBaHHs — KuIaHHsA BocbME MoHerT. [Tomist A — rep6 Bumagae Ha mectd MoHeTax (i Ipy oMY He BHIIAIac Ha
nBox). Haciiku BUIIpoOyBaHHS — 1€ BCEMOKIIMBI TPYITH 3 BOCBMH €JIEMEHTIB, SIKi yTBOPIOIOTBCS 32 TAKOIO CXEMOIO:

1-a monera 2-a MOHETa 8-a MoHeTa
— — —
I,H I,H I,H
S~ S~

!

8 elleMEHTIB

(0)

Tyr r — rep6, H — Hanwmc. [lpuknan Haciijka BUIPOOYBaHHS: ‘“‘HITHTHHH”. 3arajbHE YHCIO PI3HMX HACHIJIKIB

BUIIPOOYBAHHS 3HAXOMMTHCS 332 OCHOBHOK (opMyinor kombimatopuku (1.3): n=2°. Ilpu npomy Bci BoHH €
PiBHOMOXKJIMBUMH BUTIaJKOBUMH IOISIMU, OCKUTBKH JIJIsI KOOKHOI 13 MOHET I0sIBa rep0a 4M Halncy Ma€e OAHAKOBY
imoBipHicTh, piBHy 0,5. 3HaiieMo YMCIO HACHIAKIB BUMPOOYBaHHS, I SKUX mofist A BinOyBaethbes. [pukinaan
TaKUX HACIIJKIB: “TTITTTHH”, “ITITTHrH”, ... . BCiX 1X € CTiJBbKU, CKUIBKM MOXKHA YTBOPHUTH TPYII Pi3HUX €IEMEHTIB
YHCENBHICTIO 6 13 3arajbHOI CYKYITHOCTI 3 BOCbMH PI3HHX €JIEMEHTIB (3BEpHITh yBary Ha Te, 10 rep0 Ha 1-ii MOHeTi
i rep0 Ha 2-1f MOHeTI — 11e /1Ba pi3Hi eneMenTH). L{i rpymu Bipi3HAIOTHCS OHA BiJl 1HINOT TiJBKH CKJIQJIOM €JIEMEHTIB

(xoua 6 oqHuM exemeHToM). ToMy BOHM € KOMOIHAIISIMY 1, OTKe, M = C86 .

OcraTouHo
m C& Cc2 8.7 7
(A) n 28 2% 1.2.2%8 28

JIe 32 TPETHOIO BIIACTHBICTIO uncna kombinauiit Cg =Cg °=C.. ®

3ayeasicennn 1. B ymoBI momnepenHboi 3aqaul BBaXasocs, MO JUIS BCIX MOHET iIMOBIpHICTh BHIIQJIaHHS TepOa
nopiBuioe 0,5. SIkmio »x 1si yMOBa TOPYIIYEThCs (HANpPUKIAM, SKAch i3 MOHET JaeOpMOBaHA), TOMAI HACIIJIKU
BUIPOOYBaHHS IIEPECTAIOTH OYTH PIBHOMOXIIMBUMH, & TOMY KITaCHYHY (hOPMY.TY BiKEe HE MOXKHA BUKOPHUCTOBYBATH.

3ayeasicennsn 2. PezynpraT momnepeqHpol 3a1adi OTPUMYETHCS 1 Y BUMAJKY, KOJIH 8 pa3iB KUIAETHCS OHA MOHETa
(nmpoanamnizyiire).

3amaua 1.11. Hudpu 1,2,3,4,5,6,7 HamucaHi HA ONHAKOBHX KapTKax, sKi mepemimiani. Tpudi HaBMaHHS OepyTh IO
OIHIN KapTHi 1 KIaxyTh IX 3I1iBa HampaBo. 3HANUTH IMOBIPHOCTI TOTO, IIO YTBOPEHE TPU3HAYHE UHCIIO
BHUSBUTECS: ) TApHUM; 0) KPATHUM TPHOM; B) KPAaTHUM 5.

O BunpobyBaHHs — Bif0ip TPhOX KapTOK. 3arajbHe YMCIO HACIIIKIB BUIPOOYBAHHA JOPIBHIOE YKMCIY BCEMOMKIMBHX
TPU3HAYHHUX 4YHCEN, SKI MOXKHA YTBOpUTH 13 cemMu Ludp. Bonm BigpisHstoThes abo ckiamoMm 1udp, abo ix

po3tamryBaHHsM. OTKe N = Af

a) [omist A — oTpuMaHe Tpu3HAaYHE YKCIO € mapHuM. Lliif moxii CpusioTh BCi Ti HACHIAKU BUIIPOOYBAHHSA, B SIKIX
ocTaHHs muQpa € mapHO, ToO6TO abo 2 , abo 4, abo 6. 3okpema, KO0 OCTAHHA IUdpa 2, TO MEepIIi IBI MOXKYTh
Oytu BimiOpaHi 3 pemrty mectw (Brmroyaroun 4 ta 6). i nBifiku mudp € po3MilmeHHsIMH 3 MECTH 10 J1Ba i X YHCI0

nopiBaroe A2 =6-5=30. Ile % came 9HCIIO OTPUMYETHCS i 1A ocTanHiX dp 4 Ta 6. OTxe, M=3-30 =90 i

m_%0_ 90 _3_ 4 42.
n A 765 7
6) Ilomis B — yrBOpeHe Tpu3HAYHE YHCIO AUMUATHCS HA 3. YMcno ginmuThest Ha 3 TOAI 1 TUTBKK TOM1, KOJTH CyMa HOro
mudp TUThCA HA TpU. TOMY 13 TaHUX ceMU IU(p MOTPIOHO BUAITUTH BCEMOXIIMBI TPIHKM TAKUM YHHOM, III00 IXHS
cyMma Oyna KpaTHOIO TphoM. Bci BoHM BHYepmyroThes Takumu Tpidikamu: (1,2,3), (1,2,6), (1,3,5), (1,4,7), (1,5,6),
(2,3,4), (2,3,7), (2,4,6), (2,6,7), (3,4,5), (3,5,7), (4,5,6), (5,6,7). KokHa 3 IIUX TPUHAALATH TPIHOK “TIOPOIKYE”
P, =3-2-1=6 pi3HuX TpU3HAYHHX YHCEN, a BChOro ix Oyme m=13-6=78. Orxe,

P@)="="8 Lo3714.
n 210

P(A) =



B) [lonist C — oTpuMaHe TpU3HAYHE YUCIO € KpaTHUM 5. OCKIJIBKH YHCIIO JIJIUTHCS Ha 5 TOMI 1 TUIBKH TOIi, KOJIH

fioro octanHboI0 IHpporo € 0 ado 5, To cpusTauBrME T ioaii C € HacmigKK BUNPOOYBaHHS, B SIKUX OCTAHHBOIO

€ uudpa 5, norepenni a8i — Oyap-sKi 3 pewTy wectH uupp. Tooto, m= A? =6-5=30 . OcTaTo4Ho
m 30

PC)=—=—-%~01429. ®
n 210
3apaua 1.12 IlpencraBHuKamMu KOXHOI i3 1T GipM € aupekTop 1 pedepent. [licis mianucanHs yroau IUIaHyeThCs

MPOBECTU TOBAPHUCHKY BEUEPIO. 3TiHO 13 JOMOBJICHICTIO MICIII 3@ CTOJIOM PO3ITPYIOTHCS BUITAIKOBHM
YUHOM. 3HalWTH IMOBIPHICTB TOTO, IO MpeACcTaBHUKU QipMu K 3aiiMyTh CyCiHI MiCIIAL.

O BumpoGysauust — crnpoba mocagosuti 10 oci6. ITomis A - mpencraBHukn dipmu K cumitumyts mopyd. Bceix
HACITIJIKIB BUTIPOOYBaHHS € CTUTBKH, CKUIBKH € PI3HUX JCCATOK, IUTS SKHX CYTTEBHHA MOPSIOK PO3TANTyBaHHS OCiO.
Tobto n=P, =10!

3HaiileMO YHCIIO HACIiKIB BHIPOOYBaHHS, CHPUSTIMBUX sl HactaHHs momii A. Jlupextop ¢ipmu K mMoxe
3alHITH KOXKHE 13 JECSTH Micllb, a Horo pedepeHT MoXKe CicTH JBoMa crocobamu mopyd Ouinst Hboro (3miBa abo
cnpaBa). ToOTo, BoHH MOXyTh 3aiiHsaTH 20 pi3HMX MNO3WIH, mepeOyBatoun mopyd. B Toil ke uyac BiciMka ix
MapTHEPIB MOXKE CiCTH 3a CTiA 8! pi3HUMHU crioco0aMu, YTBOPHUBIIH NIEPECTaHOBKY 13 BochbMH oci0. Tomy m=20-8!,
m 20-8 20-8 2
PA=—=——=—-=-"=0222 .0
n 100 8910 9
3amaua 1.13 B naprii 3 300 ngeraneil B TEXHIYHOrO KOHTPOJIO BUSIBMB IIICTh HECTAHIAPTHUX AeTajed. 3HAWTH
BIJITHOCHY YaCTOTYy HECTaHJapTHUX JeTajeu.

O 4 - nerans HecTaHAapTHA, BUOPOOYBAHHSA — MEpeBipKa JeTaii BiJIIJIOM TEXHIYHOrO KOHTPOJIO. 338 YMOBOIO
N =300, M = 6. Tomy 3rizgso 3 (1.7) W(4) = 6/300 = 0,02. ®

3amaua 1.14. I3 1000 HaBmMaHHs B3siTUX AeTaned 4 OpakoBani. Ckijgbku OpakoBaHMX BHSIBUTHCS cepen 2400 neraneit
(pubIM3HO)?

O A — neranb GpakoBaHa, BUNpoOyBaHHs — repeBipka aeraii. 3a ymosoro W(A4) = 0,004. Skiuo cepen 2400 neraneit x
OpaxoBaHux, T0 P(A) = X Ockinbkn P(4) = W(4), To X 5 0,004, 3Bigku x ~10. ®
2400 2400

3amaua 1.15. Ilicnis Oypesito 3’sicyBajiocs, 1o TenedoHHA JIiHIS MOMIKOMKEeHAa Ha AuUsHII Mik 20-m 1 40-m
KiJlomeTpamHu. Slka iIMOBIpHICTb TOT'O, IIO MOIIKO/KEHHsI cTajocs Mixk 25-M 1 30-M kitomerpaMu JiHii?

O TIIpumyctumo, 10 iIMOBIpHICTh 3HAXOKEHHS TOYKM PO3PUBY JiHII Ha Biapi3ky | mpornopiiiiHa HOBXHHI LOTO
BiJ[pi3Ka 1 He 3aJIeKUTH BiJI Oro po3TalllyBaHHs BiqHOCHO Biapi3ka L. Topai 3rimHo i3 popmyroro (1.9)

ooeorcuna |
P(A)=—,
ooeoicura L

Jie BUMaJIKoBa mofist A= {X € I}, X — KOOp/IMHATA TOYKH PO3PUBY Ha YHCIIOBIH OCI.

B manomy Bunaaky
P(A) = P25 <x<30)=2=2_5 495
40-20 20
3agaua 1.16. /IBa cTyneHTH JOMOBUIHCS 3yCTPITUCS B TIEBHOMY Micmi Mix 14 1 15 roquaamu. CTyneHt, sKuid Ipuiine
TIEPIINM, YeKae APYroro mpotsaroM 20 XBUIKH, HICISA YOTO 3aJUIIAE Miclle 3ycTpidi. 3HAWTH IMOBIpHICTB
TOT0, IO 3yCTpid BiAOyAeTHCS.

O Po3risiHEMO CHIOYATKy GLIBLI IPOCTUI BMIIAI0K, KOIM 3yCTpid HOBUHHA BinOyTrcs mMix 01 1 ronqunamu. Hexaii x ta
Y — MOMEHTH IPUXOIy MIEPIIOro Ta APYroro CTyAEHTIB BiAmoBiaHOo. Tofi 32 yMOBH CHPOIIEHOI 3a/a4i BUKOHYIOTBCS
nozagiiHi HepiBHOCTI 0 <x <1, 0<y < 1. CuMBONIYHMIA 3anuc BUNAAKOBOI mofii A — 3ycTpiu BinOymeTbcs, Mae
TaKkui BUL:

A={jx-y|<1/3},
ne 1/3 Bignosimae 20 XBIWIHHAM.
BBeieMo TpsAMOKYTHY JAekapToBy cuctemy koopauHaT xOy, B sKili BCi €IEMEHTApHI PIBHOMOXIIUBI MOMIT
(MomeHT 3yctpidi (x; ¥)) 3amoBHIOOTH kBajpat ) = OBCE (main. 1.2).
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B(0, 1) SICEE N
N(L, 2/3)
F(0, 1/3)
O K1/3,0)  ELO) %

Man.1.2.

300pa3uMo rpadiyHO CYKYNHICTh €IeMEHTApHUX NOAiH, s skux mofnist A BinOyBaerbcs. HepiBHICTH |x —
y| £ 1/3 piBHOcHIbHA MOABIHHIN HepiBHOCTI —1/3 <x —y < 1/3.

[epiia 3 HUX BH3HAYAE MIBIUIOIINHY, SKa 3HAXOMUTHCS HIDKYE TpaHudHOl mpsmoi lii —1/3 =x —y. g npsama
npoxoauTh uepe3 Touku F (0; 1/3) i Q (2/3; 1). [dpyra BU3Ha4a€e MIiBIUIOMIMHY, IO PO3TAIIOBaHAa HaJ| TPaHHYHOO
npsamoro lo: x —y = 1/3. |, mpoxomuts yepes Touku K (1/3; 0) i N (1; 2/3). IlepeTrH oTpUMaHOT «CMYTH» 3 KBaJpaTOM
O0BCE i BusHavae (B MHOXHHHOMY po3yminti) mofiro A: 4 = OFQCNK. 3 nobdymosu orpumyemo: S(A) = Sosce —

2SarBQ = l—g = g 3rigHo 3 piBHicTIO (1.9)

P(4)= M = E [ ]
S 9
3agaua 1.17. (3anaua Broddona”). Ilnomuna posrpadiiena napanelbHIMK IPIMUAMHE, BiJIalb M’ SKUMH CKJIagae 2d.
Ha rutoniHy HaBMaHHSI KW/IAETHCSI TOHKA TOJIKA TOBXHHOI 2/ (/<a). 3HalTH IMOBIPHICTb TOTO, IO TOJIKa
HepeTHE SKy-HeOyIb i3 IUX MPSIMUX.
O Tlomisn A — rojka neperHe oaHy i3 npsmMux. Ha man.1.3, 300paskeHuil OMH i3 MOKJIMBUX HACJIAKIB BiIOYTTs momii

A.
st Toro, mo0 BpaxyBaTh BCi MOXKJIMBI HACJIJIKM BUIPOOYBaHHs, a TAaKOX Ti, B SKUX BiJOyBaeThcs mogist A,

BBEIEMO B POIJISA] MO3HAYEHHS: X — BiJalb BiJl CEPEMHU TOJIKA O HAHOIMXKYOI MPSIMOi, @ - KyT, YTBOPEHUI
TOJIKOK 13 wmiero mpsiMoro (man.l.3). BigMmiTuMo, M0 MOJOKEHHS TOJIKA IOBHICTIO BHM3HAYAETHCS 3a/IaHHSM
KOHKPETHHUX 3HAUEHb X 1 @, IPU LIbOMY X MOXKe 3MiHIoBaTHCs Bix 0 70 @ BKIIIOYHO, a ¢ - Bix 0 10 m. O1xe, cepeanHa
TOJIKA MOJKE ITOTIACTH B OY/Ib-SIKY 13 TOUOK MPSMOKYTHHKA 13 JIOBXKUHAMH CTOpiH a i Tt (Main.1.4).

3Haiinemo Tterep ¢irypy d, KoxHa Touka sKoi crpuse mosei momii A. J[is MBOrO PO3TISIHEMO MPSIMOKYTHHI
tpukytHuk ABC (man.1.3), mas sxoro X=BC =ABsing. Ane ockimeku AB<BK=l, to mis Bumamky,

posrisHyroMy Ha Mai.l.3, orpumaemo HepiBHicTh X <ISing. Skmo x Touka K 3HAXOAWTBCS Ha MpsAMi, TO

x=Ising.

kw

2a L 2

v

Mamn.1.3.

OTxe, TONKa MepeTHe HAHOMIDKYy 10 Hel mpsaMy (MaTuMme xo4a O OmHY CIUTBHY TOYKY i3 HEI0) TOMi 1 TINBKH
TOJ, KOITM ISl X BUKOHYEThC mojBiiiHa HepiBHicTh 0 < X <1SiN ¢, TOOTO SIKIIO cepeanHa TOJIKK TIonane B Oyib-

SIKy i3 TO4OK (irypu d, 3amrrpuxoBanoi Ha Mai. 1.4,

* Kopsx Jlyi Jlexnepk — ppaniysbkuit npuponananuk XVIlcr.
11



A
a
AN
yA AN
ya AN
ya AN
L AN
L A\
L AN
L AN
L AN
L AN
L AN
L AN
L AN
L AN
\ -
»
(0] i Q
Main.1.4.
Ii mmoma

. d= [Isingdp =—Icosg| =2I.
0 0

OcrartouHo 3a dopmyioro (1.9)

P(A) = nad =2_|. °
D ma

ni.

§ 2. TEOPEMM MHOKEHHSI I TOJIABAHHSI IMOBIPHOCTEM TA iX HACJILJIKHA

Hii mag momismu (anmredbpa momiii). [liarpamu B’exna. YMoBHa iMOBipHiCTh. TeopemMa MHOXKEHHS IMOBIPHOCTEH.
Teopemu ponmaBanHsi imoBipHOCTeil. OCHOBHA BIIACTUBICTh TMOJiH, $KI YTBOPIOIOTH IIOBHY TpYIy. AJTOpUTM
PO3B’sI3yBaHHs 3aJlad 3 BUKOPHCTAHHIM TEOPEM JO/IaBaHHS Ta MHOXKEHHs iMOBipHOCTeW. IMOBIpHICTH MOSIBM X04a 6
oaniei noxii. IMoBipHiCTh BinOyTTs TiILKU ogHi€el monii. ®opmyna nosHOI iMoBipHOCTI. @opmynu baiieca. Anropurm
PO3B’si3yBaHHs 33/1a4 3 BUKOPUCTaHHAM (opMyIT MOBHOI iMOBipHOCTI Ta baiieca.

KOPOTKI TEOPETHYHI BI/IOMOCTI

Beezemo B po3riisi Aii Ha MOAisiMM.

JBi nmogaii, siki yTBOPIOIOTH NOBHY I'PYNY, HA3MBAKOTHCS MPOTHIEKHUMM.

O3HaueHHA. [1ix momiero A (yuTacThes: He A) PO3yMIeThCA MOMis, SKa IONAraE B TOMY, IO IIPH BUNPOOYBaHHI
noztist A He BiOyBa€eThCs 1 BiNOYBAETHCS OIS, MPOTUIIEKHA /10 oAl 4. Jlist Hax nmopi€ero, sika BU3HAYAETHCS PUCOYKOIO
HAa/JI II€10 TIOMIIEI0, HA3UBAETHCS 3anmepedeHHsaM (i€l momii).

Cymorwo mnopiii A1, A2, .., Ax Ha3uBaeTbcs modisi A, sika MOJAra€e B TOMY, L0 NPH BUNPOOYBAHHI
BiZ0yBa€eThcst x0ua 6 onHa 3 modiii A1, A2, ..., Ax. CumBomignmii 3amuc: 4 = A1 + A + ... + Ax. 30kpema, sKiO K = 2,
toji monist A = A1 + Ao nonsArae B TOMY, 11O IIPH BUNIPOOYBaHHI BinOyBaeThcs a6o mofist A1, a6o noxis 42, a6o A1 Ta 4>
(sxmo A1 1 A2 € cymicHUMHE). B 3B’S3Ky 3 IIIM OTPUMYEMO Take MHEMOHiYHe MPAaBWJIO: 3HAK CyMHU aCOILIOETHCSA 13
CIIOBOM «abo0» («+» <> «aboy). Skmo A1 1a A> HecymicHi, To A1+ A> — Le TOAisA, sKa IMONATae B TOMY, IO TpHU
BHUIIPOOYBaHHI BiIOyBa€eThCs ab0 momist A1, abo A».

HobyTkoM mopiii A1, A2, ..., Ax Ha3UBa€TbcA NOAiA A, sika MOJATa€ B TOMY, W0 NPU BHUNPOOYBaHHI
BinOyBawThes Bei nofii A1, Ao, ..., Ak.

CumBomiuno: A = A1+ Az - ... - A« (a60A4 = A1 Az ... Ay).

Binbyrta Beix k momiii mepenbadae BigOyTTs i momii A1, i momii Ao, ..., 1 momii Ax. OT:Ke, MHEMOHIYHO il MHOKEHHS
ACOIIOETHCS 13 «1» («X» <> «i»).

Hexaii BumpoOyBaHHS, B pe3yabTaTi SKOTO MOXE BiMOYTHCS BHUITAJKOBA OIS B, JTOMOBHIOETHCS YMOBOIO TIPO
BimOyTTss BumaakoBoi moxii A. Toxmi imoBipuicTe moaii B, 3Haiinena mpu ymoBi, mio mnoxis A Big0ymaacs,
HA3MBAEThCS YMOBHOIO iMoBipHicTIO moxii B i mo3naugaetscs P4(B) aGo P(B|A).

JIBi ozii HA3UBAIOTHCS He3aJIesKHUMHU, SKIIO IMOBIPHICTD ONHIET 3 HUX HE 3MIHIOETHCS BiJl TOTO, BiOymacs 4u Hi
iHIIa. AHATITHIHAM KPUTEPiEM HE3aJIeKHOCTI MOl A Ta B € piBHICTH

P,(B) = P:(B). (2.1)
VY Bunaaky BUKOHaHHS (2.1) MOXKHa BB)KaTH, IO
Py(B) = P;(B) = P(B), (22)

Jie OCTaHHsI IMOBIPHICTh HAa3UBAETHCS 0€3YMOBHOIO.
JIBi momii HA3WBAIOTHCS 3AJ€KHHUMM, SIKIIO IMOBIPHICTh OJHI€ 3 HUX 3MIHIOETHCS BHACITIIOK BiMOYTTS 1HIIOI.
Tobro, sximo noxii A Ta B 3anexHi, TO piBHICTH (2.2) MOPYIIYETHCS:
P,(B) = P;(B). (2.3)
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Teopema mnosrcenns imogipnocmeii
ImoBipHicTe 100yTKY ABOX CyMiCHHX mOAiil NOpiBHIOE N00YTKY iMOBIpHOCTell ONHi€l 3 HMX Ha YMOBHY
iMoBipHicTh iHIIOI MoAil, 004YKc/IeHy B IPUITYyIIEHHI, 110 NepIIa noxisa Bigdynacs:
P(AB) = P(A)P, (B)(: P(B)Py (A)). (2.4)
3ayearcenna. TlponoBXeHHS PIBHOCTI B AyXKKaxX BKazye Ha «pPiBHOMNPABHICTHY Momii 4 Ta B 3 BpaxXyBaHHSIM
KOMYTATHBHOCTI Jii MHOXeHHS (AB = BA).

Hacnigok 1. ImoBipHicTs 100yTKY K moniii nopiBHIOE 100yTKY iMOBipHOCTI OHi€l 3 HUX HA YMOBHI iMOBipHOCTI BCix
pelTH, NPUYOMY iIMOBIPHICTL KOKHOI HACTYIHOI MOil 3HAXOAUTLCA B NPHUITYILEHH], 110 BCi monepenHi
nofii Bike BinOyucs:

P(AAA . A) =P(A)P, (A)Pys (A)Pus s (A) (2.5)
Hacnipok 2. SIkmo moxii A Ta B neszanexni, Toxi
P(AB) = P(A) P(B). (2.6)

Jlyis y3araJibHEHHS HACJiKa 2 Ha BUMAIOK JOBIJIHHOTO YHCIIA TOMIA PO3TIITHEMO TaKi O3HAUCHHS.

Jekinbka moniii HA3MBAWTHLCS MONAPHO He3aJeKHUMMU, KO KOXKHI /1Bl 3 HUX He3auexHi. Hanmpuknan, momii
A1, Az, Az OTIAPHO HE3AJIEXKHI, SKIIO He3aICKHI OMIT A1 1 A2, A11 A3z, A2 1 As.

Jexinbka mofgiii HA3UBAKTHCSA He3aJIEKHIMH B CYKYIHOCTI (200 TIPOCTO He3aJIesKHUMH), SIKIIIO BOHH MOMAapPHO
HE3aJICXkKHI, 2 TAKOK € HE3aJCKHUMH KOXKHA 3 HHUX 1 BCI MOXJIMBI T0OYTKHM iHIMMX. Hanpuknaz, sikmo moxii A, B, C
HE3aJIeXkKHI B CYKYITHOCTI, TO He3anexHi momii A 1B, A1 C,BiC,Ai1BC,Bi1AC, CiAB.

BusBisteTscs, 1110 MONapHa He3aMeKHICTh JeKIJILKOX MOAiN 1Ie He FApaHTYe€ iX He3AMeKHICTh B CYKYIHOCTI.

Hacnipok 3. ImoBipHicTh 7100yTKy K moniii, He3ajesKHUX B CYKYNHOCTI, JIOpiBHIOE 100yTKYy iMOBipHOCTe#l mux
NoAii:
P(A1 A2 ... Ax) = P(A1) P(A2) ... P(Ax). 2.7)

Teopema 1. ImoBipHicTH CyMH IBOX HECYMiCHUX MOl JOpiBHIOE cyMi iMOBipHOCTE# IIMX MOJiii:
P(A + B) = P(4) + P(B). (2.8)
Hacniook. ImoBipHicTh cymu K nomapHo necymicHux nojiii 1opiBHIo€ cymi iMoBipHOCTeli IUX moiii:
P(A1+ A2+ ... + Ax) = P(A1) + P(A42) + ... + P(Ax). (2.9)

Teopema 2. ImoBipHicTh cymH JBOX CyMiCHHMX mojiii 1opiBHIOE cyMi iMoBipHocTeil ux momiii Ge3 iMoBipHOCTI iX
CYMIiCHOI IOSIBH:

P(A4 + B) = P(A) + P(B) — P(AB). (2.10)
Teopema. Cyma imoBipHocTeii noaiii, AKi yTBOPIOIOTH MOBHY IPYIY, TOPiBHIOE OIMHMIII:
P(A1) + P(42) + ... P(An) = 1. (2.11)
Hust n = 2 nopii A1, A2 € IPOTUIIEKHUMH, TOMY piBHICTB (2.11) HaOyBae Takoro BUaY:
P(A)+P(A)=1 abo p+qg=1, (2.11%)

ne p = P(4), q = P(4).

AJITOPUTM PO3B’A3YBAHHA 32/1a4 3 BUKOPUCTAHHAM

TeopeM J0IaBAHHS Ta MHOKeHHsI iIMOBIpHOCTeil

1) BBomsIThCs B pO3MIISA] MOIis], IMOBIPHICTD SIKOT TpeOa 3HANTH, a TAaKOX OLIBII TPOCTII MOiT, iIMOBIPHOCTI SKUX
BioMi a00 MOXKYTb OyTH 3Hal/IeHI 3a KJIIACHYHAM O3HAYCHHSIM.

2) «IllykaHa» BHITAKOBA TTOMIS (IMOBIPHICTB SKOI TIOTPiOHO 3HANTH) BUPAKAETHCSA Yepe3 MPOCTIIII MO 32 JJOITOMOr0r0
areOpu Mofiid, TOOTO omepariii cymu, TOOYTKY, 3arepedeHHs (mpoTwiexHoi noail). [Ipu mpoMy HOTpiOHO KepyBaTHCS
MHEMOHIYHUMH TIPABIJIAMHE: «1» <> 260, «X» <> 1.

3) B 3amexxHOCTI BiJ BUIy OTPHMAaHOI'O BHpa3y BHKOPHUCTOBYIOTHCS TEOpPEMH HOAaBaHHS IMOBipHOCTEH abo(i)
TeopeMa MHOXEHHS iMOBipHOCTeH Ta 11 Hacminku. [Ipm peamizarmii mboro mMyHKTY HEOOXiTHO 3’SCOBYBATH BIIACTHBOCTI
ofi#l (CyMiCHICTB, HECYMIiCHICTh, 3aJIeKHICTh, HE3AIEKHICTh, TPOTHIISKHICTh 200 IOBHOTY MAPH YU TPYIIN MOMIH).

3aysasxrcenna. Crig MaTH Ha yBa3i Te, IO B 0araThOX 3a/1a4ax peaiizallis IMyHKTY 2) HeenuHa. B Takux BHUIagKax
0a)kaHO BUOpaTH HAHKOMITAKTHIIY, TEPEKOHABIINCE Y CIiBIAJaHHI OCTATOYHHUX PE3YNbTATiB MiCIs BUKOHAHHS ITyHKTY
3). SIkmIo X pe3yNbTaTH HE CIIBIAIai0Th, TO HEOOXIIHO MEPEBIPUTH TPABUIBHICTE MOOYIOBH B T1. 2) a00 KOPEKTHICTH
BUKOHAHHSA T1. 3).

PO3B’SI3YBAHHS TUIIOBUX 3AJIAY
3anaua 2.1. JloBectH, 1mo

a) A+A +...+A :EEK
0) A-A .. A :KI+E+...+K.
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O a) momist A + A, +...+ A ToIsrae B TOMY, 110 MPH BUIPOOyBaHHI BinOyaerses xoua 6 oxHa i3 momiii A, A, ..., A, .
Tomi A +A +..+A - mpoTunexHa 10 Hei, TOOTO NpH BUIPOOYBaHHI HE BifOyAETbCA *KOJAHA i3 TOZiH

ALA,,..., A (1He BinOyBaeTbes monis A, 1 He BinOyBaeTsca A,, ..., 1 He BinOyBaeTbcs A, - KOMIIAKTHHUH 3amuc:
AR A).
0) Ockinbku nogis A - A, -...- A, Honsrae B ToMy, 110 NIpU BUNPoOYBaHHI BinOyayThes Bei nomii (A, A,,..., A ), TO

npoTunexHa 1o Hei momid (A - A, -...- A, ) o3Hadae HeBiAOYTTs Xoua 6 ofuiei momii i3 E,E,...,K, TOOTO CyMy
A+A . 4A

3amaua 2.2. B keiici € 5 axuiif nepmoro Buny, 6 — Ipyroro i 3 — TpeTboro. 3HaiTH iIMOBIpHICTh TOTO, IO TP HABMaHHS
B3SITI aKIii BUSBIISATHCS OHOTO 1 TOTO XK BHIY.

O Tlo3naummo: A — TpPU HaBMaHHS B3ATi aKilii € OJHOrO BHUAY, B; — Tpu B3sti akuii i-ro Bumy (i = 1, 2, 3). Iomis A
BiIOyBAETHCS TOJI, KONU BifOyBatoThCca abo momist Bi, abo Bz, abo Bz. IHIMX MOXIMBOCTEH Ui MOsSBU A HeMae.
Tomy MaroTh Miclie Taki piBHOCTI: 4 = B1+ By + B3, P(4) = P(B1 + B2 + B3). Ioxii Bi, B2, Bz monapHo HecyMicHi i
3TiHO 3 HacHi KoM TeopeMu | (piBHicTb (2.9))

P(A) = P(B1) + P(B7) + P(B3).
3a KJIaCHYHUM O3HAYEHHSM IMOBIpHOCTI

@ _5 G _5 cd 1
PB)=3-=75. P(B)=—t=on PBy)=—3=_-
Gy, 182 Ci, 91 c3, 364

OcraTouHO

5 5 1 31

— =,

182 91 364 364

[TokaxkxeMo, SK MOXKHa 3HAMTH IMOBIpHOCTI moxmid Bi, B> Ta B3, BUKOPHUCTOBYIOYM TEOPEMY MHOXKEHHS

P(A) =

IMOBIpHOCTEH. 3 Ii€10 METOI0 MO3HAYUMO: Bj(-i) — j-ta BimiOpana axkuis (j = 1, 2, 3) € akiieto i-ro Buay (i = 1, 2, 3).

Toni, 30kpemMa, By BinOyaeThes, skuo Bei akuii (i nepiua, i aqpyra, i TpeTst) € akuisMu Iepuoro BULy, TOOTO KOIU
BinGysarotses Bei momii B(Y, BYY ,B§1).

Orxe, B, = BI(I)BS)B§1), P(B)) = P(Bl(l)Bél)By)) i 3rigHo 3 piBHicTIO (2.5) st Bumaaxy K = 3

(B =P(B2) Py (B2 Py (80) = 2. 24 2.

1
Bigmitumo, mo BuOip piBHOCTI (2.5) Ha mporuBary piBHOCTI (2.7) 3yMOBJICHUI 3aJISKHICTIO B](I),B(l),Bgl)
(moBemiTh!).

AHayorigygo

() =P (B?) Py (B Py (BR)- 5.2 2 S

(B =P (87) Py (B Py (B7) - 2. 2. L L

1
Omxe, IpYruii METO 3HAXOKEHHS iIMOBipHOCTEH noiii B1, B, Ta Bs mae Ti x cami pe3yinbratd. ®

3amaua 2.3. [liqnpreMcTBO IUIaHYE 3MIHCHIOBATH MOCTABKU JBOX BHUJIB BUPOOIB. IMOBIPHICTH 3pHBY IOCTABOK JUIS
niepinoro Buay Bupo0iB ckinagae 0,05, a mist gpyroro 0,08. 3rigHo 13 MPOEKTOM KOHTPAKTY MPH MOPYIICHHI
TEPMiHIB TOCTABOK X049a O OJHOr0 BHAY MPOAYKLIi 10 BUPOOHMKA 3aCTOCOBYIOThCS IITpadHi CaHKIII, sKi
MPUBOAATH 10 HepeHTaOenpHOCTI BUPOOHHWITBA 000X BHIAIB BHPOOIB. 3HANTH IMOBIpHICTH
HepeHTa0eIbHOCTI BUPOOHHUIITBA X BUPOOIB.

O Tlosnauumo: C — HepeHTabENbHICT BUPOOHMIITBA 000X BUIIB NPOAYKIIii, 4 Ta B — 3pUB NOCTABKKM BMPOOIB IIEPILOrO
Ta APYroro BUIB BiIIOBiAHO. 3TiTHO 3 yMOBOIO 3amadi moxis C BiOyBa€eThCs, SIKIIO BinOyBaeThcs ado mofis 4, abo
mozist B, a6o moxii A ta B pazom, To6To x04a 6 omHa 3 HUX. Tomy C = A4 + B, ne A ta B cymicHi nomii. 3rigHo 3
TEOPEMOIO JI0IaBaHHS TSI CYMiCHUX TOMIH

P(C) = P(A + B) = P(4) + P(B) — P(4B).

3a ymoBoro P(4) = 0,05, P(B) = 0,08 i MoxxHa BBakaTH, 110 mofii 4 ta B HezanexHi, To6to P(AB) = P(4) P(B).

Ocrarouno P(C) = 0,05 + 0,08 — 0,05-0,08 = 0,126.

Jpyruii metox po3p’sa3yBanus. [lonito C MOKHA TIPEICTABUTH depe3 OUTBII MPocTi mofii A Ta B mie it Takum
YHHOM:

C=AB+AB+ AB.

JIOMaHKU-TIO/Iii CTIpaBa € MOMapHO HECYMICHMMH BUIQJIKOBUMH Tnofismu. CHpasi, MPUITYCTUMO, o nofii AB
Ta AB € cymicHUMH, TOOTO MOXYTh BifOyTucs y BunpoOyBanHi. TOm OTPUMYETbCS CyNEPEUHICTB: TOMis A,
30KpeMa, B OIHOMY BHIpOOyBaHHI 1 BinOyBaeThcs, 1 He BifOyBaeThcs. Lle mpoTmpiuus BKasye Ha XHOHICTB
npunymenss. llepekoHaiitecss B mHOmapHiH HECyMICHOCTI NWX TOAiH, BHUKOPHCTAaBIIM jaiarpamMu B’eHHa.
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Bukopucrasiiu pisrocti (2.9) Ta (2.6) i Hesanexuicts nomiid 4 ta B, A Ta B, 0TpUMaeMo:
P(C)= P(AB + AB+ AB) = P(AB)+ P(AB) + P(AB) =
= P(A)P(B)+ P(A)P(B)+ P(A)P(B) = Jie 3TiaHO i3 piBHicTIO (2.11%)
=0,05-0,92 +0,95- 0,08 + 0,05- 0,08 = 0,046 + 0,076 + 0,004 = 0,126,
P(A)=1-P(4)=1-0,05=095 ~ P(B)=1-P(B)=1-0,08 = 0,92.
Tperiit meton. [Iporunexuoro g0 mofii C € moxis C, siKa MOJArae B TOMY, IO BHACIIIOK 3iCHEHHS TOCTABOK

NPOIYKIi BUPOOHUIITBO 060X BUAIB BUp0OiB € pentabensuuM. Iomis C BinOyBa€Thes TOMI, KOJHM i MEPIIOTO BUIY
BUpPOOM BYACHO TIOCTaBJISAIOTHCA, i Jpyroro, To0To BimOysarothes momii i A, i B. Tomy C=A4B,
P(C)= P(A)P(B)=095-0,92 =0,374. Ane 3riIHO 3 2.11%) P(O)+P(C)=1, 3BiJIKH
P(C)=1-P(C)=1-0874=0,126.

BucHoBku. IlepeBara TpeTboro MeTomy, 30KpeMa, IOJIAra€ B TOMY, IO BiH JO3BOJIE PO3B’SI3aTH 3a7ady AJLd
JIOBUTIBHOTO CKiHYEHHOro uyucia BuAiB npoaykmii. lI{o * no oTrpumanoi BimmoBiai, TO 3HaWAEHY IMOBIpHICTH CITif
IHTEpIpeTyBaTH TaKUM YHHOM: B cepeiHboMy B 126 Bumagkax 3 koxHol THcsdi (12,6%) ouikyeTbes
HepeHTaOeNbHICTh BUPOOHUNTBA 000X BHIIB Npoaykmii. OCKUIBKM Taka IMOBIPHICTH JIOCTaTHBO BEJHKA, TO
KEpIiBHHUIITBY ITiIIPHEMCTBA MOTPIOHO MOI0ATH MPO 3MEHILIEHHS IMOBIPHOCTEH 3pUBIB MOCTaBOK a00(1) 3MEHIIIEHHS
mrpadHUX CaHkIlin. @

3amaua 2.4. Y 38’3111 LIiCTh Pi3HUX KIIIOUiB, 3 SIKUX TLIBKWA OJHUM MOXKHa BiZIKpUTH 3aMOK. HaBMaHHsI BUOMpaEeThCs
KJIF0Y 1 pOOUTHCS Crpo0Oa BiIKPUTH HUM 3aMoOK. Kitrou, 1110 He MiiiIoB, OiIbIIE HE BUKOPUCTOBYETHCS.
3HalTH IMOBIPHICTB TOTO, 110 JUIS BIIKPUBAaHHsI Oy/ie BUKOPUCTAHO HE OLIbIIE TPHOX KITIOUIB.

O Tlosnauumo: Ay (k =1, 2, 3) — 3amok Gyze Binkputo K-TiM 3a mOpsAKy BiOopy KitoueM, B — 3aMOK BiJIKPHBAETHCS
micysl BUKOPUCTaHHs He Oinblie Tphox KimtouiB. [ozis B BinOymeThbes, SIKIIO O 3aMKa Mijiiae a0 mepiui KIog
(BinOyBaetbest A1), a0 npyruii (Ipu LbOMY NMEPIIMH KIIOY HE MmigiimoB — BinOyBaeThes momisi A A, ), ado Tperiit
(nepumii i Apyruii Kmoui He MiiiLM — BinOyBaeThes nomis A A, A, ). To6To Bupas B 4epes npoctimi nopii A1, A,
A3 Mae Takuii BUI;

B=A4,+ 4,4, + A 4, A45.
st 3Haxomkends P(B) moTpiGHO BHKOpHCTATH PiBHICTE (2.9), OCKIIBKM IOJAHKH € TMOMapHO HECYMICHUMH
MOAISIMU, a TOTIM TEOpEeMYy MHOXKEHHsI IMOBIPHOCTEW IJisi 3aJIeKHUX MNOAiNd (004MCIMBIIN P;l (4,) i P, (4,),
nepeKoHaiitecs y Tomy, o nomii A4, i A2 € 3anexuumMu):
P(B) = P(A; + A 4, + 4,4, 43) = P(4) + P(A4 4y) + P(4, 4, 43) =
=P(4)+ P(ZI)PZI (4y) + P(ZI)PZ] (Zz)PZIZZ (43) =

1 5
= —4—"

6 6
3amaua 2.5. B myxmsni € 11 kapTok po3pi3Hoi abeTku: 4 KapTKH 3 JITEPOI0 «i», 5 — 3 JITEPOI «p» 1 2 — «M».

HaBMmaHHsI BUTATYIOTBCS TPH KapTKH 1 PO3KJIAJAIOThCS HA CTLUT 3J1iBa HANpaBo. 3HAWTH IMOBIPHICTH TOTO,
IO B PE3YJIbTATI OTPHMAETHCS CIIOBO «MUPY.

O Hexaii 4 — oTp¥MaHHs CJI0Ba «MHp», Bi — Ilepilia KapTKa Mae JITepy «M», B, — Ipyra KapTka Mae JIiTepy «u», Bs —
Tpetst — «p». [lonist A BinOyaeThbesl, KO BinOyaeTbes i noxist By, i noxis By, i noxist Bz, 10010 A4 = B1B2B3. Toni 3a
TEOPEMOI0 MHOKEHHS IMOBIPHOCTEH TS 3aJIeKHUX oI (piBHICTE (2.5) mis K = 3)

P(A4) = P(B,B,B;) = P(BI)PBl (Bz)P3132 (B3) :iié :i~ °

3aysascenna. 110 3amaqy MoxkHa Oymo 6 po3B’s3aTH 1 32 KIIACHYHUM O3HAYCHHSM IMOBIPHOCTI. AJie HACIiIKA
BUIIPOOYBaHHSA (BUTATYBAHHS TPHOX KapTOK) BXKE€ HE € PO3MIIMICHHSIMH, OCKITBKH cepen 11 BHUXIOHHX €IEMEHTIB €
OIHAKOBI (TMpuragaiTe o3HaueHHs po3mimeHHs:!). 1li Hacmigkn He MOXKHA TaKOX Ha3BaTH 1 KOMOIHAIIISIMU T10 i caMii
MpU4HHI (KpIM TOTO, PO3TAlTyBaHHS JIiTEp CYTTeBE). Tomy ais o0umcieHHS M Ta N Tpeba BUKOPHCTOBYBATH OLTBII
cKkiajHi GopMyu KOMOIHATOPUKH.
PozrnsiHeMo e onHy 3a1auy, 10 po3B’s3yBaHHS SKOI CTOCYEThCS MOTIEPEIHE 3ayBaKCHHS 3 ACSKUMH
JIOTTOBHEHHSAMH.

3ajaua 2.6. Ha 4oTupHaAIsITH OKpEMHUX KapTKaxX HAIMKMCAHO MO OHIM JIiTepi: 5 KapTOK 3 JITEporo «A», 4 — 3 JITEpOIO
«I», 3 —3 miteporo «P» i 2 — «T». HaBMaHHS BUTATYIOTHCS IIICTh KAPTOK 1 PO3KIAIAIOTHCS 3J1iBa HAIIPABO.
Ska iIMOBIpHICTB TOTO, IO OTPUMAETHCS cIO0BO «APAPAT»?

O Tlo3naunmo BUmaaKkoBi noxii: B — orpumanus ciosa «APAPATY, A; — mepmra KapTKa Mae JNTepy «Ay,
A; — npyra kapTka Mae jitepy «P», Az — Tpers
KapTKa Mae JITepy «A», A4 — geTBepTa KapTKa Mae jitepy «P»,
As — 11’ sITa KapTKa Mae JITepy «A», Ag — mIocTa KapTKa Mae€ JiTepy
«T»,

Ionis B BinOynerscs, skmo BinOyayTbes Bci momii A, A,,.., Ay, Tooto B =AAAA, A A, . BukopucraBmm
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TeopeMy MHOXKEHHS IMOBIPHOCTEH JUIS 3aJIeKHUX TTO/IiH, OTpUMAaeMO:
P(B) = P(A1A2A3A4A5A6) = P(Ai) : PA1 (Az) P/.\lA2 (As) . PAlAZA3 (AA)

5 3 4 2 32 1

P P =22 .t .2z -~ ~0,00033 .0
i (S P () = 1 13 0 1009~ 0m

3agaua 2.7. OMHOTHITHI JeTalli BUTOTOBIISIOTHCSI TPhOMa aBTOMAaTaMH, MMPOAYKTHBHOCTI SKUX BiTHOCATHCA K 3:2:5. I3
HEpO3COPTOBAHOI IMapTil HeTanell HaBMaHHS OepyThcsl ABi. 3HAMTH IMOBIPHICTH TOTO, IO: @) OJHA i3 HHUX
BUTOTOBJICHA IEPIINM aBTOMAaToM; 0) OOHMIIBI BHTOTOBJIEHI OJHUM aBTOMAaTOM; B) BHUTOTOBJICHI pi3HUMH
aBTOMAaTaMH.

O BunpoGyBanHs — Bif0ip ABOX JeTajei.
a) [Moznaunmo:

B — onHa i3 1BOX BiiOpaHUX JeTaneii BUTOTOBJICHA TIEPIIMM aBTOMAaTOM;

Ai — feTanb BUTOTOBJIEHA i-TUM aBToMaToM (i=1, 2, 3).

[oxmis B BimOynerwes, SIKIIO OfHA i3 JBOX JieTaneil BUTOTOBJIEHA IEPIIMM aBTOMAaToM, a JApyra — iHIIUMHU
(mpyrum abo Ttperim). IIpore, 30kpema, momii AiA2 i AsA; — pi3Hi, Xoua JOOYTOK BOJIOZIE€ BIIACTHBICTIO
komytaTuBHOCTI A1A2=AzA1, ockinbku AjA; — mepina B3sTa BUTOTOBINIeHa [-M 1 Apyra B3siTa nerans BurorosieHa I1-
M aBToMaToM, a A2A; — mepma nerans 3 [I-ro aBromata i gpyra — 3 I-ro. O1xe,

B = A1As + AA1 + A1As + AzAs.

3rigHo 3 YMOBOIO A1, A2, A3 € HE3aJIEKHUMH B CyKYITHOCTI 1 32 KJIACHYHUM O3HaYEeHHSIM iIMOBIPHOCTI

3 2 5
P =——=03;P =——=02;P =———=05.
(A) 3+2+5 () 3+2+5 (A) 3+2+5

BuKkopuCTaBIIM TEOpeMy CYMH JUIsl MONMAPHO HECYMICHHX MOiH, a TMOTIM I0OYTKY (Ui He3aJeXHUX TMOoIii),
OTPUMAEMO

P(B) =P(AA + AA + AA + AA) = =P(AA) +P(AA) + P(AA) + P(AA) =

=P(A)-P(A)+P(A)-P(A) +P(A) - P(A) +P(A)-P(A) =

=0,3-0,2+0,2:0,3+0,3-05+0,5-0,3=0,42 .

0) Ilomis C — oOumBi BimiOpani neranmi BUroroBieHi oguuM aBToMaToM. Tomi C=AA +AA +AA i

P(C)=0,3-0,3+0,2-0,2+0,5-05=0,38 .

B) [loxiss D — oOuaBi BifiOpaHi xerani BUrOTOBJIEHI pi3HUMHU aBToMaTtamu. [Ipotmnexnoro no noxii D e mogis C,

10610 D =C, 3Bicu P(D) = P(C) =0,38.

3a dopmynoro (2.11%)
P(D)=1-P(D)=1-0,38=062. ®
3aysascenna. 3rimHo i3 o3HaueHHAM mOOyTky A-A=A, ane 3a o3HaueHHAM BUNpoOyBaHHI A - A # A,

OCKUTBKH A, - A - Tofid, ska momsrae B Tomy, o i I-a, i Il-a nerani BurorosieHi nepmmm aBromatoM. [lo cyri, ciig
Oyno 6 BBOAMUTH B PO3TIS 6 HAMIIPOCTIMIMX MO A}i) - i-Ta Bimibpana metans (i=1,2) BUTOTOBIICHA j-M aBTOMATOM
(j=1,2,3) (muB. Apyry 4acCTHHY pPO3B’sA3yBaHHS 3a1ad4i 2.2).
3amaua 2.8. KoxxHuit i3 BOX IpaBIliB IIOYEPrOBO KUJAE 10 J[BA TPaIbHUX KyOUKH. BUTpae To# 13 HUX, Y KOrO MEepIIuM

Bunaje 12 o4ok (CymMa OYOK Ha TpaHsiX, 10 BHUIAIK). SIka IMOBIPHICTh BUTpAIly JUIS TPABLs, KU KUIA€E
rpajbHi KYOHUKH: a) mepmmM; 0) Apyrum?

O BunpoOyBaHHsS — KUIaHHA IBOX IPAIbHUX KyOHUKIB.
a) ITozHaunmo:
B — Burpani rpaBiis, SKuif o4aB rpy Meprimm,
Aj — Bumamanus 12 o4ok B i-My BunpoOoByBanHi (i=1, 2,...). [lng noBingsHOTO i (AMB. po3B’s3aHHA 3a1a4i 1.3)

P(A) = P(R) =2

[oxis B 300pakaeThcs depe3 MpOCTilIi MOAil TAKUM YHHOM:

BimmiTiMO, MmO HEmapHUM iHOEKCaM BiAMOBINAIOTH CHPOOW IEPIIOro TpaBIsl, a MApPHAM — ApPYyroro. Tomy,
30KpemMa, A3 MOXKe BiIOYTHCS TIJBKM IIPY HEBAAJIIH MepIiii cBOii cripodi A, 1 HeBHamii mepmiii crnpobi cynepHuKa
(A, — B TIPOTWIEKHOMY BHNAJKy BUIPAaB OM CYNEpPHHK). AHAJOriYHA CHTYAlisl i3 iHIIMMH CTIPHUATIMBUMH JUIS

TIEPIIOTo TPABIA HACIIAKAMU (JIOIaHKAMH Y HaBEICH I BUIIE CyMi).
BukopucraBmm TeopeMy CyMHU UIS TIONAPHO HECYMICHUX BHUITAIKOBHX MOMiH, a MOTIM TeopeMy HOOYTKY st
HE3aJIeKHUX B CYKYITHOCTI BUITAJJKOBHX TTOMII OTPUMAEMO

P(B)=P(A)+P(A-A-A)+P(A-A-A- A A)+
+P(A A ACAA A A) L=
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1 321 ,35*1 ,35°1
=—+(2) —+(2) —+(=2) —=+....
36 (36) 36 (36) 36 (36) 36
2
OTprMaHMil YUCIIOBUM PsII € TEOMETPUYHUM 3 MEPIIUM WICHOM &, = %6 1 3HAMEHHUKOM (| = (3%6) <1, iioro

cyma jopiBaioe a,/(1-q).

Orxe,

pB) =1 Y% Zzﬁz 507 .

1-q 1-(35/36) 71
6) Hoxis B — Burpam rpaBus, AKuil BCTyIA€ y TPy APYTHM, MA€ MEHIITY HMOBipHICTB:
P(B)=1-P(B) 2 BB 0493. ®
71
Jns Bumaaky O) INepeBipUTH OTPUMAHHWKA pe3yabTaT, 300pa3uBmIM mofito B wepes mpocrimi moaii, a morim
BHUKOPHCTABIIH TEOPEMH JOJIABaHHS 1 MHOXKEHHS IMOBIPHOCTEHA.

3amaua 2.9. Binomo, o Bunaaxosi noxii A ta B mezanexsi, npuuomy P(AB)=0,46, P(AB)=0,34, P(A+B)=08.

3uaiitu P(A) + P(B) i 3’scyBatu iutanus: moii A ta B cymicHi uu Hi.

O BuKOpHCTOBYIOUHM O3HAYEHHS CyMH JBOX mofiil A Ta B (nuB. apyruii Metos po3B’s3yBaHHs 3a1a4i 2.3), OTpUMaEMo
A+B=AB+AB+AB.
Toni 3 ypaxyBaHHSIM YMOB 3aja4i
P(A+B)=P(AB + AB + AB) = P(AB) + P(AB) + P(AB) =
=0,46 + 0,34 + P(AB) =0,8+ P(AB).
3 apyroro 6oky, 3a ymoeoro P(A+B)=0,8.
Omxe, 0,8+ P(AB)=0,8, P(AB) =0, o o3Hauae HecymicHicTh moziii A ta B.
Takum ynHoM, P(A)+ P(B) =08. @

Imosipnicmo nosaeu xoua 6 oouiei nooii

Hexaii B pe3ynbTari BUIIPOOYBaHHS MOXYTh BinOytucs nomii Ai, Ay, ..., Ak, IMOBIPHOCTI TOSIBM KOXHOI 3 SIKHUX
BIJIOMI 1 5IKi € He3aJIe;KHUMHU B cyKymHocTi. [To3HaunMo 4 — nosiBa xoua 0 oxHiel 13 uux nofiit y BunpoOyBanHi. Toxi
3TiJIHO 3 O3HAYEHHSIM CyMH MO A = Ay + A> + ... + Ax. Cipoba y3arajabHUTH TeopeMy 2 Ha OlUIbIlE YHCIO IMOMIIN-
JIO/IAaHKIB HAIITOBXYETHCS HA TPYHOIL, SIKI LTFOCTPYE PIBHICTH JUIsl TPhOX CYMICHHX MOMIM:

P(AL+ Ag + Ag) = P(A) + P(Ag) + P(Ag) - P(ALA) -

— P(AA3) — P(AgAg) + P(AL A2 Ag).
JloBeniTh LI0 PiBHICTH, BUKOPHUCTABIIH TEOPEMY 2 CIIOYATKY A0 CyMH moniit B= A + Ay 1 Ag, a motim 1o cymu A Ag
i ApAg. Ha octanHbOMY KpoLi c1ix ckoprucTaThcs piBHICTIO AjAgAp Ag = A Ao Ay (iepekoHaiitecs B ii IpaBUIBHOCTI).

Pa3om 3 TUM TpeTiii METO PO3B’sI3yBaHHS 3amadi 2.2 BKa3ye NUISX IO 3HAXOMKEHHS P(A4), MmiaICyMKOM SKOTO €
TaKa piBHICTB:

P(4)=1-0102... G, (2.12)
ne qy = P(4)),q, = P(4),....q = P(4;).
B wacturHOMY BUnaaky, komu P(A41) = P(42) = ... = P(Ax) = p, OTpUMY€EThCS Taka Gopmyra
P(4)=1-0 (2.12%)

meq=1-p.
Hapemrri, sixkmo monii A1, Ao, ..., Ak € 3a70eKHUMH (HE BOJOAIIOTH BIACTUBICTIO HE3aJIEKHOCTI B CYKYITHOCTI), TOMI
P(A4) =1-P(4, )PZ1 (4,)... PA71A72~~A71{—1 (4p). (2.13)

3amaua 2.10. [TiznpueMCcTBO OTPHUMYE BiJ CYMIXHHUKIB TPOAYKUitO [11, ITp, I3, I14 1 BUKOHA€E IUIaH, SIKIIO BYACHO
OTpMMAE SIKiCHY TIPOYKIIIO B TOTPiOHiH KinbKkocTi. VIMOBIpHICTH 3pHBY MOCTABOK (SIK MO KiMBKOCTI, TAK i
10 SKOCTi) IO KOXKHIHM 13 IMX KOMIIOHEHT TEXHOIOTIYHOTO Tporecy BianoBigHo mopisaioe 0,02; 0,01; 0,1;
0,05. 3HaifTi iIMOBIpHICTH HEBUKOHAHHS 3aBOJIOM ILIAHY.

O  TlosHauuMo: A — HEBUKOHAHHs 3aBOJIOM IUIaHy, A; — 3pUB MOCTaBKU KoMmmowentu I1; (=1, 2, 3, 4). Sxuo
BiZIOyBa€eThCs X04a OfHa i3 momiii A1, A2, A3, As, Tomi BimOyBaeThest momist A. 3a ymoBoro 3amaui P(A41) = 0,02;
P(42) =0,01; P(43) =0,1; P(A4) = 0,05 i mi momii MOYKHA BBa)KAaTH HE3aJEKHHUMH B CYKYITHOCTI. BHKOPHCTOBYIOUH
¢dopmyny (2.12), orpumaemo:

01=1-0,02=0,98; 0.=1-0,01=0,99;
03=1-01=0,9; gs=1-0,05=0,95,
P(A)=1-0,98-0,99-09-0,95=1-0,829521 ~0,171. ®

3apaua 2.11. Ha 3anix BuHOcHThes 60 mMuTaHb, KOXKHE 3 SKUX HAIPyKOBaHE HA OKpeMil KapTii. 3a mpaBWiIaMy 37adi
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LBOTO TIPEIMETY, CTYAEHT HAaBMaHHS BUTATYE 4 KapTKH. SIKII0 BiH 3HaTHMe X04a O OJHE NMHTAaHHS, TOII
oMy He MOTpiOHO MOBTOPHO 3aXMIATH PO3PaXyHKOBI iHAMBIAYyaJbHI 3aBAAHHS (HaBITH SKIIO BiH 1 HE
OTpUMYE 3ajiK). 3HAWTH IMOBIpHICTH TOrO, IO TEPIIMH CTYINEHT He OyJe MOBTOPHO 3axHINAaTH CBOL
IHMBITyaTbHI 3aBaHHS, SKIIO BiH MiAroTyBaB 40 MATAHE.

O Hexait 4 — crymeHT He Oyae MOBTOPHO 3aXWINATH CBOI 3aBIaHHs, A; — CTYIEHT 3HA€ i-€ BUTATHYTE MHTAHHS
(i=14). Tlonmis A BinOyneTscst TpU TOsABI xo4ya O omHi€l i3 momiid A1, Az, A3, As. Ane 1 moxii HE BOJIOIIIOTH
BJIACTUBICTIO HE3AJIC)KHOCTI y CYKYHHOCTi. JIJIT JOBENEHHS IBOrO JOCTATHHO IMOKA3aTH, HANPHKIIAMI, 3aJCKHICTh

noxin A1 ta Az:

39 40
PAI(A2)25_9; le(Az):E = Py (4) # Py (4,).

3a dopmyioro (2.13) s Bunaaky K = 4
P(A4) = 1= P(4)) Pg (4y) Pgz, (43) Pz, 7, (Ag) =

Jpyruii ciocié pos3s’sizysanns. [Iporuiexnoro 10 noxaii 4 € 4 — BeiX 4OTUPHOX MUTAHL CTYAEHT HE 3Ha€. 3a
KJIACUYHUM O3HAUEHHAM
_ cs .19-18-
P(A>=%=20 19-18 17= 17 .
Cep 60-59-58-57 1711

3riHO i3 BIACTUBICTIO MPOTHICKHOCTI MOMIN

= 17
P(A) =1-P(A)=1-——~099. ®
(4) (4) T

3amaua 2.12. B3umKy npy BKIIIOYEHHI 3amajieHHs ABUT'YH ITOYHE NpalfoBaty 3 iMoBipHicTio 0,7. 3HaiiTH IMOBIpHICTH
TOTO, IO JUIS 3aIYCKY JBUI'YHA JJOBEJEThCS BKJIOYATH 3alaJIeHHs] MEHIIIe YOTUPbOX pa3iB.

O BunpoOyBaHHs — BKJIFOYEHHS 3aIIAIEHHS.

[TosHaunmo: B — ABUTYH 3ampallfoe 10 YeTBEPTOro BKIIOYEHHS 3alajeHHs, A; — ABUTYH 3aIlyCKA€ThCS MPHU i-MYy
BKJIFOUEHHI 3amajeHHs, e i=1, 2, 3, ockingpku 3<4. Ha neprumit morssia momist B BinOymeThest TOMI, KONH TOSBUTHCS
xoua 0 oxHa 13 mofiit Ay, A, Az. Lle Bexe no Bukopucranus ¢popmynu (2.12). [Ipore, sKio BiOyneThCs, HANPHUKIAL,
nozist Az , TO HEMa€e CEHCY BUKIIIOYATH 3alajieHHs, a MOTiM 3HOBY HOro BKItoUaTH (30KpeMa, He JOCTOBIPHO, IO
JIBUTYH 3aIpAIlfO€ PU TPEThOMY BKIIFOUCHHI 3aITalleHHsI, SKIIO BiH 3aMpallfoBaB MPH APYroMY BKIIFOUCHHI ).

Orxe, nozist B BinOyerbes abo mpu mepuriit Baafiii cipoGi (A1), a6o npu apyriii ( A A, ) abo npu TpeTiii

(AAA,):
B=A+AA+AAA.
Buxopucranns TEOpeM JOJaBaHHS Ta MHO>XEHHS HMoBipHOCTEH Jae:
P(B)=P(A + AA + AAA) =
(B)=P(A +AA +AAA) =0,7+0,3-0,7+0,3-0,3-0,7=0,7+0,21+0,063=0,973 . ®

=P(A) +P(A)-P(A) +P(A)-P(A)-P(A) =
BucnoBku: 1. BukopucraHHo Ti€i uu iHII0T (JOPMY/H MOBUHEH MEpeAyBaTH BIyMIIMBUI aHAJI3 YMOB 3a/1adi.
2. ImoBipHOCTI BAajioi CIpoOu Pi3KO 3MEHIIYIOThCS 13 30UIbIICHHSIM HOMepa cnpodu. Tomy ciij moadaT mpo
301IbIIeHHs e)EKTHBHOCTI 3aIaTIOBATILHOI CHCTEMH 1 SIKICTh POOOTH aKyMyJIsSITOpa.

3amaua 2.13. CkiJbKH KapTOK CHOPTIOTO «5 i3 36» Tpeba npumbatH, 1miod 3 IMOBIPHICTIO, HE MEHIIE Bij o, BUrpaia
xo4a 0 oxHa i3 HUX?

O Hexaii npunbano K (MOKM 10 HEBIAOME YHCIO) KapTOK. BBenemo B po3risn momii: Aj — BUrpajia j-Ta KapTka
(j = LLk), A — Burpanisoro BUSBUTHCS X04a 6 ozHa i3 K kapTok (BimOymersest xoua 6 omHa i3 momiit A1, Az, ..., Ak).
OCKINBKH KapTKU 3allOBHIOIOTHCS JOBUTHPHAM (BHUIAIKOBHM YMHOM) 1 3arajilbHE YUCIIO PI3HUX iX 3alIOBHEHH ITyXKe
BEJIUKE (Cge =376992|, To mMoxna BBaxaTu momil Ai, Ay, ..., Ax HE3aJEKHUMH y CYKYIHOCTI 1 BUKOHAHUMHU

piBaocTi P(A1) = P(42) = ... = P(A\) = p. HaBmanHs 3amoBHeHa KapTka Oyle BHTPAIIHOM, SKIIO B PE3yIBTATI
poBeneHHs THpaxy Oyne BragaHo 3 gucna (B3), a6o 4 (Ba), abo 5 (Bs). 3 ypaxyBaHHIM HECYMICHOCTI IIHX TOZiH p
= P(Bs) + P(Ba) + P(Bs). 3a KIIaCHYHUM O3HAYCHHSIM

P(B):C53~C321: 4650 p(B):C?‘Qll: 155
: C3, 376992 ¢ C3 376992
cs 1
P(Bs)=—>=——.
(Bs) C3s 376992
Towy po 2650 1S 1 _ 4766 o,

376992 376992 376992 376992’
3a dopmymoro (2.12%) P(4) =1-g* Ane 3a ymoBOI K MOBMHHO 6yTH TakuM, 100 BHKOHYBAJach HEPiBHIiCTH
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P(A) > o, 3Binku ¥ < 1 — a. TIponorapudMyBaBIIM JiBy i IIpaBy YacTHHH i BpaxyBaBIIH Te, 10 In ¢ < 0, 0cTaTOuHO
OTPUMAEMO:
In(1- o)

Ing

k> , e q~0,987. @

3agaua 2.14. IMoBipHOCTI MOSIBU KOKHOI 3 TPHOX HE3ISKHUX y CYKYITHOCTI MOMiH A1, A2, A3 BIANOBIIHO piBHI p1, p2, p3.
3HaWTH IMOBIPHICTb MOSBY Y BUIIPOOYBaHHI TUIBKH OJTHI€T 3 IX ITOAIH.

O Hexait B — BimOyrTst Tinekyu ommiei i3 momii A1, A2, As. Tlossa moxii B mependavae a6o BinOyrTTs moxii A1 (i He
BiZIOYTTSI A2 Ta A3), a60 noxii A2 (i He BinOYyTTs A1 Ta A3), a6o mofil 43 (i He BinOyTTs A1 Ta A2), TOOGTO
[Noxii-nomaHku € MOMapHO HECYMICHUMH (IOBEIIThH BiJ MPOTHIEKHOTO), & CIIIBMHOXXHUKH KOXKHOT'O JIOAAHKY —
He3aJIeKHI Y CyKyImHOCTi. BukopucTaBmm TeopeMu CyMH, a IOTiM A00YTKY iIMOBIpHOCTEH, OTPHMAEMO:
+P(A4; A4, 43) = P(4)) P(4,) P(43) + P(A4)) P(4,) P(43) +
+P(4)P(4)P(43) = 19295 + 41P295 + 0192P3»
neqi=1-p,i=123®
3amaua 2.15. Buxoasun 3 ymoBu 3azadi 2.14, 3HaiiTM IMOBIpHICTH TOro, 110 Yy BHIIPOOYBaHHI BinOyAZyThCs: a) BCi;
0) >koJHa; B) TLIBKH JIBi; T') X04a O JBi; 1) HE OiIbILE OJHI€T; €) He OlIbIIIe TBOX.

O O6MEXHMMOCS BAKOHAHHAM IYHKTY 2) QJITCOPUTMY, 3aIHIIAI0YH 3aBEPIICHHS U1 CAMOCTIHHOT pOOOTH.
a) A Ay Ay; 6) A Ay Ay; B) Aj Ay Ay + A\ Ay Ay + Aj Ay Ay ©) Aj Ay Ay + A/ Ay Ay + Aj Ay Ay + A Ay A5
n) A A, Ay + A A, Ay + A Ay Ay + A, 4, A5,
€) IPOTUIISKHOIO MOAIEI0 0 MOAii, IMOBIpHICTH sKOI TpeOa 3HaWTH, € A; A, A;; Nandl BUKOPHCTATH BIACTUBICTH
HPOTHJIEKHOI mojii. @
3amaua 2.16. J[i1s1 BUacHOro BHKOHAHHS TEPMIHOBOT'O 3aMOBJICHHS MPOTATOM 3MIHM JOCTaTHBO, 11100 Oe3nepeObiitHo

NpalfOBaJIM IBa CTAHKU-aBTOMATH. B 1ieXy € Tpu Taki CTaHKH, IPOTE IMOBIPHOCTI TX MOJIOMOK CKJIaJ[al0Th
BianosigHo 0,1; 0,05; 0,2. 3HalT IMOBIPHICTh BYUACHOT'O BUKOHAHHS 3aMOBJICHHSI.

O Hexaii B — 3aMOBJIEHHS1 BUKOHYETBLCS BYaCHO, Aj —[IPOTATOM 3MiHM 0€3BiqMOBHO Hpalioe i-uil cranok (i=1,2,3).
3a ymoBoo P(A) =01, P(A,)=0,05, P(A,)=0,2. Toni P(A)=09, P(A,)=0,95, P(A)=08.

Ockinbku mofii A1, A2, A3 — BUIAAKOBI, TO B SIKOCTI MIJICTPAXOBKH (BUKOHAHHS 3aBIaHHs) CIIiJI BPaxOBYBATH
MOXJIUBICTh CYMICHOI pOOOTH BCIX TPHOX CTAHKIB, TOOTO IIOMUJIKOBO BBa)KaTH, IO MOJIs B mosirae y BinOyTTi TinbKN

JBOX nojuii i3 TPHOX y BUIPOOYBaHHI. Omxe, “crpykTypa”’ nogit B
TaaB=A-A A+ AR A+AAALAA-A.
Bukopucransst TeopemM CyMH i JOOYTKY IMOBIpHOCTEH Jae:

P(B) =P(A)-P(A)-P(A) + P(A)-P(A,)- P(A) + P(A)-P(A) - P(A) +

+0,9-0,95-0,8=0,967 . ®
+P(A)-P(A,)-P(A;)=09-095-0,2+0,9-0,05-08+01-0,95-0,8+

3agaua 2.17. IMOBIipHICTh (CTATHCTHYHA) BIYYaHHS B KOIIMK NPH KO)XXKHOMY BHKOHAHHI IITpadHOrO KHIKA IS
mepimoro OackerOoxicta nmopiBaioe 0,8, a mist apyroro — 0,9. OOmaBa BOHHM, HoYnMHAOYH 3 1-rO,
MMOYEPTOBO 3IIHCHIOIOTH KHIKH, MPOTE€ BUKOHYIOTH iX HE Outbmie, HiX mo aBa. [Ipw mpoMy KOXXHHIA
0ackeTOONIICT BUKOHYE APYTUH KHOOK TIMBKA TPH YMOBI, IO TEPIINI 3pOONCHWA HUM KHAOK Oyme
HeBAATUM. 3HAUTH WMOBIPHICTH TOTO, IO B MiACYMKY BHSBHUTHCS [1Ba BIYIHUX KUAKH.

O Tlosnaunmo: C — Gackerboiicti B cyMi HabuparoTh 2 (1Ba BiydHuXx Kujaku), Ai ta Bi — B i-mMy kunky (i=1,2) Biyuae

nepiinii Ta apyruii 6ackerbomict BimmosimHo. 3a ymoBoro P(A)=P(A)=08, P(B)=P(B,)=09, 3Bigku
P(A)=P(A)=02, P(B)=P(B,) =01.

3HOBY e TakH, (popManbHO, BinOyTTs noaii C nependavae mosBy TUTBKH JBOX MOJAIN (JBOX BIYYHHX KHJIKIB).
IepebGepemo Bei BapianTu BigOyTTst nofii C:
1)  KOXHHH mepumii KHIO0K 060X 6ACKETOOMICTIB BITyUHHIA;
2)  yl-ro GackerGoricta mepimii KMIOK BIajni (BiH HE Ma€e TpaBa Ha HACTYITHUHN KHIOK), y I1-ro — neprmit

NpoMax, ApYruil BIy4HUH;

3) yl-ro GackerGomicta mepuvii KHIOK HEBIAIKHN, ApYyruid BaydHHi i y [[-ro mepmmii KUIOK BIyJHHUI;
4)  mepmri KUIKK y 060X HEBIANI, a APYTi — BIyUHI.

Tomy C=AB, + AingZ + KiBlAZ + KiglAZBZ :

Bigmitumo, mo nonanku AB/A, Ta AB/A,B, He MOXYTh (irypyBaTh B CyMi, OCKLIBKH 3a yMOBOK 3ajaui
KOXKHHH 13 6aCKeTOONICTIB BUKOHYE JPYrHil KMJIOK MPU YMOBI, 110 MepIInii OyB HEBAAINM.

BuKopHCTaHHS TEOPEM CyMH i 100yTKy iMoBipHOCTeif mae: P(C) = P(AB, + AB,B, + AB A, + AB/A,B,) =
=08-09+08-01-09+0,2-0,9-0,8+0,2-01-0,8-0,9=0,9504 . ®
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Dopmyna noenoi imogipnocmi
Hexaii mozist 4 Moxe BigOyTHCS TUIBKH IPH YMOBI IOSIBM OfHI€T i3 moniit B, Bo, ..., Bn, sIKi YTBOPIOIOTH TIOBHY
rpyny. Hexaii Binomi imoBipHOCTi P(B)), Pg, (A), k =(1,n). Bixnosins Ha nuTanHs: Ak 3HaiTH P(4)? — nae

Teopema. ImoBipnicTs moxii 4, sika Moxke BindyTHcsl TiIbKHM micjsi mosiBM oaHi€l i3 moaiit Bi, By, ..., Bn, ki
YTBOPIOIOTH NOBHY IPYIY, 3HAXOAUTHCSA 32 TAK 3BaHOI0 (JOpMY.1010 TOBHOI IMOBIPHOCTI:
P(A) = P(B,) Py (A)+ P(B,) Py, (A)+..+P(B,) P (A). (2.19)

3aysasricennn. OCKIIBKU O BUMPOOYBaHHS HEBIIOMO, MICHS SAKOI 13 TIOAIH B1, By, ..., By BinOyaeThes nonis A, TO
i TTo/IiT Ha3WBAIOTHCS rimoTe3aMu (MPUMYIEHHSIMH).

Dopmynu baiieca

Hexali BHKOHYIOTBCS YMOBH TEOPEMH BIAHOCHO Tomiit Bi, B, ..., Bn Ta A. IlpumyctumMo, IO MPOBEICHO
BUNIPOOYBaHHS, B pe3YNIbTATi SIKOro BinOymacs moais A. BUHWKae NMUTaHHS: SK «HNEPEOLiHUTH» IMOBIPHOCTI TinmoTe3

B1, B, ..., Bn 3 ypaxyBaHHAM BinOyTTs mofii 4, ToOTO 3HalTH yMOBHI iMoBipHOCTI P,(B;), (k=1,_n)? Biamosine

JIArOTh Tak 3BaHi (opmynu Baiieca:
P(B, )Py, (A
RA&)_—illﬁé—lszzmm. (2.15)

> P(B,)Py, (4)

i=1

AJITOPUTM PO3B’SAA3YBAHHA 32/1a4 3 BUKOPUCTAHHAM
(¢popmys noBHoi iMmoBipHOCTI Ta Baiieca
PekoMeH/1yeThes Taka MOCIiI0BHICTD PO3B’sI3yBaHHS 3a/1a4.
1) ®opmymioroTh rinore3u Bi, By, ..., By 1 noxito A. Ilpu upoMy citifi nepeBipuTd MOBHOTY IpPyNu Tinmores, a
TaKOX Te, 110 Moia A Moxe Bii0yTUCS TIILKHU Mic/s MOABY OJHIEN i3 rimores.
2) 3HaxomiThCsl IMOBIpHOCTI rimore3. IIpaBHJIBHICTD PO3PaXyHKIB KOHTPOJIOETHCS BHKOHAHHSM PIBHOCTI
P(B1) + P(B2) + ... + P(Bn) = 1. O0UHCIIOIOTHCS YMOBHI iMOBIpHOCTI Py, (A), Py, (A),..., Py (A).

3) Bubupaerbcst popMyna moBHoi iMoBipHOCTI ab0o (opmynu baiteca. OctaHHI BUKOPUCTOBYIOTHCS TOJII, KOJIU €
iH(opMallis npo BiAOYTTS BUIIAJAKOBOI MO

3amaua 2.18. Tpu BepcraTu-aBTOMATH NITAMITYIOTH OJHOTHIIHI A€Tall, M0 HOTPAIUISIOTH Ha CIHUIBHUHA KOHBEWEp.
IpoxykTuBHICTH Apyroro aBToMaty Ha 40% BHIA BiX IPOXYKTUBHOCTI IEPIIOTo 1 BABIYI — BiJ TPETHOTO.
Bincorok Opaky aisi KOKHOTO 3 aBTOMATIB JIOPIBHIOE BiANOBIAHO 3, 6, 2. a). Slka IMOBIpHICTH TOTO, LIO
HaBMAaHHS B34ATa 3 KOHBEHepa AeTanb BUSBHUTHCS OpakoBaHoro? 6). HaBmaHHs B3siTa Aeranb BHABHIIACS
OpaxoBanoro. 1110 iMOBIpHilLe: 1151 IeTalb BUTOTOBJIEHA MEPIIUM YK TPETiM aBTOMaTOM?

O a) Ilepiy yacTHHy 3agadi po3B’sA3yeMO 3a (OPMYIIOK ITOBHOI IMOBIPHOCTI, OCKIJIBKH BiICYTHS iH(poOpMalis Ipo
BiIOYTTS BUIAIKOBOI MOIii.

Ipu BimOOpi NOBUIGHUM YHHOM JeTani 3 KOHBEHEpa HEBIZIOMO, SIKUM aBTOMAaTOM BOHA BHWroToBieHa. Lo
HEBH3HAYEHICTh He MOKHA TPAKTYBATH SIK BiIOyTTsl BHNAIKOBOI MOAii (TUIIOBA MOMMWIKA CTYJICHTIB). MoXHa
3pOOUTH TIPHITYIIICHHS: Oy/Ib-sIKa JeTalb (CTAHAapTHA YK OpakoBaHa) BUTOTOBIICHA abo TepimM aBToMaTtoM (Tromist By),
abo npyrum (Bz), abo TperiM (Bs). HeBakko mepexoHartucst B ToMy, 1o nomii Bi, By, B3 YTBOPIOIOTH MOBHY TPYITY
(moBemiTh!).

[lo3Hauumo: 4 — HaBMaHHS B3sTa [AeTajibh OpakoBaHa. SICHO, 110 Toxis A MoXe BiIOYyTHCS MicTs MOSBU ONHIET 13
rinoTes, apke o0 TOBOPUTH PO OPaKOBaHICTH JIETali, MOTPIOHO ii COYaTKy BUTOTOBUTH.

3naiizeMo iMOBipHOCTI rimote3. g MbOro mMO3HAYNMO 4Yepe3 @ KiTBKICTh JeTalel, M0 BUTOTOBHUTH MEPIIUN
aBTOMAT 3a JESIKUI MPOMiKOK dacy. Tozi 3a yMOBOIO 3a7adi 3a Iiei e MPOMIXKOK Jacy IpYruil aBTOMAT BUTOTOBUTh
1,4a neraneit, a tperiii — 0,7a. 3a KJIaCI/I‘IHI/IM O3HAYEHHAM IMOBiIpHOCTI

a_ 1,4a 14 0,7a 7
P(B)) = 2

EXVERETR (”_31231 (”‘31:3r

[epeBipumo obuucneHHs. OCKUNBKH TINOTE3W YTBOPIOIOTH IMOBHY T'PYILY, TO CyMa iX iMOBIPHOCTEH MMOBHHHA
JOPiBHIOBATH OJFHHIIL:

10 14 7
P(B,)+ P(B,)+ P(B;) = =1
(B)+ P(B,) + P(B;) = ETRETRET
3rigHO 3 YMOBOIO 3a7adi i 32 KITaCHYHUM O3HAYCHHSIM
BI(A) 3 =0,03; BZ(A)— 6 —006 33(A)— 2 _002

[IpouwnraiiTe iBi YaCTUHU IUX plBHOCTeI/I 3 yanYBaHHSIM 3MICTy moziit 4, Bl, Bz, B3, a Takox nepekoHaiirecs y
MIPaBIIIBHOCTI IIMX PiBHOCTEH.
®opmyra oBHOI iMOBipHOCTI (2.14) y IIbOMY BUIIAKy Ma€ TaKWi BU:
P(A) = P(B,)Py, (A) + P(B,) Py, (A) + P(By) Py, (A).

20



[TizcTaBuBIIM OOYMCIIEH] 1aHi B IpaBy YacTHHY, OTPUMAEMO

10 14 7
P(A4A)=—-0,03+—-0,06+—-0,02 = 0,0401.
31 31 31

0) Y nmpyriii yactuHi 3aga4i BUKopuctaeMo Gopmynu baiieca, ockinbku € iH(opMaris npo BiAOYTTS BUMAIKOBOI
nonii (4 — aerans BusBUIAcCS OpakoBaHOI0). [Ipu 11boMy MU TOBUHHI 3HaWTH P4(B1), P4(B3) 1 mopiBHATH iX. Ane

OinpIIo0 3 HUX OyJe Ta IMOBIPHICTh, YMCENBHHUK B MpaBiii wacTuHi Qopmynu baiteca mnst sikoi Oyne Oiibmimm.
Tobro, nocratueo nopisustH P(B)) Py (A) 1 P(B3)Ps (A): P(B)Fy (A)=%, P(B;) P, (A4) =%

P4(B1) > P4(B3), 1 MOoxxHa 3p0o0HMTH BHCHOBOK: OiBII iIMOBIipHIille, 110 OpakoBaHa JeTalb BUTOTOBJICHA MEPIIUM
aBromMaroM. @

. Orxe,

3amaua 2.19. Crynenr 3Hae BinnoBiai Ha 20 GineriB 13 30. Konu oMy kpaie B3ATH eK3aMeHaliiHUN OlTeT: mepumm
Yy Ipyrum?

O Tlorpi6GHO 3HAlTH IMOBIPHOCTI TOAiT A — CTYJEHT 3HAE BUTATHYTHUIA OLIeT IUIst ABOX BUIAJKIB: 1) BiH e mepumm; 2)
BiH Oepe Oier ApyruM. B 3aeskHOCTI BiJl OTPHIMAaHUX PE3YNIBTATIB Tpeba Oy/ie 3p0OUTH BUCHOBOK.
B nepmomy Bunaaky 3a KJIaCH4HUM O3HAYEHHSIM IMOBIPHOCTI
Pay="-20_2
n 30 3
B npyromy Bunanky nepen CTyAEHTOM 3HaXOAWTHCS 29 OLIETIB 1 TOMY HEOOXiTHO PO3IJISIHYTH HPHITYLICHHS:
TIoNepeIHIi CTyJeHT B3sIB Oiner, skuil 3Hae Apyruid (mofist Bi), MOMEpeAHid CTYAEHT B3sSB OLIET, SIKOro ApPYrui
CTyieHT He miarorysaB (momisi B). Ilepekonaiitecs B ToMy, mo mofii Bi, B> yTBOPIOIOTh TOBHY Ipymy (€
NPOTHJISKHUMHU), a MoAis A MoXKe BiAOyTHCS Ticis MosBU OnHi€eT 13 moaii Bi ta By, B 3amaui BiacyTHs iHpoOpMariis
npo BiAOYTTS BUIIAJAKOBOI 10111, TOMYy Tpeba BUKOpHCTATH (OPMYITY TOBHOI IMOBIPHOCTI:
P(A) = P(B,) Py, (A) + P(B,) Py, (A).

3a KJIacCUYHUM O3HAYEHHSIM 3H8.I7])1€M0:

20 2 10 1
PB =—=—, PB =—=—-, PB +PB :1,
(By) 30" 3 (B,) 30" 3 (By) + P(B,)
19 20
Py (A)=—, Pg, (4)=—.
(=200 Py ()=

Toxi py-2.19,1.20_38+20 58 2
329 329 329 329 3

Omxe, oTpuMaHi IMOBIPHOCTI JIsi 000X BHIIQJIKIB PiBHI, 1 JJIsl CTyJeHTa Oaimyxe, SKHM YMHOM Opatu Ouier:
[EPIIUM YH Apyrum. @

Po3pobennst «crtpaterii» 3ma4di ek3aMeHy — aKTyalbHE MUTAHHS UL CTYZCHTa. TOMY MPHUPOSHO MOCTaBHTH
MUTaHHS, Y4 3MIHUTBCS CUTYallis, KOJU BiH OpaTuMme Oller TpeTiM no paxyHKy. UWclio rimore3 B I[bOMY BHIAIKY
30UTBIIUTHCS: IO HHOTO B3SUIM JBa OLIETH, 3 SIKMX BiH HE 3HA€ xofHOro (B1), onun (B2), odunsa (Bs). [IpomnonyeTbes
3MIHCHUTH 00UHnCIIeHHs 32 (JOPMYJIOK0 MOBHOI IMOBIPHOCTI B IIbOMY BHIAJIKY 1 MEPEKOHATUCS B TOMY, IO IMOBIpHICTb
3HAHHS B3ATOr0 OlJieTa 3HOBY HE 3MIHUTHCS.

PosrisiHeMo 11e ozHy 13 3a/1a4, po3B’si3yBaHHs SAKUX (y OUIBIIOCTI BUIA/KIB) BUKIMKAE TPYAHOII Y CTY/IEHTIB B
IUIaHI IepeBipKY BUKOHAHHS YMOB, TIPH SIKUX MarOTh Micie (JopMyIIH MOBHOI iMOBIpHOCTI abo baiieca.

3amaua 2.20. /[Ba CTyJeHTH HE3aJ€KHO OIUH BiJ APYroro 3JAIHCHUIU 1O OJHOMY IOCTPIAY B OJHY MIIICHb.
IMOBipHICTE BilydaHHS B MillIeHb IS IEpIIOro cTyAenTta nopisaioe 0,8, mis npyroro — 0,6. Ilicns 3ammy
B MillIeHI BHSBJIEHA OAHA Ipo0oiHa. 3HANTH IMOBIPHICTB TOTO, IO Y MIllIEHb BIyYHB MIEPIIHA CTYICHT.

O CdopmyinroeMo TinoTesy, He 3BEPTAIOYM YBArM HA Pe3yNbTaT BUIPOOYBaHHs. [103Ha4nMo: By — B MillIeHb HE MONAJE
Hi OIUH CTYIEHT, B> — MOmaje MepIinii i He BIYyYHUTh APYrUil, B3 — HE BIYyYHTh MEPIIAN i BIYyIUTh APYIHUi, Bs —
obuaBa BITy4ath, A — B MilleHi ofHa mpodoina. OOYNCINMO IMOBIPHOCTI TilIOTE3, MOMEPETHBO BBIBIIH OUTBII MPOCTI
BHMAAKOBI Toxii: C — BIy9aHHS B MIIIEHb MEPIINM CTYAeHTOM, D — BiydaHHS qpyruMm cryaeHToM. Tomi 3rigHo i3
3Mictom moaiit By :

B=C-D, B,=C-D, B3=C-D, B,=C-D,
i ockinpku C Ta D He3anexHi BUITAAKOBI MOi1, TO 32 TEOPEMOIO MHOXXEHHS IMOBIpHOCTEH
P(B,)=P(C)P(D)=0,2-0,4=0,08, P(B,)=P(C)P(D)=0,8-0,4=0,32,
P(B;) = P(G)P(D) =0,2-06=012, P(B,)=P(C)P(D)=0,8-0,6 =0,48,

4
> P(B,)=0,08+0,32+0,12+0,48 =1.
i1
Ilpu 3Haxomkenni ymoBHHX imoBipHocTedt Pg (A).k = 14, YBaXHO MPOYMTAWTE IX 3 ypaxyBaHHSIM 3MICTY

nogiii By,k =1,4, Ta 4 i nepekoHaiiTecs B IPaBUIIBHOCTI TAKUX PIBHOCTEH:
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PBl(A) =Oa PBz(A) =PB3(A) = 15 PB4(A) =0.
3a (hopMymoro MMOBHOI IMOBIPHOCTI /ISl YOTUPHOX TilIOTE3 OTPUMYEMO
4
P(A) = ZP(Bk)PBk (A)=0,08-0+0,32-1+012-1+0,48-0 = 0,44.
k=1
B naniif 3amadi notpibHo Bukopucratn (opmyny baiteca, 60 3a ymoBoio 3anmadi € iHdopMalist Ipo BigOyTTS
BUMAAKOBOI Tofil (B MillleHi BHsBICHA MpoOoiHa micns 3ammy — momiss A). Tomy miykana imMoBipHicTE Pu(B2)
3HAXOIUTKCS 32 i€l HOPMYIIOF0:

P(B,)-P,(A) 0321 8

= =— . @
P(A) 044 11

PA(BZ)=

3amaua 2.21. Bizomo, 1m0 B nepios MiXk NepeHaiaikaMi 00JIalHaHHS B cepeHboMY 96% BHITYIIEHOI IMiAIIPUEMCTBOM
MPOAYKILIi 3aJOBUIBHSE YMOBaM cCTaHAapTy. Ha mianmpueMcTBi B SKOCTI €KCIEPUMEHTY IOYald
BUKOPHCTOBYBATH CHPOLIEHY CHCTEMY KOHTPONIO SKOCTI Npoaykiii. Pe3ympTaté mokasanu, 1o us
CHCTeMa BHM3HA€E NMPHUIATHUM BHPIO 3 fiMoBipHicTio 0,99, SIKIIO BiH CIIpaBAi NPUIATHHUH, 1 3 HMOBIPHICTIO
0,07, k110 BiH OpakoOBaHHMI.

1) 3HaiiTi IMOBIpHICTh TOTO, 10 HaBMaHHS BifiOpaHuii BUpiO Oyne BH3HAHO CTaHAAPTHHM 3TiAHO M€l
CIIPOLIEHOI CUCTEMHU KOHTPOJIIO.

2) Slka WMOBIpHICTH TOrO, IO BUPIO cHpaBAai CTaHIAPTHHH, SKIIO BiH: a) BU3HAHMH CTaHJApTHUM 32
CIIPOIIEHUM KOHTpOJIeM; 0) JIBidi MPOMIIOB (BU3HAHMIT CTAHAAPTHHM) 32 CIIPOIIEHUM KOHTpOJIeM?

O 1) HaBmanus B3stuii BUpi6 Moke Gyt abo crpasii cranmapTHuM (rinoresa Bi), abo OpakoBaHuM (Timoresa By).
Toni A — BupiO BU3HAHO CTaHAAPTHHUM 3TiJHO CIPOIIEHOI CXeMHU — MOXe BiJOYTHCS TiJIbKH MICIS MOSBH OJHIET 13
rinoTes.

3a yMOBOIO
P(B,) =096, P(B,) =004, Pal(A) =0,99, F’BZ (A)=0,07.

BincytHs Takox iHdopmalis mpo BiOyTTs BumnaakoBoi mofii. Tomy 3a popmynoro noBHoi imoBipHOCTi (2.14) npu
N=2 oTpuMaeMo
P(A)=0,96-0,99 +0,04-0,07 =0,9532 .
2. a) 3rigHo 3 ymoBoo noxis A Binoynacs. Tomy 3a ¢popmynoro baiieca
P(B))-Ps (A)  0.96-0,99
P(A) 09532
©0) IMosnaunmo A" — Bupi6 1Biui BU3HAHMIT CTAHAAPTHMM 3a CIIPOLIEHMM KOHTponeM, Aj — BMpi6 BH3HAHO

P.(B) = ~0,9971 .

CTAHIAPTHUM TIpH i-Tilt mepeBipui 3a crpomenum xowtponeM (i=1,2). Tomi A =AA,, ne momii A; i Ay —

HesanexHi, 60 BiOyTTs A; — He 3MiHIOE iMoBipHOCTI A, (IpoaHanizyiite!). 3Halinemo cnoyatrky P(A”™) 3a Gopmyoro
MIOBHOI IMOBIPHOCTI:

P(A)=P(B) Py (A) +P(B,) Py (A),
JIe 3T1/IHO 13 TEOPEMOIO0 MHOXKEHHSI IMOBIPHOCTEH ISl HE3AJISKHHX MO i
PBl(A*) = PBl(AiAZ) = PBl(A) . PBl (A,)=0,99-0,99=0,9801,
PB2 (A) = PBz (A)- PBz (A,)=0,07-0,07 =0,0049.
Tomni
P(A") =0,96-0,9801+ 0,04-0,0049=0,941092.
Ockinbku nogis A” Binbynacs, To 3a Gpopmynoro baiieca
P(B)) Py (A)  0.96.0,9801
P(A) 0941002

3aysasxcenna. OpraHizamis KOHTPOIIO SKOCTI MPOAYKINI € aKTyaJIbHOK 3a7ade0 KOXKHOTO BHPOOHHWIITBA. 3
OIHOTO OOKY — KOHTPOJh BUMAarae eKOHOMIUYHMX BUTPAT, IO BiOOpaKaroThCs Ha cOOIBApTOCTI MPOAYKILi. 3 APYroro
00Ky, irHOpyBaHHS Horo a00 3MEHIIICHHS YBaru 0 HOTO MOXKE MPU3BECTH 0 ITpadHUX CAHKIIH 1 BTpaTH CTAHOBHIIA
Ha puHKY. TOMY TIPHPOIHO 3IIMCHIOBATH 3ICHICBICHAS KOHTPOIIO SKOCTI MPOAYKIII IpH 30€peKeHHI IMEBHOTO PiBHS
JOCTOBIPHOCTI BHCHOBKIB. B 3B’SI3Ky 3 IIMM CTOCOBHO IMONepeaHboi 3anadi (1.20) MOKHA 3pOOUTH TaKUii BHCHOBOK:
OCKIJIBKHA PA*(Bz) =1- PA*(B1) =1-0,999792 =0,000208 nyxe Mmana, To Timoresy B, mpo Te, mo 1o BupiO, sAKMi

PA*(Bl) = =0,999792 . ®

JIBi4i MIPOUIIIOB CHPOLIEHUH KOHTPOIb (SIK CTAHAAPTHUI), € OpaKOBaHUM, MOXKHA BIIKHHYTH SIK IPAKTHYHO HEMOXKIIUBY

TIOMIFO.

3agaua 2.22. IMOBipHiCTh TOrO, LIO JESIKUI TOBAap 3HAXOOWTHCS Ha CKiamdi, nopisuioe P € (0;1) , mpudomy BiH MOXKe
3HAXOMUTHCS B JOBUIBHIM 13 J€B’SITM CeKuiif CKIagy 3 OAHAKOBOIO iMoBipHicTio. IlepeBipka BochbMHU
CEKIiH IoKa3aia, [0 TaM BiH BiJCYTHIH. 3HaiTH WMOBIPHICTH TOTO, IIIO TOBApP 3HAXOAWTHCS Yy JIEB’SITIH
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CEKIIi1 CKITaTy.

O OckinbKU HEBIZIOMO, YU € B HAsIBHOCTI HA CKJIAJIi TOBAp, TO MOKHA 3p0o0MTH mpuIyiieHHs: B1 — ToBap € Ha cknazi, By
— BiH BizacyTHi# Ha ckiani. [lozist A — ToBap BiZICyTHIH y BOCEMH CEKIIsIX CKIALY.
3a ymosoro P(B1)=p, toni P(B,) = P(B,) =1- p . [loxis A BinOynacs, ToMy Bukopucraemo dopmyiy Baiieca.
3HaiizieMo YMOBHI iIMOBIpHOCTI, BpaxyBaBIIIH Te, [II0 TOBAP MOYKE 3HAXOAUTHCS (SIKIIO BiH B3arai € Ha CKJaji) B
KOXKHIH i3 ceKuilf 3 OJHaKOBOIO IMOBIpHICTIO. 30Kpema, PBl (A) — me IMOBIpHICTH TOrO, IO TOBAp BINCYTHIH Y

BOCBMH CEKIIisSIX, SKIOIO BiH € B HAasBHOCTI Ha Ckiaai. Bcix HaciiikiB BUNpoOyBaHHS (PiBHOMOXJIMBHX 1 SIKi
YTBOPIOIOTH TIOBHY TpyITy) € 9, a CIpUSATIAMBHX Ul HAcTaHHS momii A — 1, Tomy PBl (A)=1/9. fxmo * ToBap
BIJICYTHIH Ha ckyaji, ToOTO BinOyBaeTbes mofist Bz, To nocroBipHOtO € momist A (BiICYTHICTH TOBapy y BOCBMH
cekisx). Orxe, PBZ (A)=1.

SIkmo ToBap € Ha CKJIaji i BiH BiICYTHIH Y BOCBMH CEKIIisIX, TO II¢ 03HAYAE, IO BiH MOXKE OYTH TUTBKH B JICB’ ATIH
cekuii, Tod6to P,(B,) cmpapni mykaHa iMOBIpHICTS, sIKy o0uncioeMo 3a dpopmyioro baiteca:

P(B,)-Py (A) p-1

P.(B) = P(Bl)'PBl(A)J"P(BZ)'PBz (A) - p-%-l—(l— p)-]_:
__P e
9-8p

3amaua 2.23. B kiHIi NMOTOKOBOi JiHI1 [0 BUIOTOBJCHHIO NPHJIAJiB BCTAHOBJICHO JBa aBTOMAaTH-KOHTPOJEPH, SKi
BU3HAYAIOTh: Ma€ TMpHaJl BUILY KaTeropiro skocTi, 4u Hi. CTaTMCTUYHO BcTaHOoBieHO, mo 20%
NPOAYKIIT 33J0BOJILHSIOTH BUMOTaM BHINOI KaTeropii SKOCTi, a KOHTpOJepH pOOJISTH MOMMUIIKOBI
BUCHOBKH CTOCOBHO SIKOCTI MpWiIany BiAnoBigHo y 5% 1 1% BunajkiB. BunagkoBo onxuH i ToW camuii
npunaja OyB nepeBipeHui 000Ma aBTOMaTaMM: MEpIINi BU3HAYMB, 10 PUIIAJ HE 33JJOBOJIBHIE BUMOTaM
BUILIOI KaTeropii, a APyrui, 1o 3a0BOIbHSE. SIKOMY 13 BUCHOBKIB BipuTH?

O CrocoBHO /BiUi TIEPEBIPEHOrO MPHUIIALY MOXKHA BUCYHYTH JBA MPUNYIIEHHS: a00 BiH CIIpaBIli 3aJ0BOJILHSIE BUMOTaM
BHIIO] KaTeropii skocTi (mozist B1) abo e 3amoBonbHsie (momist By). 3a ymosoro 3amaui P(B1)=0,2, P(B2)=0,8.
PosrnsiHeMO cmowyaTky CHTYalilo BiZHOCHO BHCHOBKY IepIIOro KoHTponepa. [lomis A — BH3HaHHSI HHUM
BIJICYTHOCTI Yy TI€peBipeHOro mpuiaxy sikocTed Buimoi karteropii. Ll BumagkoBa momis BigOynacs, TOMY
BUKOpHcTaeMo popmyiy balieca.

3a yM0OBOI0 y 5% BHIAJKIB NEPIINHA KOHTPOJIEP HOMUISETHCS BITHOCHO SAKOCTI MpUiaay, a Tomy y 95% pobutsb
NpaBUIbHI BUCHOBKH. B 3B’513Ky 3 1M

Pal(A) =0,05, PBZ (A)=0,9
i 3a popmynoro baiteca

P, (B,) = P(B,)- P, (A) _ 08-0,95
P(B,)- PBl(A) +P(B,)- PB2 (A) 0,2-0,05+08-0,9
MepILUi KOHTpoJiep 3p00HB MPaBUIILHUN BUCHOBOK, jJopiBHIOE 0,987013.

Hexait A" - BUSHaHHS BUIIOI KaTEropii SKOCTi IEPEBIPEHOro MpUIaay APYTMM KOHTPOIEPOM. 3 BUKOPUCTAHHAM
YMOBH 3a71a4l OTPUMAEMO:

PBl(A*) =099, Py (A)=0,01,

P(B,)- Psl(A*) ~ 0,2-0,99
P(B,)-Py (A)+P(B,)- P (A")  0,2-099+08-0,01

=0,987013 Otxe, IMOBIpHICTH TOro, IO

P.(B)= =0,961165
A
To6T0, IMOBIpHICTB TOTO, IO APYTUI KOHTPOJIEP 3pOOHB MPaBIIFHAN BUCHOBOK, ckianae 0,961165.
[opiBHSHHA 3HAWICHUX IMOBIPHOCTEH MTO3BOJISIE 3pOOMTH BHCHOBOK: TOTPIOHO BipUTH BHCHOBKY MEPIIOTO
aBTOMaTa-KOHTpoJiepa (TouHiLIe, OLIbII IMOBIpHIlLE, 10 IIEPIIMI KOHTPOJIED 3pOOHB NPAaBWIbLHUI BUCHOBOK). @

3amaua 2.24. Y kop3uti € 20 xynb (12 0inux i 8 4opHuX). 3HAUTH IMOBIPHICTH TOTO, 1[0 HABMAHHS B35Ta 3 KOP3UHU
KYIIS BUSSBUTBCS YOPHOIO, SIKIIO TIepeI UM BUITaJKOBUM YHHOM OYIT0 B35TO: 1) /Bi Kyi; 2) TpH KyIIi.

O 1) B ymosi 3axaui BiacyTHs indopmaris mpo Te, ki came IBi Ky (3a KoabopoM) OyiaM BiniOpaHi nepen Bigdoopom
TpeThoi. ToMy MOYKHA BHCYHYTH Taki IPUITYIICHHS:
By — 00mnBi kymi 6imi;
B> — onna Gina, npyra 4opHa;
B3 — 00unBi 4opHi.
IMomist A — BiniOpana Kysst (TicIst B3SITTS JBOX ) BUSIBUTHCSI YOPHOIO.
3a KJIaCHYHUM O3HAYEHHSM IMOBIpHOCTI

P(B,) =C;,/C5, =33/95,
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P(B,) =Cj,-C;/C% =48/95,
P(B,) = CZ2/CZ2 =14/95.

OO6uncmumo yMOBHi iMOBipHOCTi:

8 6 1
P (A)=—=— y P (A)=—==.
(A =1o =5 Py (A= P (W)= =

3a (fpopMyJIOIo MMOBHOIL lMOBlpHOCTl
P(A) = P(B,) Py (A)+ P(B,) Py (A)+P(B:) - Py () =
3B 4 48 7 141
:—._+_._+_'—:
9% 9 95 18 9 3
2) AHAJIOTIYHO MOIIEPETHHOMY PO3TIITHEMO TIMTOTE3U CTOCOBHO TPHOX BiTiOpaHUX KYIIb:
B1 — Tpu kymi 6ii;
B> — nBi kymi 611, oMHA YOpHA;
B3 — onna kyns Oina, qBi YOpHI;
B4 — Tpu Kyii 9opHi.
Iomis A — BimiOpaHa Kyt (Micist B3ATTS TPOX ) BUSBUTHCS YOPHOIO.
OO0uncarMo Oe3yMOBHI Ta YMOBHI iMOBIpHOCTI, a MOTIM 3HOBY 3a (hOPMYJIOIO MOBHOI IMOBIPHOCTI 3HalaEeMO
IIyKaHy AMOBIPHICTE:
P(B,) =C},/C3 =1V57, P(B,) =C},-C;/C5, =44/95,
P(B,) =C,,-C2/C3 =28/95, P(B,) =CZ/C3, :14/285 ,
8 7 6
P (A)— P, (A==, P (A)=—, B (A)=
P(A)=P(B ) : P 5 (A)+ P(B )' Pe, (A) + P(Bs) P, (A) + P(B4)' Py, (A) =
EE+44 7+§ 6+14 E =04. @
57 17 9 17 9 17 285 17

§ 3. TIOBTOPHI HE3AJIE’KHI BUITPOEYBAHH S

®opmyna bepuymni. HaiiimoBiphimie uucno mnosBu noaii. JlokaneHa ¢opmyna Jlammaca. ®opmyna Ilyaccona.
InrerpanbHa  ¢opmyna Jlamnaca. IMOBIpHICTh  BIAXWJIGHHS BIIHOCHOI —4acTOTW mmofil  Big 1 MOCTIHHOT
IMOBIPHOCTI. AJITOPUTM PO3B’SI3yBaHHS 3a/]a4 JUIsl IOBTOPHUX HE3AJISKHUX BUIIPOOYBAHb.
KOPOTKI TEOPETHYHI BI/IOMOCTI
Ha npakTuiii yacto 3ycTpidyaroThCsi BUMAJIKU, KOJIM IPOBOIUTHCS HE OJHE BUIIPOOYBAHHsI, a JEKijbka (MOXIIUBO,
Iyke Bemuke 4ucio). Taki BUIpoOyBaHHS Ha3MBAIOTHCS MOBTOPHHUMM, a iX CYKYIHICTH — €XeMOI0 NMOBTOPHHX
BUINIPOOyBaHb, 200 cxemor0 BepHyiuti. B koxkHOMY 13 TakuxX BUIpOOYBaHb MOXKE BIIOYTHCS OJHA 1 Ta K BUIAIKOBA
momist A. SIkino P(A) 3anumaeTbesl HE3MIHHOKO [UTS KOMKHOI0 BHIIPOOYBAHHS, TO Taki BUNPOOYBaHHs Oy1eMO HA3HBATH
He3aIe;KHUMH (BigHOCHO mogii A).
Dopmyna bepuynni
Teopema. IMoBipHicTh TOro, 10 B N MOBTOPHUX He3aJeKHUX BUNMPOOYBAHHAX BHMAIKOBA Modisi 4 BindyneTncst
piBHO M pa3iB, 3HaxXoAUTHCs 32 popmy.aoro Bepuyiii:
B, (m)=Cyp™mg"™, 3.1)
ne C™ — uucio kombiHamii, BusHadene popmyoro (1.4) a6o (1.4%),
p — iIMOBipHICTh TIOsIBU TT01ii A B oHOMY BuIIpobyBanHi (p = P(A)),
( — iMOBipHiCTE HemosiBM 1I0A1i1 A B oxHOMY BHnpobyBanHi (g = P(A)).
Haiiimogipuiwe uucno noasu nooii
B n moBTOpHUX HE3aNEKHUX BUMPOOYBAHHAX OIS A MOXKE BiOYTHCS YUCIIO pa3iB

0,1, .., m—1, mo, Mg+, ..., n (3.2)
3 BiATMOBiTHAMH iIMOBIpHOCTAMH (SIKi MOKHA 3HAWTH 32 (hopmyIoro beprymi):
Pn(o), Pn(l), eny Pn(mo—l), Pn(mo), Pn(m0+l), ey Pn(n) (33)

O3Ha4yeHHA. Yucao Mo B mocaigoBHocTi (3.2) Ha3WBAa€ThCA HAMIMOBIPHIIIMM YHCIOM MOSIBM modii B N
He3aJeKHUX BHUIPOOYBaHHAX (a00 Mo1010), AKINO oMYy BiamoBizae HaiiGinbia imMoBipHicTH B
nocJaigoBHocTi (3.3).

HaitimoBipHimIe 9UCcI0 MOYKHA 3HAWTH 3 TaKOI MMOIBIHHOI HEPIBHOCTI:
np—q<me<np+p. (3.4)
OCKIiZIbKH pi3HHI MK ITPABOIO 1 JIBOIO YaCTUHAMM IIi€] HEPIBHOCTI TOPiBHIOE |, TO MOXHA 3pOOUTH BHCHOBOK, 1110

MaKCHMaJIbHE YUCIIO HAIMOBIPHIIIIX TOAINA PiBHE JBOM.

Jokanvna ¢popmyna Jlannaca

KopI/ICTyBaTHCﬂ ¢dopmymnoro BepHmei JUISl BEJIMKMX 3Ha4eHb N J0cUTh Baxkko. Hampuknan, mpu p = 0,2, =0,8

Py (30) = C39(02)°(08)%, ne C2) = 4712921 107,
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OnHy 13 peanizalliii HAOIMKEHOT0 3HAXOKCHHS TpaBoi yactuau Gopmymnu (3.1) mae

INokanbHa Teopema Jlannaca (MyaBpa-Jlannaca).
SAxmo iMOBIpPHICTL p NOSABM BHNAAKOBOI NOAil 4 B KOXXHOMY i3 N IOBTOPHMX BHIPOOYBaHb
3aJMIIA€ThC He3MiHHOW (mpuuomy 0 <p<1), a 4yucia0 BHUNPOOYBAHb NOCTATHBLO BeJHMKe, TO
iMoBipHicTE TOro, mo B N BHUNPoOyBaHHAX NOAIA BiaOyaeTbcss M pasiB, 3HAXOAUTHCH 34
Ha0aUKeHo10 GopMyJI0I0

1
B, (m) = P(x), (3.5)
Vnpq
1 m—np
e ¢(x) = ,q=1-p.
\2m \npgq
3ayeancenns. dopmyna (3.5) HasuBaeThcs JoKadbHOW (opmynor Jlammaca. Ii Toumicte 3poctac mpum
301bIIeHHi N.
@ynkuis ['aycca nporabynpoBana i 11 3HaYeHHs HaBeneHi B TaOn. 1 gomaTkis. [Jisi MpaBUIIBHOTO KOPUCTYBAaHHS
Ii€ro TaOJMIEIO CIiJ BpaxoByBaTH Taki BiactuBocTi ¢yHkuil [aycca: 1) @(x) Bu3HaueHa mst Beix x € R; 2) @(x) —

e~*'/2 _ ynkuis Faycca, x =

napHa (QyHKIis ((p(—x) = (p(x)); 3) s gomatHuX x @( X)Ayxke mBHAKO mpsiMmye no 0 mpu 30i7bIICHH] X, 30KpeMa
©(3,99) =0,0001. 3rigHo i3 MMM BIACTUBOCTSIMHU B TaOJMI HaBeneHi 3HaueHHs (yHKuil ['aycca s x 3 mpoMikky [0;
5]

IIpakTHYHO MOKHA BBaKaTH, 10 JIOKaJTbHa (popmyna Jlamnaca mae modpe HaOIMKeHHs, sIKIO NpQ > 9.
SIK1110 5k BUMOTH JI0 TOYHOCTI 3HAUEHHS! BHIIII, TO CJIiJl BUIMaraTi BUKOHaHHs HepiBHOCTI NPQ > 25.
Dopmyna Ilyaccona

HepiBHicth NPQ =9 HaBITH I BENMKMX N MOXE HE BUKOHYBAaTHCS (a2 OTKe, MOXHMOKa IMpPU BUKOPHCTaHHI
nokanbHOT Qopmynu Jlamnaca Oyae Iyxke BENUKOK) Yy BUNAIKY PiAKICHMX (MaJloOiIMOBIpHUX) MOJiH A4, TOOTO Takux
nogiu, s skux p 3Hayno MeHme 0,1 (p << 0,1). B takux Bumaakax ciiJi KOPUCTYBATUCS IHIIUM HAOIMKEHHSIM TPaBoi
yactunu popmynu bepryiui. OnHe i3 HUX Ja€ThCS TAKUM TBEPIDKECHHSIM.

Teopema lNMyaccoHa. SIkio B KOXKHOMY i3 N MOBTOPHUX BHNPOOYBaHb iMOBIpHICTH p mosiBM moiii 4 crana i
MaJja (p <<0,1), a yncao BUnNpodyBaHb N JOCUTH BeJIMKe, TO iIMOBIPHiCTH TOro0, 10 MOAiIA A HACTaHe
B IINX BUIIPOOYBAHHAX PiBHO M pa3iB, 3HAXOAUTHCA 32 (hOPMYJI010

Nre=*
L (36)

B, (m) =

e A =np.
3ayeascennsn. Tloxubka B HaOnmkeHii piBHOcTI (3.6), ska HazuBaeThesi popmystoro Ilyaccona, THM MeHIa, YUM

OLIbIlIe YUCIIO BULIPOOYBAHB N.
m,-4

A . . .
3uauenns ¢pyuakuii P(m, 1) = JIBOX 3MIHHMX M Ta A U1 AeAKUX M Ta A HaBeneHi B Ta0IL. 2 I1OAaTKiB.

Bigmitumo, 1o ¢opmyna [TyaccoHa BUKOPUCTOBYETHCS TAKOXK JI0 YHMCIIA HEMOsIBH MOMIT A, sikio ( << 0,1, a ng <

9.

Inmezpanvna ghopmyna Jlannaca

IHTerpanbHa Teopema Jlannaca (MyaBpa—-Jlannaca). SIkuio iMmoBipHicTh p mosiBu nodii A B KOKHOMY i3 N
NMOBTOPHUX BHUMNPOOYyBaHb € cTagow (0 < p < 1), a ymcno BUNPOOYBaHb HAOCUTH BeJdHKe, TO
iMoBipHicTh TOr0, 1110 MOAisT A B UX BUNIPOOYBAHHAX Big0yaeThcsl He MeHIIe M pa3iB i He Oinble
M2 pa3iB, 3HAXOAMTHCH 32 TAKOI0 HA0JMKeHOI0 pPiBHicTIO (iHTerpajabHolo ¢opmy.oro Jlamiaca):

B, (my <m<my) = ®(x;) - D(x,), (3.7

ne d(x) =

Lt _ep .
e "/*dt — ¢pynxuis Jlanmaca,
N2m (J)
_Mm-np  __Mm2—np

X1 =
! vnpq vNpq

Oynkmis Jlamnaca nporaOynpoBaHa i ii 3HaYeHHS HaBeneHI B Tabn. 3 moxatkis. [Ipu KoprcTyBaHHI Hi€0 TaOIUIICIO
moTpiOHO BpaxoBYBaTH Taki BiacTUBOCTI (pyrkmii Jlamaca:
1) ®(x) Bu3HaveHa uIs BCiX X € R;
2) O(x) vemapua ¢yskitist (O (—x) = - (x));
3) ®(x) MOHOTOHHO 3pocTac s BCiX x € R, mpu mpomy Yy =-0,5 — miBocTopoHHS acummrora, a Y=0,5
TIPaBOCTOPOHHS;
4) mBunxicts 3pocranns O(x) Ha mpomikky [0; 5] myxe Bucoka (3okpema @(5)=0,499997), Tomy st BCix x> 5 3
MizepHor0 moxubkor d(x) ~ 0,5.
Tounicte iHTerpansHoi opmynu Jlammaca TuM Oinpmna, yuM Oiiplie 4yucio BUMpoOyBaHb N. Sk 1 y BUManky
JIOKAJIBHOI, iHTerpajibHa ¢opmyJia 1a€e 100pi HAGIMKeHHs, IKIIO NPQJ > 9. SIKII0 )k BUMOTH O TOYHOCTI 3HAYHO
BHIIIi, TO MOTPiOHO BUMAaraTy BUKOHAHHS HEpiBHOCTI NPQ > 25.
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ImoBipHicTh BiIXH/IeHHS BiTHOCHOI YACTOTH MOil
BiA 1l mocTiiiHoI iMoBipHOCTI
Teopema. SIkuio iMOBipHicTH p MOSIBM BUNAAKOBOI Nmofii A B KOKHOMY 3 N MOBTOPHUX BHNPOOYBaHb CTAJIa, a
YHCJI0 BUNPOOYBAHDL TOCUTH BeJIMKE, TO iMOBIPHICTH TOr0, 110 BiIXHJIEHHS BiTHOCHOI YacToTH m/n
noxii A Bix ii iMoBipHOCTI p Mo a0coI0THIM BeIWYMHI He NMEPeBHIIUTHL 3aJaHOr0 4umciaa g >0,
3HAXOAUTHCH 32 (OPMYJIOKD

P(|m/n -p< S)z ZCIJ(an/ pq) : (3.8)
AJIFOpI/ITM p03B’ﬂ3yBaHHﬂ 3aaavd
AJISl MOBTOPHUX HE3AJC/KHUX BHl'[pOﬁyBaHb

B npomy maparpadi, sik i 1u1st monepeaHix naparpadis, 3aJIMIIAE€THCS aKTyaIbHUM MMUTaHHS BHOOpPY Ti€l 9y iHIIOL
bopMymu MpU po3B’sI3yBaHHI KOHKpETHHX 3amad. Lle 3yMoBieHo, mo-mepime, THM, MO Y BCiX TPhoX (Gopmynax
(Bepuymi, mokaneHilt ¢opmyii Jlamraca ta [lyaccoHa) JiBi YacTHMHU ONHAKOBi. 3 APYroro OOKy, MpU 3HAXOKEHHI
iMoBipHOCTI Pn(M1 <M< my) 30BciM He OOOB’SI3KOBO (a MEKOIM I MOMMIKOBO) BHKOPHCTOBYBATH IHTETrPANbHY
¢dbopmyny Jlamaca.

1. O6uncaenns: Pn(m).

a) Sxmo n mane (N < 15), To BUKOpUCTOBYeThCs hopmyna bepHymni s Oyab-sKUX 3HA4YEHb p Ta (.

6) Slkmio n Benuke, a p Ta ( HeMalli, TOOTO IPYU BUKOHAHHI HEpiBHOCTI NPQ > 9, TOJI BUKOPUCTOBYETHCS JIOKaIbHA
¢dbopmyrna Jlamnaca.

B) SIkmio x N Benuke, a p ayxe mane (3Hauno Mexme 0,1) 1 A = np <9, To 3acrocoByeThest popmyna [Tyaccona.
Ipu Bemukomy N, myxe mamomy ( (q<<0,1) i mpu BuUKOHAHHI HepiBHOCTI A* =nNQ<9 cnmig nepeiitn a0 ducia
HEBUKOHAHHA momii 4.

2. 3uaxomkeHHst Pn(mi < m <my).

a) Skmo n mane (N < 15), Toai MOTPIOHO BUKOPUCTATH CHOYATKy TEOPEMY JO/IaBaHHS IMOBIPHOCTEH, a TOTIM
¢dbopmyny bepryimi.

6) Jlis Bemukux N 1 HEeManux p Ta (, TOOTO MPU BUKOHAHHI HEPIBHOCTI NPQ > 9 BUKOPHCTOBYETHCS 1HTErpajbHa
¢dbopmyia Jlamnaca.

B) /s BeaMKMX N 1 Manux p BUKOPUCTOBYEThCS ab0 TeopeMa JOJIaBaHHS IMOBIPHOCTEH 3 HACTYITHUM
3acrocyBaHHsM (opmyiu [lyaccoHa, abo 3IHCHIOETBCS TIEPEXi/ 10 MPOTUIICKHOI TOJIT 3 HACTYITHUM BUKOPHCTaHHIM
TeopeMH JonaBaHHs iMoBipHocTed 1 Qopmynu Ilyaccona. Ilpu BuOOpi OnHi€i i3 ajnbTEpPHATUB CIIiJ| KEPyBATUCS
MiHIMIi3ali€0 Yucia JOJaHKIB B Teopemi JojaBaHHs iMoBipHocTed. SIkiio N Benuke, a ( mane i A*=ng <9, Toui
MOTPIOHO MEPEHTH JI0 YnCiIa HEBUKOHAHHS NOAIT 4, a OTiM BUKOHATH PEKOMEH/allii MOYaTKy bOrO MiITYHKTY.

3aysascenna. SIKio B N MOBTOPHHX HE3AICKHHX BUMPOOYBAHHAX MOTPIOHO 3HaWTH imoBipHOCTI P(M <K) Ta
P(m > K), ne k wine gucno, mo He mepeBuInye N, Tomi MOTPiOHO ckoprcTaTucs piBHOCTAME P(M < K) = Py(0 < m <K),
P(m > K) = Py(k <m < n)inepeiitu 10 1. 2 aropuT™my.

PosrisineMo peani3aiiito HaBEIEHUX BHUIIE PEKOMEHIAII .

PO3B’A3YBAHHA TUIIOBUX 34/]AY

3amaua 3.1. Komnanis Bojiomie Mepexero nuiepiB Ha Oipxki. IMOBipHiCTH TOro, mo Oynb-sKuid uiep Oyme rpatu
Baaso, craHoBUTH 0,7. 1) 3HalTH IMOBIPHICTB TOTO, LIO 3 I’STH AWIEPiB OyAyTh y 30UTKax: a) 1Ba; 0) xoua
0 nBa (BBaXKaeThesl, 1O il JIEpiB HA Oipki € He3aneHUMH). 2) 3HANTH HalliMOBIpHIIIe YHCIIO JUIIEPIB,
sIKi Oy/1yTh TPATH BJAJIO, & TAKOXK IMOBIPHICTh TAKOi KLIBKOCTI.

O  BunpoOysanus — rpa auiuepa. Ockinbku autepis € 5, To N =5. 1) Ioxis 4 — 30uTKOBa rpa auiepa. 3a yMOBOIO
P(A)=qg =07, tomi p=1-0q=0,23. Jlng BUmaaxy a) 9ucio IosABu nomii A m = 2, i morpi6Ho 3HaiTH Ps(2). Tak sk
n =5 — maie, To BUKopucraemo popmyny bepHyi:

P5(2) = C2(0,3)% -(0,7)3 = 10-0,09- 0,343 = 0,3087.

0) Ps(m=2)=F(2<m<5) — mykaHa iMOBipHicTb. X04a BOHA Bi3yaJbHO Harajaye JiBy YaCTHHY IHTETPaJbHOI
¢dbopmynu Jlamiaca, OCTaHHIO BUKOPUCTOBYBATH He MoxkHa, 00 npg =5 - 0,3 - 0,7 == 1,05 << 9. Bunaakosa mofis
(2<m<5) moxe BigOyrucs Tomi, komm ab6o (M=2), a6o (M=3), abo (M=4), abo (M=15), TOOTO
2<m<5)=(M=2)+(M=3)+ (M=4)+(Mm=5). Bumaakosi Mmoxii-I0AaHKK CIpaBa € MOMAPHO HECYMiCHUMH,
TOMY 3T1THO 3 TEOPEMOIO TOJABaHHS iIMOBIpHOCTEH

Ps(2<m<5)=Pm=2)+PMm=3)+P(mMm=4)+ P(m=5)=
= Ps(2) + P5(3) + Ps(4) + Ps5(5),
Jie B OCTaHHIN piBHOCTI OyJIO BpaxOBaHO, 30KpeMa, Te, MIO BHIAAKOBA IMOfis (M =2) — B I'ATH BHMPOOYBAHHIX
noztist A BimGymeThest piBHO JBa pasu, T06T0 P(M = 2) = P5(2). Bukopuctasimu hopmyny bepaysuti, orpumaemo:
P,(3) = C3(0,3)%-(0,7)® = 0,1323;
Py(4) = C#(0,3)*-0,7 = 0,02835;
Py(5) = C3(0,3)3-0,7° = 0,00243.
OcraTtoyHO
Ps(2 <m <5)=0,3087 + 0,1323 + 0,028535 + 0,00243 = 0,47178.
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Hpyruii metoa. [oxii (M > 2) Ta (M < 2) mpoTUiIeKHI, TOMY

Ps(m>2)=1-Ps(m<2)=1-[Ps(0) + Ps(1)] =

=1-[C9(0.3)°(0,7)° + C3(0,3)'(0,7)*] =

=1-(0,16807 +0,36015) = 0,47178.

BucHoBoOK: npyruii MeTon 3HAYHO WIBHIIIE BEAE A0 METH, HOro eQeKTHUBHICTH I OUIBII BiAYyTHa IIpH
301IbIIIEHH] YHCIIa T0JaHKIB.

2) Iomis 4 — Boana rpa mwiepa. 3a ymMoBor 3amavi N =5, p = 0,7, q = 0,3. HaiiiMOBipHiIe 4uciio My TUIEPIB,
sIKi Oy/IyTh TpaTH BJaJIo, 3HAHIEMO 3a MO/IBIHHOIO HEpiBHICTIO (3.4)

np—-q<me<np+p.

[TizcTaBuBIIM 3HAYEHHS B JIIBY Ta NpaBy YacTHUHH, 3HaineMo 3,2 < Mo < 4,2, 3BiKK 3 BpaxyBaHHSIM TOr0, IO Mo —

LIiJIe YHCII0, OCTATOYHO OTpUMaeMo: Mo = 4. Haperri,
Ps(mo) = Ps(4) = C2(0,7)*-0,3=0,36015. ®

Juist nesikux 3a7a4 iMOBIPHICTD MOSIBY MOJiT A B OZIHOMY BUIIPOOYBaHHI 3HAXOIUTHCS MTOPIBHSHO CKIIaIHIIIE.

3amaua 3.2. /[Ba craHky 3 MpOrpaMHUM YMPaBIIiHHSAM BUTOTOBJISIIOTH OJHOTHUIIHI JeTall, sIKI HaJXOAATh Ha CHUIbHHUN
KoHBeiiep. X mpoayKTMBHOCTI BimHOCATHCA fK 2 : 3, MpUYOMY Mepliuii BUroToBNse 35% aetanei BHIIOL
SIKOCTI, IKUMH KOMILIEKTYIOThCSI BUPOOM Ha eKkcnopT, Apyruii — 10%. 3Haiiti iMoBipHICcTB Toro, 1o 3 400
HaBMaHHs BiZIOpaHUX 3 KOHBEi€pa JeTanell BUINOI SKOCTI BUSBHIIOCK: a) 75 nmetaneii; 0) xoua 0 80; B) He
Oinbine 75.

O BunpoOysanus — Bindip merani, 3a ymosoro N = 400. 4 — BixiGpana neTans Mae BUILY sKicTh. 3Haiimemo P(4) = p.
BiniOpana neranb (BUIIOI SKOCTI 4M HI) MOXKe OyTH BUTOTOBJEHa abo MepIiM CTaHKoM (nofis Bi), abo npyrum
(momis B2). 11i rinore3u yTBOPIOIOTH MOBHY I'PYIy, a MOAIA 4 MoXe BiIOyTHCS TUIBKH Hicis IOSBU OIHI€l 13 HUX.
Tomy P(A) MoXxHa 3HA#TH 32 GOPMYIIOK0 TOBHOI iIMOBIpHOCTI

P(A) = P(B,) Py (A) + P(B,) Py, (A).

SIkimo 3a esKuii IPOMIKOK Yacy MepIiii CTAaHOK BUTOTOBUTB 2a JeTalle, To Ipyruid — 3a netaneid. 3a KIIaCHYHUMH
O3HAYEHHSIM IMOBIPHOCTI

P(B)) = a_04 P(B,) = a_06

35 10
Py (A4) 100 0,35, Py (A)= 100 =0,1.
[MizcraBuBLIM 3HalEH] IMOBIpHOCTI Y (hopMyIty MOBHOI IMOBIPHOCTI, OTPUMAEMO
P(4)=04-035+0,6-0,1=0,2. Omxe,p=0,2,g=1-p=0,8.

a) [lotpibHo 3HaliTH Paoo(75). Ockimbku N =400 — Benuwke, p Ta ( HeMall 1 BUKOHYEThCS HEPIBHICTbH
npg =400 - 0,2 - 0,8 =64 >9, To noTpiOHO BuUOpaTHu JokanbHy Qopmyny Jlamnaca, sika B JaHOMY BUNAIKYy JacTh
BHCOKY TOYHICTh HaOMMKeHHs. 3riqHo i3 (3.5)

m—np _ 75-400-0,2

Jipg  400-02-08

¢(-0,63) = ¢(0,63) = 0,3271 (3a Tabn. 1 qomatkis),

1 03271
J NG P —
40 J400-02-08

¢(-0,63) = 5 = 0,0410.
6) Jlis 3HaxomkeHHS iMOBIpHOCTI Pao(M > 80) = Pao(80 <m <400) (muB. 3ayBakKeHHS 0 AITOPUTMY)
BUKOpHCTaeEMO iHTerpasibHy hopmyny Jlamiaca, ockinbku NPQ = 64 > 9. YV BixnosiaxocTi i3 (3.7)
_m—np _ 80—-400-0,2 ! my —np _ 400-400-0,2

=0; x, = = =40,
\npg \J400-0,2-08 2 \npg \J400-0,2-08
P (80 < m < 400) = ®(40) - D(0) =0,5-0=0,5.
Ipu 3naxomkenni O(40) BpaxoByBanocs te, mo @ (x) = 0,5 must x > 5, a ®(0) 3HaxoamIoCs 3a Tabi. 3 TOAATKIB.
B) IMoBipHicTE Pago(M < 75) = Pago(0 < m < 75) 3HOBY 06UHCITIOEMO 32 iHTErpaibHOI0 GopmMystoro Jlaraca:
xl:0—400~0,2:_10; x2—75 400 - 02 0,63,
8 8
Pyyo(0<m <75) = ©(-0,63) — D(-10) = D(10) — D(0,63) =
=0,5-0,2357 =0,2643.
B ocraHHiX piBHOCTAX BUKOpPHCTaHa HenapHicTs @ (x). ®
3ayeascenna. [lpu 3HaXOMKEHHI IMOBIPHOCTEH B @) Ta B) MOXKHA OYJIO TOCATTH BHIIOI TOYHOCTI, OCKUTEKA TOYHI
3HavyeHHs x Ta x2 piBai —0,625, a ¢(0,62) = 0,3292, ®(0,62)=0,2324. ns uporo moTpiGHO 3MIHCHUTH IiHIHHY
IHTEpITOJSMIIO:
¢(0,625) = (¢(0,62) + ¢(0,63))/2 = (0,3292 + 0,0,3271)/2 = 0,32815,
®(0,625) = (®(0,62) + ®(0,63)/2 = (0,2324 + 0,2357)/2 = 0,23405.
[IpoTe MOWiTBHICTH TAKOTO MiIXOAY BU3HAYAETHCS BUMOTaMH JIO TOYHOCTI BiJIIOBIJi, TOCTABICHUMH KOHKPETHOIO
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3aj1a4ero.
Hackinpku CyTTEBO BpaxOBYBaTH BCi YMOBH BHKOPHCTAHHS Ti€l YW iHIIOT (OpPMYNH, ITHOCTPYE pO3B’SI3yBaHHS
HACTYITHOI 3a/1a4i.

3apaua 3.3. Y npuBaTHiii cTpaxoBiif komnaHii Oyimo 3actpaxoBano 15 000 rpomasisH mpuOIM3HO OFHOTO BIKY 1 OOHIET
comianbHOl Trpymu. IMOBIpHICTH CMEpTiI 3aCTPaxOBaHOTO MIPOTATOM POKY B cepeaHboMy ckiamae 0,004.
Koken 3actpaxoBaHmii BHOCUTH Ha 1 cidHS 64 TpH. CTpPaXxOBHX, a Ha BHIAJOK CMEPTI HOro pomuyi
nictanyTh Bin crpaxoBoi kommanii 10 000 rpH. 3HalTH iIMOBIpHICTH TOTO, IIO KOMMaHis 3a MiJCYMKaMu
POKYy:
1) nonece 30uTKH; 2) micraHe NpuOYTOK, sikuid He MeHIIuiA Big 60 000 rpH.

O BunpoGyBaHHs — CTpaxyBaHHsS TPOMajsHUHA. A — CMEPTh 3aCTPAXOBAHOIO IPOTATOM POKY. 3a YMOBOIO 3ajadi
n = 15000, P(4) = p = 0,004.
1) Bix crpaxyBanHs rpoMajisiH cTpaxoBa KoMmasist orpumaina 15 000 - 64 = 960 000 rpH. i moHece 30UTKH, SKIIO
He MeHIe Bci€l 1iel cyMu OyJe BHIUIAYE€HO POAMHAM IOTEPHUIMX MPOTArOM POKY (HaBITH SKIIO TIIBKH ISl cymMa
Oyne BUIUIa4YEHa, TO JMisUTbHICTh KOMIIaHii Oy/ie 30MTKOBOIO 110 IbOMY BUAY CTPaxyBaHHS 3 ypaxyBaHHSM MOTOYHHUX
BHUTpAT MPOTITroM poky). Ll BumaakoBa (CKiamHa) momis BitOyAeThes, Ko M > 96, me M — YKCIO BiIOYTTS MOmil
A, 96 =960 000 : 10 000. TobT0, MOTPiOHO 3HANTH P15000(M = 96) = P15000(96 <M < 15 000). IMomist 4 — piakicHa
(mamoimoBipHa), 60 p = 0,004 <0,1. Ilpore BukopucroByBatu opmyny [lyaccoHa (micisi 3acTOCYBaHHS TEOPEMHU
JIOZIaBaHHS IMOBIpHOCTEH) He MoxHa, ockuTbku A =nNp = 15000 - 0,004 = 60 (3Hauno Oinbie 9). Pazom 3 TuM,
npg = 59,76 > 25. ToMy MoXXHa BUKOpUCTATH 1HTErpanbHy dopmyny Jlamaca, sika JacTh JyKe BHCOKY TOYHICTB.
3HaxX0qUMO:
my—np _ 96—15 000-0,004 15 000-60

=4,66; x, = ———
Jnng J59.76 5976
Pi5 000(96 <m <15 000) = d(1932,73) — O(4,66) =
=0,5-10,499997 = 0,000003.
2) IlpumycTuMoO cHoYaTKy, IO BCi OCHOBHI BUTpPAaTH KOMIIAHil ITOKPHBAIOTHCS 32 PaxyHOK IHIIMX BUJIB
crpaxyBaHHs. Tofi npuOyToK, skuil He MeHmit Big 60 000 rpH., KOMIIaHis OTPUMAE y BUNAJKY, KO HAa BUILIATY
CTpaxoBUX CyM Yy BHIIJKy CMEpTi KII€HTIB BoHa BUTparuTh He Outbuie 960 000 — 60 000 =900 000 rpu. Is

BHIIaJIKOBA MOJis BiOyBaeThes, sikio M < 90. Toni 3a inTerpanbsHoo Gopmysoro Jlamnaca
Pis 000 (m < 90) = B5 499(0 < m < 90) = O(x;) — D(x,),

_m—np 0-60 ~90-60

e * = = =7,76; x; = ——— = 3,88
Y g 59,76 > 5976
P50 (0 <M <90) ~ O(3,88) — D(-7,76) =

=0,49995 +0,5=0,99995 .

Hexaii Tenep a — cymapHi OTOYHI BUIATKH KOMIAHIT 3a piK MpH 3[1iCHEHHI BKa3aHOTro BUAY cTpaxyBaHHs. Toui
npubyTOK, He MeHmmi Bix 60 000 rpH., KOMOAHIS OTpUMAaE TOMi, KOJIM BimOymethes momist M<Kk, me k — mina
gactuaa gucaa (900 000 —a)/10 000. [ami 3a inTerpamsHoo (opmysnor Jlammaca MOKHA 3HAHTH IIyKaHy
iMoBipHicTh P15000(0 < M < k). Bona Bxke Gyzie CyTTEBO MEHIIOO BiJ MONEPEAHBOT iMOBIpHOCTI. @

=1932,73,

x1=

Tobro,

3agaua 3.4. Ilpu ckaHyBaHHI TEKCTOBOI'O MaTepialy B CEpeIHHOMY Ha KOXHY THCSIy CHMBONIB JBa IOMHJIKOBI.
3HaliTH IMOBIPHICTH TOrO, IO TICIS CKaHYBaHHA TEKCTy obOcsroM B 2 500 CHMBONIB BHSBHUTHCS
MMOMHWJIKOBHX: a) IIiCTh CUMBOJIiB; 0) X04a O IIiCTh.

O BunpobyBaHHs — CKaHyBaHHS CHMBOITY TEKCTY, TOMis A — OTpPUMaHHs IIOMKJIKOBOI'O CMMBOY. 3a yMoBOw N = 2500,
p = P(4) =0,002.
a) Yucno mosBu mofii M = 6. J{ns 3HaxomkeHHs Pasoo(6) ckopuctaeMocs dopmynoro Ilyaccona, ockimbku N —
Benuke, p = 0,002 << 0,1, A=np=5<9.
m,-4 6,-5
Pa(m)~ 22" Poggo(6)~ 25— = 0,14622.
m! 6!
me—ﬂ

OcraHHe 3HaYCHHS 3HAIEHE T (PYHKIIIT IBOX 3MIHHHMX A Ta M B TaOJI. 2 IOJATKIB IS 3HAYEHD A = 5,

m=6.
0) BunankoBa momist (M > 6), iMOBIpHICTE SIKOi Tpeba 3HANUTH, 300payKaETHCS Yepe3 MPOCTi MOIT TAKHM YHHOM:
(m>6)=(Mm=6)+(Mm=7) + ...+ (m=2500).

BukopucToByBaTH TEOpeMy OJaBaHHS IMOBIPHOCTEH B TaKOMY BHIAJKy NMPAKTHYHO HEMOXKIHMBO B 3B SI3KY 3
TUM, 110 B npaBiit yacTuHi € 2495 nomankis (!). 3 mpyroro 60Ky, MPOTHIEKHOIO A0 mofii (M = 6) € moxis (M < 6),
JUTSL SIKOT BUKOHY€ETHCS PiBHICTD

Mm<B)=m=0)+(M=1)+ (M=2)+(M=3)+(M=4)+ (n=5),
3Bi/IKHM IMiCJIS BUKOPUCTAHHS TEOPEMH JIOAABAHHS IMOBIPHOCTEH OTPHMYEMO
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Posoo(M < 6) = Paso(0) + Pasoo(1) + Pasoo(2) + Pasoo(3) + Pasoo(4) + Posoo(5).
Korknnit i3 nomaHkiB o0uuciroeThes 3a Gopmynoto [lyaccona. B manomy Bunanaxy mi iMOBIPHOCTI 3HAXOASTHCS
3a Tabi. 2 nomatkiB s A =5tam=0, 1, ..., 5. To6TO
Pa500(M < 6) = 0,00674 + 0,03369 + 0,08422 + 0,14037 +
+0,17547 + 0,17547 = 0,61596.
I3 ypaxyBaHHIM ITPOTHIICKHOCTI TTOIH
Posoo(m > 6) = 1 — Pospo(m < 6) = 1-0,61596 = 0,38404. ®

3agaua 3.5. IMOBIpHICTH TOTO, 110 BUPiO 3aI0BOJILHIIE BUMOTaM BHITIOTO COPTY, TopiBHIOE 0,8.

1) 3a micaus BTK 3aBony nepesipero 400 BupoOiB. 3HalTH iMOBIpHICTH TOr0, IIO BiJIHOCHA YacTOTa
BHUTOTOBJICHHS] BUPOOY BHUILIOI'O COPTY BIAXMIMTHCS BiJ HOro iMOBIpHOCTI 110 MOAyII0 He Oibie Bif 0,09.

2) Ckinbku BUpOOiB Tpeba mepeBipuTH, 00 3 iMOBipHiCTIO 0,95 MOXkHA OyI0 OUIKYBaTH BiIXHJICHHS
BiJTHOCHOI YaCTOTH BHT'OTOBJIEHHSI BUPOOY BHIIIOTO COPTY Bifl H1Oro iMOBIpHOCTI MO MOJYJIIO HE OiJIbIIE BiJ
0,04?

3) 3a nactymni nBa micsii BTK nepeipus 900 Bupo6iB. 3Haiiti 3 iMoBipHicTio 0,95 Mexi, B sikux Oyze
3HaXOJUTHUCS YUCIIO M BUPOOIB BUILIOTO IATYHKY CEPEl NMepEeBIpEHHX.

O Bunpobysauus — nepesipka Bupo0y. [lozist 4 — BUPi6 3aJ0BOJIbHSIE SKOCTSIM BHILOTO COPTY.
3a ymoBoro 3agaui n = 400, p = P(4) = 0,8, g = 0,2. BukopucroBytoun popmyiy (3.8)

P(|m/n-p|<e)~ ZCD(sm) :
ne 3a ymoBorw € = 0,09, orpumaeMo
P ( |m/400-0,8) <0,09) ~ 2( 0,09,/400/(0,8:0,2) ) =
= 2(4,5) = 2-0,499997 = 0,999994.
2) 3rimHo 3 ymMoBoo 3axaui p = 0,8, =0,2,£=0,041 P (|m/n—o,8| < 0,04):0,95. IToTpiGHO 3HaiiTH N.
3 ¢opmynu (3.8) 3HalineMoO piBHICTH
2c1>(o,04 1/(08- 0,2)) 0,95,

3BiZIKH
o (01/n) = 0475,

3a tabnuueto 3HaveHb GyHkii Jlamnaca (CD(I,96) = 0,475) BIJITBOPHMO apryMEHT, ISl SIKOTO BUKOHYETBCSI OCTaHHS

pisricts: 01v/n =196. Jani vn =195, n=238416.

BpaxoByrouu Te, 1110 N — 1ije, a TAKOXK IOBEIHKY ITOXUOKK B HaOmkeHii piBHOCTI (3.8), ocTaTO4HO OTPUMYEMO:
n > 385.

3) 3a ymoBoro n =900, p=0,8,9=0,2, P (|m/n—0,8| < s): 0,95. TTorpibOHO 3HaiiTH Mexi Ui uncia M. 3HaiaeMo

CIHOYATKY €, BUKOPUCTABIIN 3T1THO 13 popmynoro (3.8) piBHICTH

2@(8,/900/(0,8-0,2 )=0,95 abo  ®(75¢) = 0,475,

3a Tabu. 3 monatkis 3Haiigemo ®(1,96) = 0,475, tomy 75¢ = 1,96, 3Binku € ~ 0,03.
Takum uuHOM, 3 iMOBIipHICTIO 0,95 BIAXMICHHS BiJHOCHOI YacTOTH YMciia BUPOOIB BHIIOI SKOCTI BiJl IMOBIPHOCTI
0,8 3a710BONBHSIE HEPIBHICTD
|m/800— 0,8 < 0,03 a6o 0,77 <m/800< 0,83,

i ocratouno 616 <m < 664. @®
IoBepHEMOCs 10 po3TIIsiAy 3a1a4i 1.2, CIpoIeH i BapianT po3B’sI3yBaHHs SIKOI 0yito HaBeaeHo B 8 1.

3agaua 3.6. MoHeTy KHIAIOTh [IBiYi HA TOPU3OHTAIBHY TBEPAY IMOBEPXHIO. 3HAUTH IMOBIpHICTH TOTO, IO X04a O pa3
Bumaze repo.

O BunpobyBaHHs — KWJAHHS MOHETH, Mois A — nossa repoa. ITorpi6Ho 3Haiit P2(m > 1). IToais (M > 1) npoTuinexua
m0 motii (M= 0). Tomy Po(m>1)=1-P,(0)=1-C) -(1/2)0 (1/ 2)? =3/4. Ortpumanmii pesynbTaT CHiBmamac i3
BiamoBimmro 3a0aui 1.2 @

Hactrymna 3amaga, 3 ogHOro OOKy, LTFOCTpYye XWOHICTH HPHITYIICHb, MPOAWKTOBAHUX IHTYINi€I0, a 3 APYroro —
MMOKa3ye HeOOX1THICTh aHAIITHIHOT'O OOTPYHTYBAHHS IPUUHATTS PiIICHb.

3agaua 3.7. IlinmpreMcTBO OTpPUMAjO CHEI3aMOBJICHHS Ha BHTOTOBIEHHS 320 BupoOiB, SKi MpaIOBaTUMYTh B
eKCTpeMalbHUX yMoOBax. [IpoTe 3a iCHYIOUHMM TEXHOJOTIYHHM IPOLECOM B CEpeIHbOMY J[Ba BUPOOU 3
KOXKHHX JIECATH HE BiZITOBIJaIOTh BUMOTaM CIEI[3aMOBJIEHHS. TOMY KepiBHUITBO MiIPHEMCTBA PO3TIIAIAE
MTUTAHHS TPO 30UIBIICHHS ITAHOBUX MOKa3HUKIB: BUTOTOBUTH 400 BHPOOiB, “KOMIICHCYIOUH THM CaMHUM
MosIBY BUPOOIB, SKi OpaKyBaTUMYThCS 13 BpaXyBaHHSIM BHMOTI CIEL3aMOBJIEHHA. [IpH 1bOMy BHTOTOBIIEHI
MTOHAJI TUTAaH BUPOOU € BHCOKONIKBITHUMHU.
1) atu oniHKy pillleHHS KepiBHHULTBA ITiANIPUEMCTBA.
2) CKimbKd MOTPIOHO BUTOTOBUTH BCiX BHUPOOIB, m00 3 iMOBipHICTIO, He MeHIIOK Bif 0,9999, BukoHaTtn
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CIIeN3aMOBJICHHS ?

O BunpobyBaHHs — BUTOTOBJICHHsI BUpoOY. [lozist 4 — BUpi6 3aI0BOJBHSIE BUMOraM CIICI3aMOBJICHHSL.
1) 3a ymoBoro n=400, p=P(A)=0,8, q=0,2.
Hlykany imoBipHicTE P, (M >320) =P, (320 <m<400) obumcmumo 3a iHTerpanbHon (opmynoro Jlammaca
(npq=400-0,8-0,2=64 >>9) . Toni
m —-np 320-400-08 400 - 320
= =0 X, =—F—=
Jnpg  /400-0,8-0,2 Jo4
P, (320 <m < 400) » d(10) - D(0) =05.
BucnoBok: Bkazanuii BapiaHT BUpIIIEHHS POOJIEMHU € HEBJAIUM, OCKUIBKH IMOBIPHICTh BUKOHAHHSI 3aMOBJICHHS
nopiBHIOE 0,5 — HEPHUITYCTUMO MaJia.
2) Hexaii n — HeBimome. 3a ymoBoro 3agaqi P, (320 <m<n)>0,9999 .

JliBy yacTuHy HepiBHOCTI 3HaiiieMO 3a iHTerpanbHOI0 (opmynoro Jlammaca, BUKOPHCTAaBIIM HENAPHICTh (YHKINT
320-0,8n 800 —2n n-0,8n
= P X, = =0,5Vn;

n0802  Jn 1 oadn

P, (320 <m < n) ~ ®(0,5V/n) — ®[2(400 —n)//n] = ®(0,5vn) +

+®[2(n—400)//n].

Hexaii n>400, Tomi <1)(0,5\/ﬁ ) =0,5 i moyaTkoBa HEPiIBHICTH HAOEpPE TAKOrO BUY:
®[2(n —400)/+/n]>0,4999 ,

3a tabn.3 momatkiB 0,4999=D(3,72). ToMy OTpUMYEMO CHCTEMY HEPIBHOCTEH
{(D[Z(n —400)/Jn]> B3 72),

X, = 10,

Jlannaca: X, =

n > 400,

sKa 3 ypaxyBaHHSIM MOHOTOHHOTO 3pocTaHHs QpyHKuii Jlamiaca piBHOCHIbHA CUCTEMI
2(n—400)/+/n 23,72,
n>400.

[o3HaumBIIM +/N =Y, TIepIy HEPIBHICTH 3aITUIIEMO B TAKOMY BUTJISIII

y? -186y—400>0,
3Bigku Y € (—00;—19,091661 ] W[20,95161;00).
Tomy octaHHS crcTeMa HepiBHOCTEW piBHOCHIIbHA TaKil

Jn >2095161,
n> 400,

3BiKK N > 438,96996 . BpaxoByBaBIHM IIJIOYHCETBHICTH N, OTPUMAEMO BIIMOBI/Ib: JJIsl TOTO, 100 3 WMOBIPHICTIO,

He MeHmom Bix 0,9999, BUKOHATH CIEI[3aMOBIICHHS, MiAMPUEMCTBY MOTPIOHO BHUTOTOBUTH He MeHIe, Hix 439

BUpoGiB. @

3agaua 3.8. Llex orpumaB 3aMOBJIEHHS Ha TepMiHOBe BHroTOBJIeHHs 105 BHpoOiB. IlpoTe B cepeqHbOMY KOXKHI TPH

BHPOOU 13 JECATH BUTOTOBJICHMX BHMArarOTh TPHBAJOl JOBOAKH i TOMY HE MOXYTb OyTH BKIIOYEHI Y
MapTio BUPOOiB TEPMiIHOBOTO 3aMOBIICHHS.
1) 3maiiT, CKINBKM MOTPIOHO BHUTOTOBUTH LieXy BHpoOiB, mob umcmo 105 Oymo HaitiMoBipHImmHM. 2)
BpaxoByroun 3Haiimene 4mcio BHUPOOIB, OLIHUTA MOXJIMBICTh BUKOHAaHHA 3aMOBJICHHS. llpum mpomy
BBKATH, IO MIPOAYKIIisl € BUCOKOJIKBIIHOIO.

O BunpoOysaHHs — BUroTOBJIEHHsS BHpoOy. Ilomis 4 — Bupi® crammapTHuii (He BUMAarae JOBOIKH). 38 YMOBOIO
p=P(A)=0,7, Tomi g=0,3.
1) 3nafizemMo grcio BUMPOOYBaHb N, BUKOPUCTABIIH iH(OPMAIIIIO PO T, IO HAHIMOBIPHIIIIE YUCIIO TOSBH MOMI{
A nopisaroe 105, To6to Me=105. 3rigHo i3 cniBBigHOmEHHAM (3.4)
np—qgq<m,<np+p.
[TigcraBnsaroun AaHi 3aa4i, OTPEMAEMO CHCTEMY HEPIBHOCTEH /I 3HAXOMKEHHS N:
0,7n-0,3<105, 0,7n <£105,3
= =
0,7n+0,7 >105, 0,7n>104,3

<149 <n<150,429.

OCKinbKH N — 1misie, TO OCTaTOYHO OTpUMaeMo, 1o N=149 a6o n=150.
2) 3nHaiineMo iMOBIpHICTP BHKOHAaHHS 3aMOBJICHHS IpH BHTOTOBICHHI 149 BHpoOiB (IpM HBOMY BpaxyeMo
MOXJIUBICTh BHITYCKY OUTBIIOI KITBKOCTI BHPOOIB BiJ 3aMOBJICHOI, OCKUIBKU 32 YMOBOIO TTOHAIIIAHOBA ITPOAYKIIis
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Oyme peanxi3oBaHa 3rOIOM):

P (M=>105) = B4 (105 < m<149).
Bukopucraemo inTerpaipny Gopmysty Jlamnaca

(npg=149-0,7-0,3=31,29 >>9) :

X, = 105-149-0,7 _ 0125 , x, = 149 -149-0,7 _ 799

V31,29 v31,29

P (105 <m <149) ~ ®(7,99) — ®(0,125) = 0,5—0,0474 = 0,45026 .

[Tpu boMy BUKOPHCTAEMO JTiHIIHY 1HTEPIONSIIIO:

®(0,125) = d(0,12) + %[@(0,13) ~®(012)] .

Sxmro x N=150, Toxi
~105-150-0,7 150 -150-0,7

X = =0, X, =
' 150.0,7-0,3 2 5,6125

P, (105 <m <150) ~ d(8,02) - ®(0) =0,5. ®

=802,

3amgaua 3.9. CraructuuHo BcraHoBieHo, mo i3 100 BuroroBienux neraneit 90 — crannmapthi. CKiTbKH TOTpiOHO
BUTOTOBUTH JeTaiyiel, mob 3 iMoBipHicTIO 0,96856 MoxHa Oyiao odikyBaTH, 110 He MeHine 270 meranei
OynyTh CTAaHAAPTHUMU?

O BunpoOysaHus — BUTOTOBJIEHHs AeTami. [lomis A — aerans craggaptHa. 3a ymosoro 3amaui p=P(A)=0,9, toxi q=0,1,
P(270 <m<n)=0,96856 . [ToTpiGHO 3HAWTH YKCIIO BUMPOOYBAHb N.
3a inTerpanbHoto (hopmynoro Jlamnaca

x, = -2102090 _ 900 _3n)/Vn; x, =20 _ fi/3,

Jn-09-01 03vn
P(270 <m < n) ~ &(x/n/3) - ®[(900 ~3n)/n |.
Ockinbku ¢ynkuis Jlanmnaca 3pocratoda i n > 270 , To
d(/n/3) > D270 /3) = ®(5,477) ~ 05.
BpaxoByroun yMOBY 3aj1aui, OTPUMAEMO PiBHSHHS
0,5— d[3(300 —n)/+/n)] = 0,96856
abo (pynkuis Jlannaca HenapHa)
®[3(n—300)/v/n)] = 0,46856 .
3a 1a611.3 moxatkis 0,46856 = ®(1,86) , Tomy
3(n—300)/+/n =1,86.

Po3B’s3aBiIn 1€ PIBHSHHSA, K KBaJIpaTHE BiJHOCHO \/H , OTPUMAEMO, IO \/ﬁ =17,633282, 3Bigku n=310,93263.
OmKe, IIyKaHe YKUCIIO BUTOTOBJIEHHUX AeTanei n=311. ®

3amaua 3.10. IliznpuemcrBo BigmpaBmwio 3amoBHHKY 20000 cranmapTaux BupoOiB. CepenHe 4YMCIO BHPOOIB, SIKi
MIOIIKO/UKYIOTBCS TIPU TpaHcmopTyBaHHi, ckmanae 0,02%. 3HaiTH IMOBIpHICTH TOrO, IO 3aMOBHHUK
OTpHUMaE€ HETOMIKOHKEHNX BUpoOiB: a) 19997; 6) xoua 6 19997.

O BunpoOyBaHHsS — TpaHCIOPTYBaHHA oxHOro BupoOy. Ilomis A — Bupi6 3aJIMIIMTBCS CTAHAAPTHUM ITICISA
TpaHcnopTyBanHs. 3a ymooro h=20000, p=P(A)=0,9998.

a) IlotpiOHO 3HAWTH P20000(19997). Ockineku npg=20000-0,9998-0,0002=399992<<9, TO BUKOpUCTAHHSI
nokanbHOT (opmynu Jlanmaca mpusBene 10 Benukoi moxuOku. 3 gpyroro Ooky, miast maptii 20000 BupoOGiB
BumMaakoBi momii “19997 crarmmapTHHX (HEMOIIKOIKEHNX) BUPOOIB” i “3 MOIIKOMKEeHI BHPOOW~ — PiBHOCHIIBHI.
Tomy Pao000(19997)= Paoooo(3), se B ocTamHiii iMoBipHOCTI Bke B sikocti moxmii A dirypye momis Ai Te, 1o
A=np=4<9, an Bemuke, 103BOJIsIE BUKOpUCTAaTH (popmyiy Ilyaccona (3.6):

3 .4

Paoooo (3) = —4 ;
3a Tabm.2 momaTkiB 3Haiimemo 3HadeHHs ¢yukiii P(m;A) nmpm m=3, 1=4; P(3; 4)=0,19537. Orxe, mrykaHa
iMoBipHicTh nopiBHIOE 0,19537.

6) BukopucTaeMO HaBeleHHH BHIE Mepexii Bix momii A 1o momii A - HOMKOWKeHHS BHPOOY BHACIIIOK
TpancnopTyBaHHs. Toxi MIykaHa iIMOBIPHICTE MO3HAYUTBCS Py (M < 3) , me p=0,0002.

Paoooo (M < 3) = Pygaq (0) + Pagao (1) + Pagogo (2) + Pogooo (3) -

Korknnit i3 nomaHkiB cripaBa obumncianmo 3a popmymnoro ITyaccona, BukopuctaBimy Tad.2 J0MaTKIB (3HAXOJUMO
sHaueHHs ¢pyukmii P(m; A1) mis A=4 im=0, 1, 2, 3):
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Poooo (M < 3) = 0,01832 +0,07326 +0,14653 +0,19537 =0,43348 . ®

3ayeasricennsn. BukopuctanHs okanbHOi Gpopmynu Jlamuraca B 1. a) nae imoBipHicTs 0,17604, a iHTerpayibHOI B 1I.
6) — 0,28579.

§ 4. JMCKPETHI BUITAIKOBI BEJIMYUHM TA IX UMCJOBI XAPAKTEPUCTUKH

BunankoBi BennuMHM Ta iX BHIAW. 3aKOH PO3MOALTY IMOBIpPHOCTEH IHCKPETHOI BUIMAAKOBOi BennunHH. OCHOBHI
PO3IIOAIIN JUCKPETHUX (I[IOYMCENIPHUX) BHIIAJKOBHX BEJIWYMH (pIBHOMIpHHH, OiHOMialbHWH, IyaCCOHIBCHKHH,
TeOMETPUYHMH, Tinepreomerpuunuii). Halinmpocrimmit motik moxii. Jlii Hajg BumaakoBuMH BenmunHamu. [lpuxiaan
3HAXO/DKEHHS 3aKOHIB PO3IOJITY BUITAJKOBUX BEIHMYHMH. UHCIOBI XapaKTEpPUCTUKU JTUCKPETHUX BHUIMAJAKOBHX BEIHYHH
Ta iX BJACTHBOCTI (MaTeMaTH4HE CIIOAIBAaHHsI, UCIIEPCis, CepeHe KBapaTUiHe BiIXUICHHS, IOYAaTKOBI Ta IEHTPaIbHI
MOMeHTH). YHCIIOBI XapaKTepUCTUKU OCHOBHUX 3aKOHIB PO3ITOALTY.

KOPOTKI TEOPETHYHI BI/IOMOCTI TA IIPHK/TA/TH PO3B’A3YBAHHA 34/IAY

BunaakoBoio Ha3MBa€eTHCS BEMYMHA, SIKA NTPU BUIPOOYBaHHI HaOMpae €IMHOrO 3HAYEHHS i3 BCIX MOXKJIHMBHUX 3
JIESKOI0 IMOBIPHICTIO, TOOTO Hamepe] HEBIZOMO, sIKe€ KOHKpPETHE MOXKJIMBE 3HAU€HHS BOHAa HaOepe, OCKUIbKH Iie
3aJIC)KUTh BiJl BUTTAJKOBUX TPHYKH.

JuckpeTHoo (MEepepBHOIO) HA3HMBAETHCS BHUIAJKOBA BEIMYMHA, MOXIMBI 3HAYCHHS SKOI € i3071bOBAHUMH
yucnaMy. Yucno MOXKIMBHX 3HA4Y€Hb JUCKPETHOI BHUIQ/IKOBOI BEJIMYMHU MOXe OYyTH CKiHYeHHMM a0o 34HcieHHUM. B
OCTAHHROMY BHWIIAJIKy MOXXHA BCTaHOBHTH B3a€MHO-OMHO3HAYHY BiIMOBIMHICTh MK MOXJIMBUMHU 3HAYCHHIMH i
HATYypaJbHUMU Yuciamu 1, 2, 3, ..., N, ...

HenepepBHOI0 Ha3MBAa€ThCS BUIAKOBA BEIMYMHA, MOMJIMBI 3HAUEHHS SIKOI 3allOBHIOIOTH CYIJIBHO JESIKHA
CKiHUEHHUI a00 HEeCKiHUeHHUI NMpoMikoK. OUeBHIHO, 10 YHCIIO MOXKIIMBUX 3HAUEHb KOXKHOI HENepepBHOI BEJIMYHHH
HECKiHYEHHE.

3ayeasicennn. O3Ha4YeHHsI HEMEPEepBHOI BUIIAJKOBOI BEJMYMHHM Ma€ MONEPEIHIH Xapakrep. YTOuHEHHs Oyxe
3p0o0JIeHO B HACTYITHOMY Maparpadi.

[HpopMaIii Mpo MHOKUHY MOXITUBHX 3HaY€Hb HEJOCTATHBO JUIs TIOBHOI'O ONHMCAHHS BHUIMAAKOBOI BeIHMYMHH (Pi3HI
BEJIMYMHUA MOXKYTh MaTH OJJHAKOBI MOXKJIMBI 3HaueHHs1). [1oTpiOHO 1ie 3HATH, 3 SIKUMHU IMOBIPHOCTSIMH HAaOUPAaIOTHCS
MOKJIMBI 3HAUEHHS BHIAIKOBOIO BETMYHUHOIO.

3akoHOM po3nofiily iMOBipHOCTel JHCKpPETHOI BHIIAJKOBOI BEeJIMYWHU HA3MBAETHCS BIAMOBIAHICTD MIX
MOXXJIMBIMH 3HAUYCHHAMH Ta IMOBIPHOCTSAMH, 3 IKUMH BOHH HAaOMPAIOTHCS BUMAAKOBOIO BETHYUHOIO.

Tabdnnuna popma 3a1aHHS 3aKOHY PO3IIOTY Ma€ TAKUI BHJL

X|x; x, ... x,

Plipy py - P,
e pi=P(X=x), i =1,n. Ockinbku B OZIHOMY BHIPOOYBaHHI BHUIIJKOBAa BEJIMYMHA HAOWpae TUIBKM OJHE 13 CBOIX
MOKJIMBHX  3Ha4eHb, TO BHIAAKOBi momii (X =x1), (X =x2), ..., (X =xn) yTBOpIOIOTH MOBHY Tpymy. Tomy cyma ix
IMOBIpHOCTEH JTIOPIBHIOE OJMHHIIL:

prtpt..pn=1 (4.2)
115 piBHICTH Ha3UBA€ETHCS YMOBOIO HOPMYBAHHS.

, (4.1)

o0
SIKIO MHOKMHA MOMKJIMBHX 3HAY€Hb AMCKPETHOI BUIAKOBOI BEIMYMHH 34UCICHHA: X1, X2, ..., Xn, ..., TO PAA D p;
t=1

30iraeTbes 1 HOro cyma JIOpiBHIOE OJIHHUIII.

3agaua 4.1. CknajanpHUK HaBMaHHA Oepe OBi AeTaii i3 KOHTEHHepa, B SKOMY 3HaxomuTbes 20 meranel, cepen sIKIX
4 HecTaHHAPTHI. 3HAWTH 3aKOH PO3MOALTY YHCIIa HECTAHAAPTHHX JIETaJel cepel BiniOpaHuX.

O Hexail X — unMCcIO HeCTaHAAPTHHMX JeTaleidl cepen ABOX BimiOpanux. Moxiusi sHauenns X — 0, 1, 2. 3uaiinemo
BI/ITIOB1IHI IMOBIpPHOCTI, BUKOPHCTOBYIOUH KIIACHYHE O3HAUCHHSI:
p1=P(X=0)=m/n=Ck/C3 =12/19,
Py = P(X =1) = Cl¢C}/C5, =32/95,
py=P(X=2)=C7/C} =3/95.
IlepeBipka: p; + p, + p3 =12/19+32/95+3/95=1.
[ykanwnit 3aKOH PO3IOILTY Ma€ TaKUil BUA:
X| 0 1 2
P|12/19 32/95 3/95°

OcHOBHI po3m0L/IN INCKPETHUX (HII0YHCETbHUX)BUIIAIKOBUX BeJIMYHH
3aKOH PO3MO/ITY JUCKPETHOI BHIIAJKOBOI BEIMYMHE X MOXKHA 33/1aTH TAKOX aHAJITHYHO, TOOTO 3 JOMOMOrOK0
dopmynu pi = P(X = Xi) = g(Xi) , i = 1,n. Bci HmKk4e HaBeIeH] 3aKOHH 33IAI0ThCSI QHATII THIHO.
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Pienomipnuit poznodin

3agaua 4.2. YV 3B’s310i € I’ATh KIIIOYiB, 3 SKUX TUTBKH OJHMH IiIXOMUTH A0 3amka. CKIacTH 3aKOH PO3MOIUTY YHcia
KJIIOUiB, 1110 BUIPOOOBYIOTHCS MPH BiAKPUBAHHI 3aMKa, SIKIIO KIIFOY, 110 OyB y BUNIPOOyBaHHI, Y HACTYITHHX
BHUNIPOOYBaHHX y4acTi He Oepe. 3HAMTH IMOBIPHICTh TOTO, 110 YHCIIO BUIPOOYBaHb HE IEPEBUILUTH JBOX.

O Tlo3naummo: X — YKCIO KIFOiB, II0 BUIPOOOBYIOTHCS MPH BiJIKPUBAHHI 3aMKa; 4; — BUIIIKOBA MOIisl, SIKa MOJISITaE B

TOMY, W0 I-THA KJIIOY BiKpHE 3aMOK (i = 1,_5). Moxnusi 3Hauenus X. 1, 2, 3,4, 5. 3HaligeMo BiIIOBIIHI
iMOBIPHOCTI 3aKOHY PO3MO/LNY, TIOMEPEIHBO 3’ ICYBABIIK CTPYKTYPY BUNAAKOBUX moxii (X = 1), (X =2), ..., (X=5):

(X=D=4,, X=2)=44,, (X=3)=4,44;,
(X =4)= A\, A4, (X =5 =44, A4, 4;.

Bukopucrasuy TeopemMy T00YTKY JUIs 3aJI€KHUX TIOIIH, OTPUMAEMO:

- 1
n =15, p2=P(A1)PZI(A2): =T

Py = P(4)P; (A) Py (A) =7~ > =,

1 1
Py = 3 Ps= 3
Iykanuit po3noaia Ma€e BUJ
X | 1 2 3 4 5
Plys5 1515 15 15
BumnazikoBa nonist (X <2) mosisirae B TOMy, IO YMCIIO BHIMPOOYBaHb KITIOUIB HE MEPEBUILUTH IBOX. SICHO, 110

X<2)=(X=1)+((X=2). B cury TeopeMu [0JaBaHHSI IMOBIpHOCTEH s HECYMICHHX  TOMiif
P(X<2)=P(X=1)+PX=2)=2/5. ®

XapakTepHOIO OCOOJMBICTIO OTPHMAHOTrO0 3aKOHY pO3MOALLY € pPIBHICTh BCiX IMOBipHOCTEeH. Biamosigna
BUIIAJIKOBA BEJIMYMHA HAa3MBA€THCS PIBHOMIPHO po3mofgiieHo. B 3arajpbHOMY BHNAAKy IJIOYKMCENbHA BHIIA/IKOBA
BEIMYMHA PO3MOIijeHa 3a PiBHOMIPHUM 3aKoHOM (PiBHOMIpHO po3moAiJieHa), SKIIO IMOBIPHOCTI B 3aKOHI
PO3MOMiNY MAKOTh Takuil BUI: p, = P(X = k) =1/n, k =1,n.

Binomianvuuit po3nooin

3amaua 4.3. IMOBipHiCTh NOSIBY NOAIT 4 B KOXKHOMY 13 N MOBTOPHUX BUIIPOOYBaHb JOPIBHIOE p. CKIIACTH 3aKOH PO3IOIITY
BHIIAJIKOBOI BEIMYMHK X — YMCIIa MOSBY NOJi B N BUIIPOOYBaHHSIX.

O MosknuBi 3HayeHHs BenuuuHM X Taki: x1=0, x2 =1, x3= 2, ..., xn+1 = N. Hexail m Oynp-ske i3 uux umcen. Toxi
(X=m) — BumazkoBa TOMisl, sKa IMOJATa€ B TOMY, IO B N TOBTOPHHUX HE3aJEKHHX BHIpoOyBaHHsAX (P(A) =p
3aJIMIIAETHCS HE3MIHHOKO JUIsSl KOXXHOTO BHIIPOOyBaHHs) Mofist A BinOynerbcst piBHO M pa3iB. Toxi 11 iMOBIpHICTH
MOXKHa Ho3HauuTH Pn(M) (B TepMminax § 3) i 3Haiitu 3a popmysoro bepaymwii: P(X =m) = P,(m) = C"p™q"™"™, ne

m=0,1, 2, .., n. Omxe, aHATITUYHUI BUpa3 3aKOHY PO3MOALTY IMOBIpHOCTEl NaHOI BHUIIAJKOBOI BETHYMHU X Mae
TaKUH BHI;

Pmn =PX =m)=C}'p"q"™, (4.3)
nem=0,1,2..,n9g=1-p. @

3aKOH PO3MOALTY ILIOYMCENHHOI BHIIAKOBOI BEIHMYMHH, IMOBIPHOCTI SIKOTO 3HAXOAATHCA 332 (POPMYIIOIO
Bepnymi(4.3), Ha3uBaeThCs HDiHOMiATBHUM.

3agaua 4.4. IMOBipHICTH TOTO0, IO HiATIPHEMEIb NPH TIEPETHHI KOPAOHY AEKIapye HE Bech ToBap, mopiBHioe 0, 4. 3a
3MiHYy MUTHHH KOHTPOJNb mpornurio 4 mimnpuemmi. CKIacTH 3aKOH PO3MOALTY YWCNA TiAMPUEMIIB, SKI
JeKIapylOTh BECh TOBap.

O TlosHaunmo: X — 4MCIIO MiANPHEMILB, SKi 3aJ€KIAPYIOTh BECh TOBAP IPH NEPETUHI KOPAOHY, 4 — mianpueMelp
JeKIapye Bech ToBap. 3a ymoBoro 3amaui p = P(4)=0,6, q=0,4, n=4. Moxmusi smauenns X: 0, 1, 2, 3, 4.
BimnosimHi iMOBIpHOCTI 3HalIEMO, BUKOPHCTOBYIOUH CIiBBiTHOIIECHHS (4.3):

p1=P(X =0)=C1(0,6)°(0,4)* =0,0256;
Py =P(X =1)=C;(0,6)'(0,4)° = 0,1536;

Py = P(X =2)=C3(0,6)2(0,4)* =0,3456;
pa=P(X =3)=C;(0,6)°(0,4)' =0,3456;
ps = P(X =4)=C;(0,6)*(0,4)° =0,1296 .

[ykaHuii 3aK0H pO3IOALUTY € OIHOMIaJIbHUM 1 Ma€ BH:
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Xl o 1 2 3 4
P[0,0256 0,1536 0,3456 0,3456 0,1296°

IIyaccoHiBcbKHMI po3moai

Hexaif X — BunagkoBa BennunHa, BU3HaUeHa B 3a/1a4i 4.3, ne N — Benwuke, p << 0,1, A = np < 9. Toxi iMoBipHOCTI
(4.3) B 3aK0HI pO3NOALTY JAOIUIEHO IIYKATH 3a Gopmysoro [Tyaccona:

e

Pms1 = P(X:m) =

,m=0,1,2, .., n,

a BIATIOBITHUI PO3IIOIT HA3MBAETHCS ITyaCCOHIBCHKIIM.
3ayBaxkeHHsl. B myaccoHiBCbKOMY pO3IIOJIiNI CYTTEBO, 1O N —> o0,

T'eomempuunuii po3noodin

3amaua 4.5. [IpoBoAATHCS TOBTOPHI BUIPOOYBaHHS, B KOXKHOMY 3 sikux P(4) = p > 0. BunpoOyBaHHs 3aKiHUYIOThCS, SK
TiJIBKH BiOyaeThes momis 4. CKIIacTé 3aKOH PO3MOJTY BUIIAIKOBOI BETMYMHU X — YKCIIa BHIIPOOYBaHb,
SIKi TOTPIOHO IPOBECTH JI0 MEPIIOT MOSIBH NOAIT 4.

O Moxknusi snavenns X — 1,2, 3, ..., n,... . Ioxgis 4 Moxe BinOyrtucs a6o B 1-mMy, abo B 2-My, ..., abo B N-My, ...,
BHIPOOYBaHHAX, TOOTO (X=1)=4, (X =2)=A44, (X =3)=A4A4A4, .., (X=n)=AA... A4, ... . BpaxoByroun
HE3aJISKHICTh BUITPOOYBaHb i TEOPEMY MHOXKEHHSI IMOBIPHOCTEH, OTPHMAEMO:

PV=Ps P2=4P; P3=q°Ps s Py =q""'p, ... ® (4.4)

3aKoH pO3MONiTYy IMOBIPHOCTEH, SIKM BH3HAYAa€THhCSA MOCHIJOBHICTIO iMoOBipHOCTEH (4.4), Ha3MBaeTHCS
reoMeTpuuyHuM. Ha3pa 3akoHy 3yMOBJIEHa THM, IIO MOCHIAOBHICTh (4.4) YTBOPIOE HECKIHYEHHY TeOMETPUYHY
Mporpecio 3 mepumm wieHom p i 3uamenrnkom g € (0,1).

T'inepzeomempuunuii po3nooin

3amaua 4.6. 3 maprii N BupoOiB, cepen sixkux M crangaptaux (M < N), HaBMaHHst BuOupaetses N BupobiB (N < M) 6e3
HOBEPHEHHSI KOKHOIO i3 HHMX. 3HAWTH 3aKOH PO3MOIIIY BHIAIKOBOI BeMMYMHM X — 4MCIa CTAaHAAPTHHX
BUPOOIB cepesl BifiOpaHuX.

O Moxnusi 3nauenns X: 0, 1, 2, 3, ..., n. Hexait m oxgue i3 1ux MoxkiuBHMX 3Ha4deHb. Tomi Bumaakosa momis (X =m)
NoJisirae B TOMy, LI0 cepeq N BiaiOpaHux BUPOOIB M cTaHAAapTHI i N — M HecTaHAapTHUX. IMOBIpHICTH wi€i momil
3HAWIEMO 3a KIIACHYHMM O3HAUECHHSIM:

P(X =m)=C},-Cm, [Ch, m=0,1,2,...,n. ® (4.5)

3aKkoH pOo3MOALTY IMOBIPHOCTEH, SIKMiT BU3HAYAETHCS CITiBBIHOLICHHSM (4.5), HA3UBAETHCS TilepreoMeTpUYHIM.
CamocriiiHo po3risiHyTH Bunagok M <n <N.

Hajinpocrtimmuii noTik moaii

IMoTokom mopiii Ha3UBAETHCS TIOCIIIOBHICTD TO/IIH, SIKi BiZIOYBAIOTHCS Y BUIAIKOBI MOMEHTH 4acy.

HajinpocTilmmM Ha3uBaeThcs MOTIK MOAiH, SIKMH Ma€e BIACTHBOCTI CTaliOHAPHOCTI, BiacyTHocTi micasmii Ta
OPAMHAPHOCTI.

IHTEeHCHBHICTIO A MOTOKY HA3UBAETHCS CEPEIHE YKCIIO MOIH, sKi BiIOYBAIOTHCS 32 OJAMHHUIIIO Yacy.

MaTeMaTHIHOI0 MOJEIUTIO HAHIPOCTIIIOro MOTOKY mofii € hopmyna [lyaccona

P.(m)=(At)" e [m!, (4.6)

3 IOIIOMOTOF0 SIKOI MOYKHA 3HAWTH IMOBIpHICTH MOSBA M TOAIH HAMMIPOCTIMIOr0 MOTOKY 32 MPOMIXKOK Yacy JOBXKHUHOIO .

3agaua 4.7. Cepenne 4nciio OOpHBIB HUTKMA Ha MPSAWIBHOMY BepcTaTi 3a 1 XB. AOpPiBHIOE ABOM. 3HAWTH iMOBIPHICTh
TOTO, IO 32 3 XB. YHCIIO OOPWBIB HUTKHA CTAHOBUTHME: a) 4; 0) MEHIIIE YOTHPHOX; B) HE MEHIIIE YOTHPHOX.
[purryckaeThCst, MO MOTIK OOPUBIB HUTKHA HANIIPOCTIMIHIA.

O a)3a ymoBowo A=2, t=3, m=4. 3a Qopmynorw (4.6) IMOBIpHICTH TOro, IIO 3a 3 XB. YHCIO OOPHUBIB HHUTKH
cranoputiMe 4, P;(4) = 6*e~°/41=0,13385. UncnoBe 3HAYEHHS 3HAXOIUTBCS 3 JONIOMOTOK TaOJIHIN 3HAYEHb U
dopmymu [lyaccona (tadu. 2 momatkiB) st A = 6, M = 4 (nopiBHsiTe hopmyiy (4.6) i3 popmynoro [Tyaccona!).

6) Bumagkosa momis (M<4)=(M=0)+(Mm=1)+(M=2)+ (Mm=3), 3BiAKM i3 BHUKOPHUCTAHHIM TEOPEMH
JI0IaBaHHS IMOBipHOCTEH MonapHO HECYMICHUX TOAIN
Ps(m < 4) = P3(0) + Pa(l) + P3(2) + P3(3) =
=0,00248 + 0,01487 + 0,04462 + 0,08924 = 0,15121.
B) [Moxii (M > 4) ta (M < 4) nporunexHi, ToMy
Ps(m>4)=1-P3(m<4)=1-0,15121 =0,84879. ®
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it nao eunaokosumu eeuvuHamu
Buznaunmo 100yTok cTasoi BennunHu C HA TUCKPETHY BHNAJIKOBY BeJIMUMHY X, 3a/1aHy 3aKOHOM PO3IOALTY

(4.1), six mcKpeTHY BUIAIKOBY BemMInHY CX, 3aKOH PO3MOJILTY SKOI Ma€ BUA
CX|Cx; Cx, ... Cx,
. 4.7)

Plp pp o Dy
KpaapaT Bunagkosoi BeauuuHu X, To6To X?> — lle HOBA JMCKpETHA BUIAJKOBA BENMUUHA, KA OMUCYEThCS
3aKOHOM PO3MOJLTY

X?|xE x2 .. x?

B W (4.8)
Plpy py - Py
. . . Yivi vy oo Vi .
Hexaii BumagkoBa BenmywHa X 3amaHa posmogiiom (4.1), a Y — 3aKOHOM pO3MOALTY . 1
P g1 82 - 8m
BEJTMYMHY HA3UBAIOTHCS HE3aJ€KHUMH, SKIIO BUMAAKOBI mofil (X = x;), (Y =V;) He3anexHi npu 10BUIBHUX i = 1,1 Ta

j = l,m. TToHATTS HE3aJIEKHOCTI BUIMIAJKOBUX BCIWYUH IMOIIUPIOETHCA Ha I[OBiJ'II)He CKIHYEHHE YHCIIO BUITAJIKOBUX

BEJIMYUH. B pOTHUIIC)KHOMY BUTIAJIKY BUITAIKOBI BETMUMHHN HA3UBAIOTHCS 3aJI€KHIMM.

JIvckpeTHi BHMAAKOBI BenmuuuHU X1, X2, ..., Xk Ha3HBAIOThCS HE3AJIEKHUMHM Yy CYKynHocTi (B3aeMHO
He3aJIe’KHUMH), SKII0 3aKOH PO3MOJUTY KOMKHOI i3 HUX HE 3MIHIOETHCS, SKIIO JOBUIbHA BHUIIAJKOBA BEIWYMHA a00
Oy/b-sIKi TPYIHU IIUX BEJTUYMH HAOCPYTh SIKE 3aBIOIHO i3 CBOIX MOYIJIMBUX 3HAYCHb.

BusHaunmo cyMy BUNATKOBUX BeJTMYUH X Ta Y SIK BUMAJKOBY BelmuuHy X + Y, MOXJIMBI 3HAUCHHS SIKOI PIBHI CyMam
KO)KHOT'O MOMKJIMBOTO 3HA4YEeHHA X 3 KOXKHUM MOKIMBUM 3HAueHHS Y, a IMOBIPHOCTI MOXJIMBHX 3HaueHb X +Y s
He3aIeKHUX BelMYMH X Ta Y JOpIBHIOIOTH JOOYTKaM IMOBIPDHOCTEH MOAAHKIB; JUISl 3aJIOKHHX BEJIMYMH — J00YTKaM
IMOBIpPHOCTEI1 OJTHOrO JIONAHKY Ha YMOBHY IMOBIpHICTB Jpyroro. SIKIIo jeski cymMH X; + Vj BHSBISIIOTBCS PIBHUMH MK
c00010, TOZIi IMOBIPHICTH MOYKJTMBOT'O 3HAUEHHSI CyMH JIOPIBHIOE CyMi BIJITTOBITHAX IMOBIPHOCTEH.

X[2 5 Y[l 3 6
Plog 02> Pl03 0502

3anaua 4.8. Bunankosi Bennunnu X Ta Y 3a7aHi 3aKOHAMHU PO3TIOIIITY . Buaiitn X + Y, Ko
X 1a 'Y He3anexHi BETUYUHU.

X|x] X2 Y|J’1 Y2 )3
Plp p,” Plg g g

O fkwmo X ta Y 3a1aHi 3aKOHAMHU PO3IOLITY BiIIOBiIHO , TO 3a O3HAYEHHSIM BHIIaJKOBA

BeanurHa X + Y OIMHUCYEThCs 3aKOHOM PO3IOAITY
X+Y | X +Yr X%+Y, X+Y; X4y X+Y, X+,

P [ pg PO PO PO PO PoOs
[TizcTaBuBIIM aHI, OTPUMYEMO:
X+Y| 2+1 243 2+6 5+1 543 5+6
P |0,8-030,8-0508-02 02-0,302-050,2-02
MosxiuBi 3HauenHst 2 + 6 ta 5+ 3 piBHI, ToMy BigmoBigHi imMoBipHOocTi 0,16 Ta 0,1 momaemo, 3anUIIMBIIA B

OCTaTOYHOMY 3aKOHI po3noaiiay X + Y olHe MOXKJIMBE 3HAUCHHS §:
X+Y[3 5 6 8 11
P |0,24 0.4 0,06 0,26 0,04

BuzHaunMO 706YTOK He3aJIesKHUX BUIAIKOBUX BeJIMYMH X Ta Y SIK BHIIAQJKOBY BEIWYMHY XY, MOXIIMBI 3HAUYEHHS
sIKOi PiBHI TOOYTKaM KOXKHOTO MOXIIMBOIO 3HA4CHHS X Ha KOKHE MOMKIIMBE 3HAYCHHA Y; IMOBIPHOCTI MOXJIMBHX 3HAYEHb
n00yTKy XY MOpiBHIOIOTH AOOYTKaM IMOBIPHOCTEH MOMKIIMBHX 3HAYEHH CIIIBMHOKHHIKIB. Y BHIIAIKY PIBHOCTI JOOYTKIB XYj

IMOBIpHICTh MOKIIIBOTO 3HAUCHHS XY piBHA CyMi BiIIIOBITHUX IMOBIpHOCTEH.

Hanpuknan, sixmo X Ta Y Bu3HadeHi po3noainamu 3agadi 4.8, To 3aK0H po3noAiry XY mae Takuil BUI:
XYl 2 5 6 12 15 30

P 0.24 0,06 0.4 0,16 0,1 0,04

IIpukaaau 3HAXOI:KEHHSI 3aKOHIB PO3MOiJy BUNIAIKOBUX BeJIHYUH

3agaua 4.9. IMOBIpHICTH TOT0, III0 BUTOTOBJICHUI BUPiO BIMarae JOAaTKOBOTO PETyIIOBaHHA, TopiBHIOE p. KoHTpomnep
mepeBipse sKiCTh MapTii BUpPOOiIB, HaBMaHHS BHOHWparoun BHUpiO. SIKmI0 BiH BUMAara€ I0AaTKOBOTO
peryIioBaHHs, TO HACTYIHI BUIPOOYBAaHHS TPHUIHAHSIOTHCS, a BCS MAPTis BIATIPABISETHCS HA OPOOKY.
SAxmo x BUpIO cTaHmApTHUA, TO KOHTpolep Oepe HAcTymHHU BHPIO, TOmO. 3TiOHO i3 IHCTPYKINERO
KOHTpOJIEp TepeBipsie He OinbIe m’sITh BUPOOiB.
1) Cxyiacti 3aKOH pO3MOJUTY YMCIIA TIEPEeBIPEHUX KOHTPOJIEpOM BHPOOiB. 2) 3HAaWTH IMOBIpHICTH JOPOOKH BCiel
napTii BUpoOiB.
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O 1) lo3naunmo: X — grcno BUpoOiB, mepeBipeHnx KOHTponepoM, A — i-Tuit BiniOpaHuii BUpiO BUMArae JTOAaTKOBOTO
perymosanns (i =15). 3a ymoBoo P(4;)=p, i=15. Toxi A, — i-Tuit BUpiO CTaHIAPTHHIL P(R)zl— p=q,
i=15.

Moxui 3HaueHHs X: 1, 2, 3, 4, 5. 3natizemo iMOBipHOCTI, 3 sskuMu X HaOupae I1i 3HaUeHHs. BumaakoBa momist

(X=1) BinOyaerbcs TOMI, KONHU MEPIIHiA BiAiOpaHUi MPUIIaJ BUMAaraTuMe J0IaTKOBO PEryiIoBaHHs;, TOOTO (X=1)=A4,
3Binku p1=P(X=1)=P(A1)=p. BinOyrra noxii (X=2) o3Hayae, Mo nepmuii BUpiO cTaHAApPTHHUN 1 JPYruil BUMarae

perymoBanns: (X =2) = Ki -A,. BUKOpHCTOBYIOUM TEOpPEMY MHOXEHHA iMOBIpHOCTel, OTpUMaeMo:
p, =P(X =2)=P(A - A) =qp. Anarnoriuso 3Haxomumo, mo p, = P(X =3)=q’p, p, =P(X =4)=¢’p.
Hapemrri, mozist (X=5) BinOyzaerbcst abo TOAl, KOJNM YOTHUPHU Ieplli BUPOOW CTAaHIApPTHI, a ITSITH BHMAarae

perymoBaHHs (TapTis BiANpaBIAETbCS Ha JOpOOKy), abo Komu BcCi ISATh BUPOOIB CTaHAapTHI (TmapTis
MIPOITYCKAETHCS), TOOTO

seigku Py =P(X =5)=q'p+q°=q*(p+0)=q", 60 p+g=1.
OcraToyHO IIyKaHU{ 3aKOH PO3IOJTY Ma€ TAKUH BH:
X|1 2 3 4 5

Plp ap o’p o°p q*

Jiist mepeBipkH 3°sICYyEMO, UM BUKOHYETHCSI yMOBA HOPMYBaHHSL:

5
gpi =p+ap+0°p+q°p+q*=p+ap+g’p+q’(p+q)=

2
=p+ap+q (p+q)=p+a(p+a)=p+q=1
2) TIlapris npomyckaeTbcsi KOHTPOJEPOM B €IMHOMY BHIIAJIKy, KOIM BCl ITATh MEPEBIPEHUX BHUPOOIB €
CTaHJapTHUMH, IMOBIpHICTb IIi€i BMIaAKOBOi mogii nopieHioe (°. ToMy iMOBIpHICTH TIPOTHIIEkKHOI Mofii (mapTis
BHpPOGIB BiaNpaBiseThcs HA TOPOOKY) mopiBHioe 1—@° a6o 1—(1—p)°. @

3agaua 4.10. B ypHi 3HaxomsAThcs WICTh OUTBAPAHUX Kyiib 3 HOMepamu Bix 1 g0 6. CkiacTu 3aKOH PO3MOILTY
BHIIIKOBOI BEJINYHHH X — CyMH HOMEPIB JBOX HABMAHHs BUTATHYTUX KYJIb.

O Hexaii X — cyma HOMepiB JBOX HABMAHHs B3ATHX OUIBAPAHMUX Kyllb. 3’CYEMO, SIKi MOX/IMBI 3HAUEHHS BEJTUYUHH X.
Kynst 3 HoMepoM 1 MOXke YTBOPUTH Taki CyMHU 3 HOMEpaMH peiuTu Kyib: 3, 4, 5, 6, 7. Kyins 3 Homepom 2 — 5, 6, 7, 8
(Ipu BOMY 2 CYMYETBCsI TIJIBKH 13 OUTBIIMMU HOMEpaMmH, 60 cyma 3 1 Bke BpaxoBaHa); Kyis 3 Homepom 3 — 7, 8, 9;
34-9,10135—11. Omxe, MOKIMBI 3HaYeHHS X — 11 Il uncaa Big 3 go 11 BKIro4dHoO.

3HaiiieMo BIANOBIAHI IMOBIPHOCTI, KOPHUCTYIOUMCh KJIACHYHMM O3HAY€HHSM IMOBIpHOCTI. BumpoOyBaHHs —
Bi0Ip MBOX Kyib. [lopsimok po3raiyBaHHS KyJib y ABIHII BigiOpaHUX HECYTTEBHUiL, 00 HOMEPH KYyIb JIOAAIOTHCS.

ToMy 3arabHe YHMCIIO HACTi/KiB BUNpoOyBanHs N=CZ =15. Koxwiii i3 Bumaakosux momiit (X=3), (X=4), (X=10),

(X=11) cnpusie TINBKK OMMH HACIIIOK BUMPOOYBaHHS, TOOTO 1X iMOBipHOCTI mopiBHIOIOTE 1/15. KoxHit i3 momiit
(X=5), (X=6), (X=8), (X=9) cnpusioTh BKE JBa HACTIJKA BUIPOOYBaHHS, TOMY ix iMoBipHocTi — 2/15. Haperri,
noxii (X=7) cpusifoTh TP HACTIAKH, i P(X=7)=3/15=1/5.

TakuM, YUHOM, IIYKaHUH 3aKOH PO3MOALITY Ma€ TaKUi BUJI:

X3 4 5 6 7 8 9 10 1

P|1/15 1/15 2/15 2/15 3/15 2/15 2/15 1/15 1/15

O4eBHIHO, 1110 YMOBA HOPMOBAHOCTi BUKOHYETbCs. @

3agaua 4.11. [JocmimxenHas poboTu O6JIOKIB YOTHPHOX THITB B YMOBaX Iepenaay HAmpyTH MOKa3ao, IO iMOBIPHICTh
0e3BiAMOBHOI pOoOOTH MPOTATOM 4acy I KOXKHOro i3 TumiB ckiamae Bigmosigao 0,8; 0,9; 0,7 Ta 0,75.
Binbuparotbcss wothpu OJ0KH KOKHOTO THITy. CKIaCTH 3aKOH PO3IOALNY BHIIAJAKOBOI BENMHYMHH X —
ymcia OIOKiB, sSiKi 6€3BiIMOBHO MPAIIOBATUMYTh Y BKa3aHUX YMOBaX.

O 3amauy MOXHA PO3B’S3aTH HE OIHUM CIIOCOOOM.
epumii cnocio.

Hexai, ogii 4; — GJIOK i-T0 THITY TpAIfoe OE3BiIMOBHO, | = 1,_4 ,
A — OJIOK i-TO THUITYy BUMIIIOB 3 JaJy.
3a ymoBoio P(41)=0,8, P(42)=0,9, P(43)=0,7, P(42)=0,75, P(A)=0,2, P(A,)=01, P(A,)=03, P(A,)=0,25.

Moskiusi 3aauenast X —0, 1, 2, 3, 4.
3HaiiiemMo BiIOBiAHI iIMOBIpHOCTI:

P(X =0)=P(AAAA,)=0,2-01-0,3-0,25=0,0015;
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P(X =1) =P(AAAA, + AAAA + AAAA +AAAA) =
0,8-0,1-0,3-0,25+0,2-0,9-0,3-0,25+0,2-01-0,7-0,25+0,2-0,1-0,3-0,75 =
=0,006 +0,0135 +0,0035 +0,0045 =0,0275;

P(X =2) =P(AAAA, + AAAA, + AAAA + AAAA + AAAA +
AA,AA,)=01685;

P(X =3) =P(AAAA + AAAA, + AAAA + AAAA) =0,4245

P(X =4)=P(AAAA,)=0378

OCTaTOYHO OTPUMAEMO IIYKAHUIT 3aKOH PO3MOIIITY:

X|] 0 1 2 3 4 *)
P | 0,0015 0,0275 01685 0,4245 0,378
Apyruii  cnoci6. Ilo3HaunMo BHMAagKOBi BeNMMUMHH: Xk — 4YHCHO ONOKiB K-ro Tumy, siki 0Ge3BiIMOBHO

MpaIOBaTUMYTh B yMOBax mepemnany Hanpyru (K =1,4).

OCKUIBKH THIT IPEJCTABICHUI TIITBKH OJHUM OJIOKOM, TO Xk MOXKE HaOMpaTH JiBa MOXKIUBUX 3HaueHHs: 0 (00K
BUHIIOB 3 jaay) i 1 (Onok OE3BiAMOBHO TMpaIfoBaTHME). I3 BpaXyBaHHSM yMOBH 3aJaui OTPUMAEMO 3aKOHU
po3moniny.

Xl|0 1X2|0 1 X3|0 1 X4|O 1

P|02 08 P |01 09 P |03 07 P |02 075
Yucno (3arajibHe) OJIOKIB, sIKi O€3BIIMOBHO MpAIfOBATUMYTh y BKa3aHHMX YMOBaX, CKJIAaJaeThCs i3 yucia ONOKiIB
KOXXHOT'O THITY, 1[0 BATPUMAIOTh BUIPOOYBaHHS:

X=X1+X2+X3+Xa.
[Moznauumo Y=X1+X>;, Z=Y+ X5, X=7/+X,.
3a aHasori€ro i3 po3B’s3yBaHHIM 3aja4i 4.8 MOCIiIOBHO OTPUMAEMO:
Y=X,+X, | 0 1 2
P 002 026 0,72
Z=Y+X, | 0 1 2 3
P  |0006 0092 03%8 0504
1, HApeITI, 3aKOH po3noAlTy st X=Z+Xa, sikuii criiBnanae i3 (*).

Tpertiii cnoci6. 3akon po3noxainy it X MOKHA OTPUMATH 1€ ¥ YUCTO MEXaHIYHO, IEPEMHOXHBIIH JABOWICHH
(6inomn):

Y,(z) =(0,8z+0,2)(0,9z +0,1)(0,7z +0,3)(0,75z + 0,25) .
B pesynbraTi oTpumMaeMo
Y, (2) =0,378z" +0,4245z° + 0,1685z° +0,0275z +0,0015.

Ipu 1pomy koxHui i3 m’stu koedinientis npu ¢ (k=0,1,2,3,4) nopisrioe imMopipaocTi P(X=K) (mopisHsiite i3
(*)).®

3aysascenna. OyHkuis

\%U)=iypﬂ+QJ=(m2+%XDﬂ+qanw(mZ+qo,

xoedinienTn posknany sxoi mo cremenam z(k=0,1,2,...,n) JOPiBHIOIOTH iMOBIPHOCTSAM TOTrO, IO HPH BHIPOOYBAaHHI
BHUITAIKOBa BeMunHA X Habepe MOKIIMBE 3HaueHHS K, HasuBaeThcs TBipHOIO pyHKIiEr0 Bemmunan X. TBipHA QyHKIIIs
BHKOPHCTOBYETHCS TAKOXK TIPH 3HAXOKEHHI iMOBipHOCTEH Pn(M) I7sf N MOBTOPHHX BHIPOOYBaHb TAaKWX, IO B
MepIIoMy BUMIPOOYBaHHI BUMIAAKOBA 1MOAiS A BiOyBa€THCS 3 IMOBIPHICTIO p1, B IPYTOMY — P2, ..., B N-My BUIIPOOYBaHHI
— pn, @ IMOBIpHOCTI HemosBY TOAIi A BiXMOBIAHO piBHI (1,02,...,0n. B Takomy Bumagky Yn(zZ) Ha3HBa€ThCS TBiPHOIO
(dyHkuicro imoBipHocTei Pn(M).

3agaua 4.12. V notepei, sika MPOBOAUTHCSA 3 MPUBOTY Tipe3eHTarii ipmu, Ha 4000 OineTiB po3irpyroThes I SITh pedeH,
BapTicTh sKuX ckiamae Bigmosigao 100, 300, 400, 500 ta 700 rpH. Bapricts ogHOTO Oinmera — 5 TpH.
CKJ1acTH 3aKOH PO3IIOITY CYMH YHCTOTO BHTPAIITY I 0cOOH, KA Ma€ 1Ba OlIeTH.

O Xaii BunaaKoBa BeIMYKMHA X — CyMa BUIPAIly 0cOo0H, sKa Mae JBa JoTepelini Oinern. 3HailieMo MOXJ/IMBI 3HAYEHHS
X. Sxuro obunsa OineTy HEeBUTpamHi, Tomi ocoba BTpadae 2-5=10, To6To Burpam ckianae —10. Hexait oqun Oinmer
HEBUTPAITHUNA, a Ipyruii BUrpamrHuid. Tofi i3 BpaXyBaHHSM BapToCTi OileTiB MOXIHBI BapianTy Burpamty: 90, 290,
390, 490 ta 690. Hapermiri, obuaBa 6iieTn MOXKyTh OyTH BHUTpAIlHI, MTPU [[boMY MOKBI Bapiantu: 100+300-10;
100+400-10; 100+500-10; 100+700-10; 300+400-10; 300+500-10; 300+700-10; 400+500-10; 400+700-10;
500+700-10.

OTxe, MOXKITHBI 3HAYCHHS X B MOPSIIKY PO3TITHYTHX BapiaHTIB Taki: a) —10; 6)90, 290, 390, 490, 690; B) 390, 490,

590, 790, 690, 790, 990, 890, 1090, 1190.

BigmiTumo, 10 cepex HUMX € CHIBIAAaodi, a TAKOXK MOPYIIEHHH TMOpsiiok 3poctaHHs. Ilominm Ha rpynu
3YMOBJICHHI THM, II0 B MeXaxX KOXKHOI IPyNH IMOBipHOCTI TOT0, 1110 X Habepe MOXKIMBE 3HAYCHHSI, PiBHI.
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BunpoGyBanHs nonsrae y Bifoopi (mpua6anni) a8ox Ginetis. Beix Hacninkis Bunpobysanns € Cly,, =1999000.
Hesurpamnux Gineris € 1995. Tomy
P(X=-10)= C12995/Czooo —1989015/(:2000
KorkHe 13 MOXITMBHX 3Ha4eHb Ipynu 0) HAOMpa€eThCsl BENUYMHOIO X TOJI, KONW OUH OineT OyJe BUrpaIIHuM i3
KOHKPETHOIO (OJIHI€10) BapPTIiCTIO BUTPAILy, a Ipyruii — HeBUTpamHuii. Tomy
P(X =90)=P(X =290) =P(X =390) = P(X =490) = P(X =690) =
- Cl CfQQS/CZOOO _1995/C2000

KokHe 13 MOXIIMBHX 3HaueHb Ipyny B) BenuunHa X HaOupae, Komu oOujBa OineTd OyqyTh BUTPAIIHUMHY,
MIPUYOMY T1apa BHUTpAIIiB Oyle €IMHOI0 (32 BHKIIOYEHHSM MOXJIMBOrO 3HaueHHs 790, sike IBidi MOBTOPIOETHCS).
Tomy

P(X =390) =P(X =490) =P(X =590) = P(X =690) = P(X =890) =

= P(X =990) = P(X =1090) = P(X =1190) =1/C2,.
P(X =790)=2/C2,, -

Tenep Bpaxyemo Te, mo MoxnuBi 3HadeHHs 390, 490, 690 3ycrpivarotecs B rpynax 0) Ta B). BuxopucraBuim
TEeopeMy JI0JlaBaHHs IMOBIpHOCTEH, OTPUMAEMO:

P(X =390) =1995/CZ, +1/ Cgy =1996/CRy
P(X =490) = P(X =490) =1996/C2,, -

TakuM 4MHOM, NIyKaHUH 3aKOH PO3IOJTY IMOBIPHOCTEH BHUIIAJKOBOI BETMUMHHU X Ma€ TaKUH BH:
X1 -10 90 290 390 490 590 690 790 890 990 1090 1190

P|1989015 1995 1995 1996 1996 1 1996 2 1 1 1 1

2 2 2 2 2 2 2 2 2 2 2 2
CZOOO C2000 C2000 CZOOO CZOOO C2000 CZOOO CZOOO CZOOO C2000 C2000 CZOOO

Jlonasim Bci iMoBipHOCTI i BpaxyBasim, mo Cly,, =1999000, MOKHA MEpeKOHATHCS y BUKOHAHHI yMOBH

HOpMyBaHHs. ®

3ayeasicennn. Po3risiHeMO MOXKIIHUBICTE BUKOPHCTAHHS ISl HOMEPEAHBOI 3a1adi IPYroro METOAyY pO3B’sI3yBaHHS
3anaui 4.11. ToOro, Hexail X1 — BeMYMHA YUCTOrO BUTpally Ha 1-if Oiner, a X» — Ha 2-i. Toxi npupoaHO O4iKyBaTH, IO
3arajJbHUI BUrpalll Ha JiBa OineTu Oyze ckianaTucs i3 BUrpainy Ha 1-if Ta 2-i Oinern, T00T0 X=X1+X>. [lns 3anaui 4.11
BeNUYMHA X1 Ta X7 OyJin He3aJIeKHUMH. 3aKOH PO3MOALTY IMOBIPHOCTEH ISl BETUUUHU X1 Ma€ TaKHid BUI:
X, | -5 95 295 395 495 695
1995 1 1 1 1 1

2000 2000 2000 2000 2000 2000

Cnpo0a K 3ammcaTi 3aKOH PO3MOLTY JJIsl X7 HAINTOBXYETHCS HA TPYAHOLIL: BiH 3anexarume (Oyie 3MiHIOBATUCS)
BiJI TOTO, SIKE MOXJIMBE 3HAUCHHs Habpaa BenuanHa Xi. [Ipoananisyiire nBa Bunaaku: (Xi1= —5) ta (X1=295).

3amaua 4.13. B nepmiii ckpuni MicTuThes 4 O11MX 1 6 YOPHUX KyIlb, B APYriit — 7 Outux 1 3 wopHi Kyii. 13 apyroi ckpuHi
HaBMaHHsI OepyTh JIBi Ky 1 IEPEKIIaIaloTh B MEpIIY, EPEMIlyIOTh BMICTUME, a MOTIM HAaBMaHHs 0epyTh
OZIHY KYJIIO i MepeKIagaloTh B Apyry ckpuuio. CKIaCTH 3aKOH PO3IOIiIY YMCIa YOPHUX KyIb B MEpILiil
Ta y APYriid CKPUHSX.

O 3HalizieM0 3aKOH PO3IOALITY BUIIAAKOBOI BEJIUYMHY X — YnciIa YOPHUX KyJIb Y APYTik cKpuHi. IT03HaAYMMO BUIAIKOBI
noii: A; — i-ta B3sTa Ky 3 11-oi ckpuni wopHa (i=1,2), B — B3sita Kyis 3 [-oi ypHu Kyis qopHa (i mepeknaneHa B I1-
y). HaliMeHmie MoxiIriBe 3HAUEHHS BHIIAQJKOBOI BENWYMHU X OTPUMA€EThCA TOAi, Komu 3 II-oi ypHH B34TO AB1 YOpHI
kymi 1 3 I-of mepeknaneHo 0iny, TOOTO BiJOYBAETHCS BHUIAJKOBA MOis /—\iAZB , 1e B — 6ima kyns 3 [-of ypuu. B
TaKoMy BUIIaAKy X HaOepe MOXJIINBOro (HaiMeHIIoro) 3Ha4eHHs 1. OTxe, BpaXOBYIOUH 3AJIeKHICTh OMiH A1, 4> Ta

B, orpumaemo:

P(X =1)=P(AAB) =P(A)P, (A,)P, <B)‘1?é'§'12 415

BumnankoBa BennunHa X HabWpae 3HAYEHHS 2 B KOOKHOMY i3 TPHOX BHIIAIKIB:
1) 3 II-0f ckpuHi B3STO MEpITy KYJIIO YOPHY, APYTY — Oy 1 mokiaaeHo 3 [-oi 61y ( A1K2§ );
2) 3 II-0i ckpuHi B35TO IIEepITy 01Ty KYITIO, IPYTY — YOpHY 1 okaaeHo 3 [-oi 61y ( KiAzg );
3) 3 I1-oi ckpuHi B3sTO 00MBI KyIi YopHi i mokaneno 3 I-oi wopuy ( A /A,B).

Tomy
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P(X =2)=P(AAB+AAB +AAB)=
=P(A)P, (KQ)P . (I§)+P(K1)Pf (AQ)PKIAZ(B_)+P(Ai)PAl(AZ)PAlAZ(B): MipKytoun aHaIOriuHO, OTPUMAEMO:
375 735 328 _7 7. 2_ 48

+
10912 10912 10 9 12 12 12 45 180

P(X =3)=P(AAB+AAB+AAB)=
377 737 766 49 49 7 91.

10912 10 912 10 9 12 360 36030180
—— 76 6 7
P(X=4)=P B)=— —-
( )=PAAB) 10912 30
Otxe, IIyKaHUI 3aKOH PO3IOITY AJsl X Ma€ TaKUid BUTIIS:
X1 2 3 4
143 e 7.
45 180 180 30
Ockinbku
1 43 91 7
>p =

i 45 180 180 30
TO yMOBa HOPMOBAHOCTi BUKOHYETBCH.
Hexait Y — 4nciio 4opHux Kynb B mepiunid ckpuHi. [lomepeaHi MipkyBaHHS MO)KHa Oyi0 O BUKOPHCTaTH IS
3HaXOXKEHHS 3aKOHY po3nominy Y.
[Tpore BCi BUKOHaHI HPOLEAYpH 3aIMIIAIOTh HE3MIHHHMM CyMapHE YKCJIO YOPHUX KyJb 000X CKPHHB, TOOTO
BUKOHYEThCS piBHICT X+Y=9. Tomy Y= 9 — X.
Sxmo X Habupae 3HaueHHs 1, To Y HaOyBaTHMe MOXKJIMBE 3HauUeHHS 8, MpU [[bOMY BHIaAKOBI noxii (X=1) ta (Y=8)
€ piBHOCHIIbHUMH, T00TO P(X=1)=P(Y=8)=1/45.
AHanoriyHo otpuMyemo iMoBipHocTi Bigoyrrs moii (Y=7),(Y=6) ta (Y=5).
Otxe, 3aKOH PO3IO/ITY BUMAAKOBOI BETUUMHH Y 32/1a€ThCsl TAKOKO TaOIHIEO:
Y|5 6 7 8
7 91 43 1. e

30 180 180 45

Yuci10Bi XapakTepUCTHKH JUCKPETHUX BUMAKOBUX BEJIUYUH Ta iX BJIACTHBOCTI

3aKkoH po3MOTy IMOBIPHOCTEH Jla€ MOBHY iH(OPMAIIiI0 PO TUCKPETHY BUIIAJKOBY BenuuuHy. [Ipore B Garathox
MPaKTHYHO BXXJIMBUX BHIIAJIKAX EKOHOMICTY-IIOCIIJHUKY OyBa€ JOCTATHHO 3HATH OJIHE a0O0 KIJIbKa YHCE, OB’ I3aHUX
13 BUIIQJKOBOIO BEJIMYMHOIO, SKi JalOTh MEHIII IIOBHE, ajie OUIBII HAOYHE OIMCAHHS BHIIAJKOBOI BeIMUYMHHU. Taki yucia,
SKi CyMapHO OITMCYIOTh BUIIAIKOBY BEITMUYKHY, HA3UBAIOTHCSA 11 YHCIOBHMH XapaKTePUCTHKAMM.

MaremaTnyHe cniogiBaHHs

MaTeMaTHYHUM CHOAIBAHHSIM JIMCKPETHOI BUIAIKOBOI BENMYMHM X HA3UBAEThCSI CymMa JOOYTKIB BCiX i

MOXITUBHMX 3Ha4Y€Hb HA BIiJIIOBIIHI IMOBIpPHOCTI:
M(X) = x1p1 + xop2 + ... + Xnpn. (4.9)

SIkmio BennuuHa X MO)ke HaOMpaTH 3UUCIEHHY MHOKUHY 3HAUCHb (HAIPUKIIAJ, SIK y BUMAAKY T€OMETPHIHOro abo

MyaCCOHIBCHKOIO PO3MOIiITY), TO TIPH YMOBI, IO LIeH psil aOCOMIOTHO 3012KHUH,

o0
M(X) =X x;p;. (4.10)
i=1
IMOBipHiCHHMIT 3MiCT MaTeMaTHYHOTO crioiBanmsa: M(X) NpuOIN3HO TOPiBHIOE (THM TOYHIIIE, YUM OiJIbIIIe YHCIIO
BUIIPOOYBaHb) cepeIHbOMY APHPMETHYHOMY CIIOCTEPe;KeHHX 3HAYeHb BUNIATKOBOI BeJTHYHHH.
BnactuBocTi MaTeMmaTU4YHOro cnojiBaHHS.

1. MaTremaTuyuHe CIOAiBAHHS CTAJION BeJMYMHHU qopiBHIoE miii cradiii: M(C) = C.
2. Ctajauii MHOKHMK MOKHA BHHOCHTH 32 3HAK MaTeMaTHYHOro cnogiBanus: M(CX) = CM(X).

3. MaremaTu4yHe CHOAIBAHHSI CYMH JBOX BHINAJKOBHX BeJUYUH JOPIiBHIOE CyMi MAaTeMATHYHUX CHOJiBaHb
aopankis: M(X +Y) = M(X) + M(Y).

Hacnigok. MaremaTuuHe crnojiBaHHsI CyMHU KiJIbKOX BHUINAJIKOBHX BeJHYHMH JOPiBHIOE CyMi MaTeMATHYHUX
CHOAIBAHb JOXAHKIB.

4. MartemaTH4yHe CHodiBaHHS J00YTKY ABOX He3aJIe:KHUX BHIAJKOBHX BeJIWYHMH JOPiBHIOE AOOYTKY ix
MaTteMaTHYHUX cnoaiBaub. M(XY) = M(X) - M(Y).

Hacninok. MaremaTnuHe cnogiBaHHsi M00yTKY KiJIbKOX HE3aJIEKHUX y CYKYNHOCTI BHNAJAKOBUX BeJIMYUH
JTOpPiBHIOE TOOYTKY iX MATEMATHYHHX CHOTiBaAHb.

3anaua 4.14. IcHye Tpu METOOM eKCIIpec-KOHTPOo mapTii BUpoOiB. KoxHuMil i3 HUX OE3NOMMIKOBO BHSBIISIE SIKICHI
BHUpOOH, a MpH iaeHTHdiKamii HEKOHOUIIHHUX JOIMYyCKae MOMIJIKH, TOOTO BOHM BHM3HAIOTHCS SIKICHHUMHU.
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Uwcno Takux BUPOOIB TSI KOXKHOTO i3 METO/IIB € BiJIMOBITHO BUTIAJIKOBUMHY BeTnarHAMU X, Y Ta Z, 3aKOHH
PO3IIOALTY SIKUX MArOTh TaKUH BUIL:

X/0o1 3 4 Y|0O 1 23 Z[0 1 2 3 4

P05 0.4 0,06 0,04~ P|0,6 02 0,10, P|0,8 0,1 0,04 0,03 0,03’
Skuit i3 METO/IB EKCIIPEC-KOHTPOIIO KPATIHiA?

O Hexaif ¢ — KUIBKICTh CTaHAAPTHUX BUPOOIB y maptii. Toai 3riJJHO 3 YMOBOK 3a/iaui KOXEH i3 METOMIB KOHTPOIIIO
BINMOBITHO Jmacth @ + X, a+ Y, a+ Z craHmapTHUX JIETalied MICNsA TEePEeBipKH BCi€l MapTii, A¢ KOXKHHUUA JPYTHA
JIOIAHOK y cyMax — Iie IOMIJIKa TIpH ineHTHdiKamii OpakoBaHnX BUpoOiB. MiHiMaibHe 3HaYeHHS 11 (y cepenHboMY)
BH3HAYUTD KpalIui MeTo/l. XapaKTepUCTHKOIO CEpETHHOI0 3HaYEHHS € MaTeMaTH4He croAiBaHHs. ToMy 3HaineMo

MX)=0-05+1-04+3-0,06+4-0,04=0,74;

M(Y)=0-06+1-02+2-01+3-0,1=0,7;

M(Z)=0-08+1-01+2-0,04+3-0,03+4-0,03=0,39.
OTKe, KpaluM METOJIOM EKCIPEC-KOHTPOJIO € TpeTiil. ®

Hucnepcisa

I[J'IH OHiHKI/I PO3KUAY MOXKJIIMBHUX 3HAYCHDb BHUITAJIKOBOI BEJIMYMHHU HABKOJIO CCPCAHBOTO 3HAUYCHHS (MaTeMaTI/I‘IHOFO
CHOI[iBaHHH) BUKOPUCTOBYIOTh, 30KpEMa, YUCJIIOBY XapaKTCPHUCTUKY, AKY Ha3UBAIOTh zmcnepcicm.
)Incnepciem (pO3KI/IZ[OM) BUMAJKOBOI BEIMYUHHU X Ha3WBaeThCS MaTEMaTHUYHE CHO[[iBaHHH KBagparty BiI[XI/IJ'IeHHH

X Big M(X):
D(X) = M[X - M) (4.11)
3rifiHO i3 MM O3HAYEHHSIM JUCIIEPCis XapaKTepHU3ye CEPEHIO BENUYNHY PO3KHIY MOXKIMBUX 3HAUCHb BUIAIKOBOI
BEJIMYMHU HABKOJIO 1 MaTCIIOAIBaHHsI (CEpPEHbOT) B KBaIPATHUX OJANHHIISX.
Sxmo X posnopineHa 3a 3akoHoM (4.1), To 3 ypaxyBaHHAM 3akoHy (4.8) BumankoBa BenuuuHa [X — M(X)]? mae
TaKUi 3aKOH PO3MOJILITY:

[X - M) | [ =MOP | [ - M) | ... | [x, - M)
A
BuKkopuCTaBIIM O3HAYEHHS JUCIIepCii Ta MaTeMaTHYHOrO CIOAIBaHHS, OTPUMaeMo (OpPMYITy Ajsi OOYMCICHHS
D(X):
D(X)=M[X =M (X)) =[x =M (X)] py +[x2 =M (X)) p2 +

n 4.11*
+et [ =M O] o = X[ M X i D

3MeHIIeHHS. 00CAry OOYMCIEHb JIOCATAEThCA 3a PAaXyHOK BHKOPHCTaHHA PO3PaXyHKoOBOI (opMyaum Uit

OOYHMCIIeHHS TUCTIEPCiT:
D(X) = M(X?) - [M(X)F. (4.12)
3acTocyBaBIM O3HAYEHHS MATEMATHYHOrO CIOMAIBaHHS JO 3aKOHY po3noaury (4.8), OTpUMaeMO YHCJIOBY
peadni3aniio po3paxyHKoBoOi (popMy.iu:

D(X) = ¥.x2p; ~[M(X)P. (4.12%)
i=1

BnactuBocTi gucnepcii.

1. Ducmepcis ctasoi gopisuioe nymo: D(C) = 0.

2. Ctajauii MHOKHHK MOKHA BHHOCHTH 32 3HAK Jucnepcii, mianicum ioro 1o kagpaty: D(CX) = C’D(X).

3. Jlucmepcisi cyMH JBOX He3aJIeKHMX BHNAJAKOBUX BeJIWYHH JOPiBHIOE CyMi qucnepciii HUX BeJHYHH!
D(X +Y) = D(X) + D(Y).

Hacnigok. Iucnepcisi cymu KijibKoX He3aJ1€:KHHX Y CYKYIMHOCTi BUNIAJKOBUX BeJIMYUH JOPiBHIOE cyMi qucnepcii
HUX BeJUYHUH.

4. Jlucmepcisi pisHUII JBOX He3aJIeKHMX BHIAIKOBHX BeJIHMYHH NOPiBHIOE cyMmi ix aumcmepciii: D(X -

Y) = D(X) + D(Y).

3aysasrcenna. Hapith saxmo X Ta Y He3amexHi, TO B 3aralbHOMY BHWIIAIKy BHUKOHYETHCS HEPIBHICTH

D(XY) = D(X) D(Y).

Cepeone keaopamuune 8i0XuieHHA

He3py4HicTh BUKOpHCTaHHS AWCIEPCii B IESKUX BUMAIKaX 3yMOBJCHA THM, IIO BOHA Ma€ PO3MIPHICTH, SKa
JOPiBHIOE KBAJpaTy PO3MIPHOCTI BHITAAKOBOI BeTHMYMHU. Hampukian, sKIIo MOXIINBI 3Ha9eHHS X BUMipIOIOTHCS B KT,

10 D(X) B (k1)>2.
CepeanimM KBaJpaTHYHUM BiIXHJIEHHSM BUIIAJKOBOI BEMTMUMHN X Ha3MBAETHCS KBAPATHUHI KOPIHb i3 ANCIIEPCii:
o(X) =+ D(X). (4.13)
o(X) xapakrepusye CepemHIO BEIUYMHY PO3KUIY MOXIHMBHX 3HaueHb X HaBkoio M(X) (cepemHpoi) B JiHIHHHX
OJMHUIISIX.
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Po3rissHeMoO TUITOBI 3az(aqi.

3agaua 4.15. 3HaiiTH cepefHe KBaJpaTHYHE BiTXWiIeHHS BUMaAkoBoi BenmuwHn Z = 2X —5Y —30, sxmo X ta Y —
He3aJexHi BunaakoBi Bemmannu, D(X) = 0,25, D(Y) = 0,2.

O PiBHICTh BHUIIAQJIKOBHX BEIWYMH 3YMOBIIOE piBHICTH ix mucmepcii: D(Z) = D(2X — 5Y —30). Bukopucranus
BJIACTHBOCTEH AWCHEpcii Ta yMOB 3ajiadi Ja€ TaKUH JIAHIFOYKOK PIBHOCTEH:
D(Z) = D(2X + (-5Y) + (-30)) = D(2X) + D(-5Y) + D(-30) =
=22D(X) + (-5)’D(Y)+0=4-0,25+25-0,2=6.

Toni srino i3 (4.13) 6(Z) = /D(Z) =/6 ~2,45. ®

3agaua 4.16. 3HaiiTH 3aKOH PO3MOMTY TUCKPETHOI BUITAJIKOBOI BEIMYMHH HAa OCHOBI YHCJIOBHX XapaKTEPHCTHK IIi€i
BEJIMYUHH Ta MEBHOI iH(GOpMaIlii PO 3aKOH 1i PO3MOALTY:

X3 5 x
) , M(X)=5]T,
P01 0,6 ps
Y|-2 1 2
0) , M(Y)=09 M(Y?)=3,;
Plpy py p3
Z|z z
B) L "2 M(@2)=12 (Z)=04.

P08 p,

o a) Cyma iMOBIpHOCTEH B 3aKOHI PO3MOiTy nopiBHIOE oguuuIl, Tomy 0,1 + 0,6 + p3 = 1, 3Biaku ps = 0,3. 3rigHo 3
o3HaueHHAM (4.9) MaTeMaTHYHOro CrojiBaHHs i ymoBoro 3amaui M(X)=3-0,1+5-0,6+ +x3-0,3=5,7 abo

X | 3 5 40/3

Pl0l1 06 03"

0) 3a aHanori€ro i3 BHMAAKOM a) 1 BUKOPUCTABIIN DPiBHICTE M(Y?) = yip, + y3p, + y3p;, OTPHMAEMO TaKy

0,3x3 = 4, 3Binku x3 = 40/3. 3HalineHnii 3aK0H POIOUTY BUMAIKOBOI BENMUMHY MA€ TAKUN BT

CHCTEMY PIBHSHB BiJIHOCHO HEBIJIOMUX p1, P2, P3.
pi+py+ps=1
—2p,+p, +2p;=0,9,
4p, +p, +4p; =31

[epiie piBHAHHS PO3B’SHKEMO BIJIHOCHO p1, & Jpyre MOMHOXHMO Ha 2 1 Jomamo 10 TpeTboro. B pesysnbraTi
cucreMa HalyJie Takoro BUILY:

pp=1-p,—ps, P =1-p, = Ps P =1-p, =Py,
-2p,+ P, +2p;=09,<13p, +4p, =29, <<3p, +4p; =29,
3p, +8p, =4.9. 3p, +8p, =4.9. 4p, =2.

Ocrarouno p1 = 0,2, p» = 0,3, p3=0,5.
B) Ockinbku p; = 1-0,8 = 0,2, To 1151 3HAXOKEHHS JBOX HEBIJIOMUX Z; i Z, CKJIaJIeMO CHCTEMY PiBHSAHB!

{0,82l +0,2z, =1,2, {zz =6-4z, {zz =6-4z,

= =
J0822 +0,222 —(1,2)> =0,4. 7 |0822+0,222 =16. |22 —2,42,+14=0,

3piman 2\ =1, (P =14, 2V =2, z{P =04.

OTxe, yMOBaM 3a/1a4i 3aI0BOJIEHSIOTH J1BA 3aKOHU PO3MOJLITY IMOBIPHOCTEH:
ZOl1 2 Z®[14 04
P 0802 P |0802

3agaua 4.17. Mapuipyt pyxy iHKacaTOpPChKOro aBTOMOOLIS Bij GaHKy 1o Horo (iiii mepeTuHae Imn’siTh HEepeXpecTb,
perynboBaHux cBiTiohopamu, siki 3 iMoBipHOCTSAMU BifmosigHo 0,2, 0,5, 0,8, 0,4, 0,5 m03BONSAIOTH pyX Oe3
3YMUHKYU. 3HAUTH CEpEeIHE YMCIIO 3YMUHOK CIICHAaBTOMOOLIS HA MEePEeXPecTsiX MO bOMY MapUIPYTY, SKIIO
CBITIIOQOpH TPAIIOIOTH HE3aJISKHO OJIFH BiJl iHINX (BiACYTHS «3€JICHA JIHIN).

O TlosHaunmo: X — YKMCIO 3yMHMHOK aBTOMOOLIA Ha IEPEXPECTAX IO BCbOMY MapuIpyTy, X; — 4MCIIO 3YIHHOK IpH
MPOXOJPKEeHHI i-oro mepexpects, ae i=1,2,..,5. Toai 3arambHe YMUCIO 3YIMUHOK Oyae CKIajaTHCS 13 ducia
3YIHHOK Ha KOXHOMY cBitinodopi: X=X1+Xo+ X3+ X4+ Xs. 3a BIACTUBICTIO MaTEMaTHYHOTO CIOJiBaHHA

5
M(X)=Y M(X,), npu upomy M(X) XapakTepusye CepeiHe YUCIO 3YMHMHOK [0 BCbOMY Mapiupyry. MoximBi
i=l
3naveHHsa X1: 0, 1. Bunankosa mozis (X1 = 1) monsirae B ToMy, 110 Ha MEPIIOMY CBITIIOHOpi aBTOMOOLITb 3yMTUHNBCS,
a (X1=0) — He 3ymunuBcs. 3a ymoBoro 3amaui P(X1=0)=0,2, toni P(X1=1)=1-0,2=0,8. Omxe, 3aKoH
X0

pO3TONINY BHIAKOBOI BEMMYMHH X1 Ma€ TaKuld BUI: R
P 10,2 0,8

sBizkn M(X1)=0-0,2+1-08=0,8.
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AHanoriyHo 3HAXOUMO: M(X2) = 0,5, M(X3) = 0,2, M(Xs) =0,6, M(Xs) =0,5. OcraTouHo
MX)=08+05+02+06+05=26. ®

3anaua 4.18. ABToMaTHYHA JTiHIS MiCIS CEPBICHOI HAJIQJKM BUITYCKae CTaHAAPTHI BHpoOu 3 iMoBipHicTio 0,98. Yeprosa
HaJIaJIKa 3/1HICHIOETHCS ITICIIS TIOSIBH TIEPIIOTr0 HECTAHAAPTHOTO BHPOOy. 3HAUTH cepellHe YHCiIo BUPOOiB,
BHTOTOBJICHUX MK JBOMa YE€PrOBHMHU CEPBICHIMH HAJAJAKaMH JiHii.

O Hexail BumaakoBa Benw4nHa X — YKCIO BHUPOOIB, BUTOTOBIEHUX JIHIEIO MDK Ii JBOMA YEPrOBHMH CEPBICHUMH
Hanaakamu. Bcei 11l BUpoOM CTaHIapTHI 32 BUKIIOYEHHSM OCTaHHBOTO HECTAHIAPTHOTO, IOSBa SKOI'O i 3YMOBIIOE
3MiIICHEHHS YeproBOi HallaJKW IPU YMOBI, IO NepImHid BUpiO He BUsBHBCS OpakoBanuM. [lo3Haunmo: 4 — mosiBa
HECTaHIapTHOrO BHUPOOY. 3a ymoBowo 3amaui p = P(4) =1 —0,98 = 0,02 3anumaeTbcss HE3MIHHOO IS KOXKHOTO 13
BUNPOOYBaHb (BUTOTOBJIEHHsI BUPOOY aBTOMaTHYHOIO JiiHi€t0). Tomi Mo)kHa cTBepKyBaTH (AuB. 3a1a4y 4.5), mo X
po3IIofIiyieHa 3a TeOMETPUYHIM 3aKOHOM 1 11 3aKOH pO3IOJIiTy Ma€ TaKUH BHUI:

X|1 2 3 .. n

n-1 !

Plp ap o2p .. q"7p

ae p =0,02,q=0,98.
[IykaHe cepe/HE YUCIO BUPOOIB, BHUTOTOBJICHHX MiX JBOMAa YepPrOBHMH HAlaJKaMu JiHii, nopisHioe M(X).
BukopucroByioun popmymy (4.10), a Takosxk Te, mo 1 +q+ g2 + ... + q" + ... = 1/(1 — q), orpumaemo

M(X)=p+20p+30°p+..+nq"'p+..= pinq"‘1 =
n=1

d g d( 1 1 1 1
:p[_zX" =p —| — :p.—zz_:—:SO
dx 2 - dx{1-x ‘o @-9 p 0,02
BinMiTHMO, 1[I0 TPaBOMIPHICTH MOWIEHHOrO JAW(EPEHIIIOBaHHS CTENEHEBOro PNy 3a0e3MedyeTbesi HOoro

PIBHOMIpHOIO 301XKHICTIO, OCKIJIbBKM BIiH € CyMOI HECKIHYEHHOI TI'€OMETPUYHOI Tmporpecii i3 3HaMEHHHKOM
q=098<1 ©

Ilouamxogi ma yenmpanvni MomeHmu

V3aranbHEHHAM DPO3IVITHYTHX BHINE OCHOBHMX YHCIOBHX XapaKTEPHCTUK BHIIAJKOBOI BEJIMYMHH, SKi OINHCYIOThH
CepelMHy po3Noiiny (MaTeMaTW4He CIHOJIBaHHS) 1 PO3KKA (AMCIEpCis Ta CepelHE KBaJIpaTHYHE BIJIXWICHHS), €
TIOHSITTS MOMEHTIB BUIIaIKOBOI BETMYMHHU. B Teopii iMOBIpHOCTEH pO3IIIsSaloThCsi MOMEHTH JJBOX BHIIB: [TOYATKOBI Ta
LEHTPAJIbHI.

IMoyaTkoBMM MOMEHTOM MOPsAAKY K mHCKpeTHOI BHMAAKOBOI BedWYWHH X HA3UBAETHCS MAaTEMATHYHE
crojliBaHHs BeanuuHu X<
_ ky_ 3 ok
vy =M(X")=Yxp;. (4.14)
3okpema v, = M(X), v, = M(X?), ToMy po3paxyHkoBa (hopMyIa st OGUHCIICHHs UCIIepCii HabMpae Takoro
BUAY:
- 2
D(X)=v,—Vy.
Kpim MomenTiB camoi BenmuuuHM X JOLUIBHO (OCOONMBO JIsl HEMEPEepBHOI BENWYMHH) PO3LIISAATH MOMEHTU
Bigxuerns X — M(X).
LleHTpaJIbLHUM MOMEHTOM NOPSAKY K HAa3MBAEThCSA MaTeMaTHYHe CTIOiBaHHs BenuuHu (X — M(X))*:
_ k_ k
M = MI(X = M(X)*]1=X[x;, - M(X)) p;. (419)
- - _ 27
3okpema, W, = M[X - M(X)]=0, p, = M[(X - M(X))*]= D(X).

3B’S3KH MK IIOYATKOBUMU Ta LIEHTPAIEHIMH MOMEHTAMH OTPUMYIOTHCS 13 TAKUX CITiBBiJHOIICHD:

Wy =V, =V, 3 =v3=3v,v; +2v}, p, =v, —4vyv, +6v,v7 —3vi.
MomeHTH GiTBIT BUCOKHX TOPSIKIB BUKOPUCTOBYIOTHCS P1IKO.
3aysascennsn. Hazpa MOMEHTY IIEHTPAILHUM 3yMOBJICHA PO3TJISIIOM CTEICHIB BiaxmieHs Bim M(X) — «ueHTpy»
MOKJIMBHUX 3HAYECHB, & MOYATKOBUM — BinxwieHb Bix myis (M(X) = M(X — 0), abo «mouaTky».

X| 113
3amaua 4.19. JluckperHa BumagkoBa BeluuuHa X 3ajaHa 3aKOHOM PO3TOILTY 7 0604 3HaWTH ITOYATKOBI Ta
[EHTPabHI MOMEHTH TEPIIOTO, APYrOro i TPETHOro MOPSIAKIB.
O 3a popmynamu (4.14) s k= 1, 2, 3 oTpuMy€eMO 110YATKOBI MOMEHTH 1-T0, 2-T0 Ta 3-r0 MOPAAKIB:
v, =M(X)=1-0,6+3-0,4=18,
v, =12.0,6+3%-0,4=473,
vy =13.0,6+33-04=114.
LeHTpanbHi MOMEHTH X MOPSAAKIB 3HAXOIUMO 3a JOTOMOroro ¢popmyi (4.15):
My = M[X ~ M(X)]=0,
w, =(1-1,8)2-0,6+(3-1,8)2-0,4 = 0,96,
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=(1-18°.06+(3-18)°-04=0384. ®

Yuciaosi XapaKTEPUCTUKHU OCHOBHUX 3aKOHIB p03l'[0I[iJ1y

3anaua 4.20. 3HalTH YMCIIOB] XapaKTEPUCTUKH BUIIAJKOBOI BEIUYNHH, PO3TIOJIICHOT 32 GiHOMIiaIbHUM 3aKOHOM.

O Jlana BumaakoBa BemmduHa X — 9UCIIO TOSABH TIOJii A B N MOBTOPHUX HE3AICKHUX BUMPOOYBAHHSIX, B KOXKHOMY 3
skux P(A) = p (muB. 3amauy 4.3). Hexait Xy — uncno noss nonii A B onHomy K-my BunpoGysanni (k =1,2...,n). Toxi

X=X1+Xo+ ... + X, a 3aKoH po3noaiy Xy Mae TaKuil BT

X, |10 1
, k=12.,n
Plg p

3Hai/1eMO YHCIIOBI XapaKTEPUCTUKU BEJTMYMHHU X

2
M(X)=>xp =0-q+1-p=p,
i=1

D(X):g[xi —M(X)Pp, =(0- p)’q+ (- p)’p= p’q+op=
= pa(p+q) = pa,

OCKIJIbKH p+g=1.

BukopucTaBimy BiAMOBiHI BIACTHBOCTI MAaTEMAaTWYHOTO CHOIBaHHA 1 aucnepcii (Ipu IbOMY BPaxOBYETHCS

HE3aJICKHICTh BUIAIKOBUX BEMUYUH X , X2 , ..., X,), OTPUMAEMO:

M(X):M(X1+X2+...+Xn):kZM(Xk):kZp:np,
=1 =1

D(X)=D(X;+ X, +..+X,) =kz:D(Xk) =kz pg = npq.
1 ]

Orxe,

M(X)=np, D(X)=npq. ® (4.16)
BukopucraHHs oTpuMaHux (GOpMyI LTFOCTpYE

3amaua 4.21. dipma po3rismac MUTaHHS OpO OOCAr 3amaciB JeTajieil OIHOrO TUIy Ha IYHKTI TapaHTiHHOTO

obcnyropyBanHs. CTaTHCTHYHO BCTAHOBJICHO, IO IMOBIPHICTh BHXOIY 3 JIaJy MPOTSTOM TapaHTiHHOTro
TepMiHy aerani nporo Tumy nopiBHioe 0,1. CKiIbKM B CepelHbOMY NOTPIOHO MaTW Ha IYHKTI JAeTaiei
TaKOro THITy 1 siKa BEJIMYHHA PO3KUAY MOXIIMBUX KIIBKOCTEH, SIKIO B PErioHi 0OCIyroBYBaHHS ITYHKTY
3apeectpoBano 180 BUPOOIB, KOMILUIEKTYIOUOIO SIKMX € 1[5l IeTaNb?

O Hexaii 4 — BuXiz 3 Jay AeTaii NPOTATOM TapaHTIMHOrO TEPMiHY, BUIIPOOYBaHHsS — po0OTa JeTaii NPOTATOM LBOrO

yacy (B ckiazi BupoOy). Uucmo BumpoOyeans N = 180. Bonu € uesamexuumu, 60 P(4) = 0,1 mas KoxHOTO i3
BunpoOyBanb. Hexait X — cymapHe uucio neraneil, siki BHAAyTh i3 jaxy. Toxai cepeiHe 4HCIIO AeTanei, sKi
NMOTPIOHO  3aMIHUTH, BHM3HAYAETHCS MATEMAaTHYHMM  CHONiBaHHAM BenwuuHu X. 3rimHo 3 (4.16)
M(X)=0,1-180=18. BenuunHy pO3KHAy IOINIJIbHO XapaKTEPU3YBATH CEPEIHIM KBAIPATHYHHUM BiIXHICHHIM,
OCKIIbKM ~ OJIMHMII  BUMIpIOBaHHA  Horo —  uiHiiHi. Tomy 3a  gpyrolo  dopmynoro  (4.16)

6(X) =+ D(X) =+npg =+/16,2 ~ 4,02. CamocTiiiHo nepeBipre, 110 HAKIMOBIpHIiILIE YKMCIO AeTaeld, sSKi BUMAYTh

i3 masy 3a rapaHTidHUN TEpMiH, TaKOX A0piBHIOE 18. @

3agaua 4.22. 3HaliTH MaTeMaTHYHE CHOJIBAHHA 1 TUCIIEPCII0 BHIIAAKOBOI BEIMYUHH, PO3IOALIEHOI 32 3aKOHOM

Ilyaccomna.

O 3rizHo i3 03HaYEHHAM BeMuKMHa X PO3IOiJeHa 3a 3aKoHOM I1yaccoHa, AKIIO BOHA HabKMpae MOXKJIUBI 3HaueHHs 0,

1,2, .., m, .. 3iMOBIpHOCTSI-MHU

e
Py =P(X =m) = , m=0,1,2,... .
Buxkopucrasmm pisocti ml=(m—21)tm; 0!=1 ta posknan
2 m
=l+A+—+..+—+.
2 m!
3HANIEMO MAaTEMATHYHE CIIOMiBAHHS:
o ﬂm - /1m
-4

o0 e 0
X) .g P Z:E) m! mzl m-— 1)I
s m-1 2
= Z A 1)'—1 e‘i(1+/1+l—+ )=A1-etet = A

Jns O6‘II/ICJ‘IGHHH JICTIEPCii BUKOPHCTAEMO PO3paxyHKoBy hopmymy (4.12):  D(X) = M(X?) — [M(X)]>. Toni
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—ﬂ m

<7 ¥m

M(xz)=§x5pi:i;m2-i

m=1 m 1)'
ot [(m— 1)+1] Lo A 74”1'”“_1_
Z_l (m-1)! ¢ mz:z( —2)I mz:l(m—l)!_

2

=" +e* )1+ A+ % +.) = +2) et =2+ 4
D(X)=(#+2)-F =
3amaua 4.23. 3HaiiTu 1Ucnepcio piBHOMIPHO PO3MOAIIEHOI BUIIAAKOBOI BETMUUHU.

O PiBHOMIpHUIT 32KOH PO3IOALITY Ma€E TAKHI BUIL:
X|1 2 3 .. 5

Plyn ¥n yYn .. yn

IMpu 3HAXOKEHHI YHUCIIOBUX XapPAKTEPUCTHK BUKOPUCTAEMO (DOPMYITH:
n n

Tk= n(n+1) e n(n+1)(2n+1) ‘

k=1

3a hopmynamu (4.9) 1 (4.12%)

k=L 6

n n 1 1.0
M(X)=2 X p =2k === Kk=—+

k=1 k=1 N Nk

D(X)=éxk2pk SIM(X)] = n kz.l_(n+l)2 _1 n(n+D@2n+1)

k=1 n 2 n 6
2 2
_(n+] :(n+l)(2n+l_n+l):n l. °
4 6 4 12

3anaua 4.24. O0UKCIUTH TUCTIEPCII0 BUMAIKOBOI BEJTMYMHH, PO3IO/IICHOT 32 FTEOMETPHYHHUM 3aKOHOM .

3riiHO 13 O3HAYEHHSM 3aKOH PO3IO/IiTY BUIAIKOBOT BEIMYMHH, TEOMETPUYHO PO3IOIIICHOT, Ma€ BUI
X1 2 3 . n

Plp ap op .. q"'p
B 3anaui 4.18 orpumana dopmyna M (X)=1/p.
Toni 3a po3paxyHkoBoro ¢opmyioro (4.12)

D(X)=ki;lepk—[M(X)] ka ~ —kaZ o

OO6UHCIUMO CYMY OTPUMAHOTO PALY:

1
p*

Zkz K1 —1+229+3%2¢2 +...+n%q" L +... =

=q°
= [x(1+ 2% + 3x? +...+nx”‘1+...)HX —q=

= [x(x +x2 X"+ ...)’I

X=q

’

2 e[ ea

=(1—x)2+x~2(1—x) _ 1+x
a-x* =9 @1-x%°
Toxi ocTaTogHO OTPUMAEMO
1+ 1 1
D(X)=p-id - = == (l+q-1)=—L . ®
p p p

p3

1+q 1+q

X=4 @-q® p°

§ 5. HEIIEPEPBHI BUIIAJIKOBI BEJIMUMHHU TA IX YACJIOBI XAPAKTEPUCTHUKH
@dynKnis po3noxiry iMoBipHOcTell 1 i BmactmBocTi. I'ycTnHa posmoainy imMoBipHOCTel Ta ii BmacTuBoCcTi. Umncnosi

XapaKTEePUCTUKA HETIEPEPBHUX BUMAIKOBUX BEIWYHMH (MaTEMATHIHE CIIONIBAHHS, TUCIIEPCIS Ta CEpPeIHE KBaapaTHIHE
BiIXWMJICHHS, MOJIa Ta ME/liaHa BUIIAIKOBOI BETMYHHHY, ITOYATKOBI Ta IIEHTPAIbHI MOMEHTH, aCHMETPIs 1 eKcIiec).

44



KOPOTKI TEOPETUYHI BITOMOCTI

dyHKuiew po3noaily iMoBipHOcTeil HasuBaeThes GyHKIIS F(X) meTepMiHOBaHOrO (HEBUIAAKOBOI0) apryMEHTY
X, SIKa YHCEIHHO JOPIBHIOE IMOBIPHOCTI TOro, IO B pE3y/bTaTi BHUIPOOYBaHHS BHUIAJKOBa BenuuuHa X Habepe
3HA4YEHHsI, MEHIIIE BiJl X, TOOTO

F(x) = P(X < x). (5.1)

[HOMI PYyHKIIFO PO3NONITY HA3UBAIOTH € IHTETPAIBHOIO.

YTOUHMMO O3HAa4YeHHsI HENEPEBHOI BUIAIKOBOI BEJIMYHMHH: BHIIAJIKOBY BEIMYMHY HAa3MBAIOTh HENEPEPBHOIO,
SIKIIO 11 pyHKIIs po3moIiry iMOBIpHOCTEH € HeTIepepBHOIO Ha 00acTi ii BU3HAYEeHHsI, a MoXiIHa BiJ GyHKIIT po3moainy
HelepepBHa y BCIX TOYKAxX, 3a BUKIIIOYEHHSM, MOXKJIMBO, CKIHYEHHOI'O YHCIAa TOYOK HA JOBLIEHOMY CKIHUCHHOMY
iHTEpBai.

BnactuBocTi dyHKUii po3noginy iMoBipHOCcTeN

BnacTuBicTb 1. O6aacts Bu3Hauenns Gpyukuii posnoginy — R' = (—oc0), a obyIacTh 3HAYEHb — BiAgpi3ok
[0; 1].

BnactuBictb 2. F(x) — Hecnagna QyHKis, T06TO JJIsi Oyab-IKOI MAPH YHCENT X1, X2 3 HEPIBHOCTI X2 > X1
BHILUTMBAE HepiBHicTH F(x2) > F(x1).

Hacnigok 1. ImoBipHicTh TOro, 1o BHNAJAKOBA BeJUYMHA NPU BUNPOOYBAHHI HaOepe MOMNJIMBOIO 3HAYEHHS 3
npoMixkKy [a; b), nopiBHI0€ MpupocTy QyHKIIIT po3MoAiIy HA IILOMY HPOMIKKY:
P(a £ X<b)=F(b)-F(). (5.2)

Hacnipok 2. ImoBipHicTh TOro, 1m0 HemepepBHa BHNAJAKOBa BejuunHa X Halepe nmpu BUNPOOYBaHHi oqHe
KOHKpeTHe MOKJIUBEe 3HAYEHHSI, TOPIBHIOE HYJIIO.

3ayeascenna. Pisnicts P(X = x1) = 0, 1€ X1 — KOHKPETHE MOKJIMBE 3HAYEHHS BEMYUHU X, HE O3HAYAE, MO OIS
X =Xx1 € HEeMOXJIMBOIO (Ha BiAMIHY BiJl KJaCHYHOrO O3HAueHHs iMoBipHOCTi). Haranmaiite reomerpuyHe O3Ha4YEHHS
IMOBIPHOCTI.
Hacninok 2 3 BukopucranHsMm ¢opmynu (5.2) Ta TeopeMu 10AaBaHHS IMOBIPHOCTEH NO3BOJSIE OTPUMATH TaKHUi
JIAHIIO)KOK PIBHOCTEH:
Pla<X <b)=(Pa<X<b)=Pla<X<b)=Pla<X<b))=

= F(b) - F(a). 3

BnactuBictb 3. SIkmo Bci MOXJIMBI 3HAYeHHS BHUNAIKOBOI BeJHYMHHU HaJeXaTh BiIpi3ky [a; b], To
F(x) = 0 gas Beix x < a i F(x) = 1 gis Beix x > b.
Hacnipok. SIkmio MoXIMBMMH 3HAYEHHSIMH HeNepepBHOI BUMAJKOBOI BeJWYHHHU € Bei fmilicHi ymcaa, Toai
MAaKTh Miclle TaKi TPAaHNYHI CHiBBiTHOLIEHHS !
lim F(x)=0, lim F(x)=1
X—>—0 X—>0

I'ycTuHoO po3moainy iMoBipHOCTell HermepepBHOI BHIAAKOBOI Bemuuumuu X HasuBaeTbest QyHkits f(x), sxa
JIOPIBHIOE TIepIITiii ToXiaHi# Big GyHKii posmoxiny F(x):
f(x)=F'(x). (5.4)
I3 o3nauennst (5.4) cuigye, mo F(X) e mepBicHOW0 st ryctuHu posnoniny. Hikue Oyne HaBeneHo GopMymty st
sHaxomkeHns F(X), skmro Bimoma ¢yukmis f(X). Takum unrOM, 3amanus oqHiel i3 ¢yukiii f(X) Ta F(X) mo3Bosnse 3HaiTH
iamry. ToMy B sitepatypi mi GpyHKIIT HA3WBAIOTH 3aKOHAMM PO3MOLTY HellepepPBHOI BUNAIKOBOI BETUYHHH.

BnactuBocTi ryctuHu posnoginy

BnacTtuBicTb 1. O6aacTs BusHauenns ¢ynxuii f(X) — R, a o6;1acTh 3Ha9eHb NpoMizkok [0, o).
BnactuBictb 2. HeBiacHmii iHTerpas Bix ryCTHHH PO3NOJiTy B MeXKaxX Bijl —o0 /10 00 TOPiBHIOE OMHMILI:

Tf (x)dx =1. (5.5)

PiBricTs (5.5) HA3UBaIOTH YMOBOIO HOPMYBAHHS HETNIEPEPBHOI BUIAIKOBOI BEITHYNHU.
3aysascennsn. Sxkwo [a, []- MiHIManbHHI MPOMIXKOK, B SIKOMY MICTSTBCS BCi MOMKIIMBI 3HAUCHHSI HETEPEPBHOL

BHIIaIKOBOI BEIMYMHH, TOJIi YMOBa HOPMYBAaHHS HaOMpaE TaKoro BUAY:

f f(x)dx=1. (5.5%)
Marots MicIe Taki GopmyH: ’
© ©) ¢
P[a <X < b} = [ f(x)dx, (5.6)
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X
F(x)=P(X <x)=P(—0 < X <x)= [ f(x)dx. (5.7)
—00
Bigmitumo, 1o piBHICTE (5.5) € aHanoroM piBHOCTI OJMHUII CyMH IMOBIPHOCTEH i3 3aKOHY PO3IOAITY THCKPETHOI
BHIIaIKOBOI BETMIHHH.
3’sicyemo iMoBipHicHMIT 3MicT rycTHHE po3noniny imoBipHocTed. O3Hauenns f(x) (5.4) Ta moximHoi ¢yHKuii, a
TaKOX piBHICTH (5.3) MaroTh Taki piBHOCTI
F(x+Ax)-F(x) _ lim P(x < X <x+Ax)

=1l , (5.8
JEI= Ax AY0 Ax 8)

SIK1 JTO3BOJISIFOTH 3aIACaTH HAOIYDKEHY PIBHICTh
Px< X <x+Ax) = f(x)Ax. (5.9)

3 TOYHICTIO JI0 HECKIHYEHHO MaJIMX BHIIIOTO MOPS/IKY BITHOCHO Ax.

INpaBa vactuna (5.8) mosicHroe Ha3By (yHKuil f(x) 3a aHamoriero i3 3MIiCTOM T'YCTHHH MacH, pO3MOALTEHOI Ha
BiJIpi3Ky, a HabmkeHa piBHICTH (5.9) — «Bkimag» Beauunnu f(x) y Benmuuny iMoBipHOCTI momii (X < X < X + AX) ayst
KOXKHOT'O BiJIpi3Ka JIOBKHUHOIO AX.

MaTeMaTHYHIM CHIOAIBAHHSM HeNepPepPBHOI BUNAIKOBOI BeJTWYMHM X, BCl MOXKJIMBI 3HAYEHHS SIKOT HaJIeXaTh
CKiHYEHHOMY Bifpi3Ky [@; b], Ha3MBaeThCs BU3HAYCHHH iHTErpa

b
M(X) = [ xf (x)dx. (5.10)

SIK110 MOXKIIMBI 3HaUeHHS X Hanexath RY, Toxi

o0
M(X) = [xf (x)dx, (5.10%)
—00
JIe 3a TIPUITYIIEHHSM HEBJIACHHUH 1HTErpa 30iraeThest aOCOIIOTHO.
Sk 1 Ui BUMAJKy AWUCKPETHOI BEJNMYMHH, JHCIEPCIEI0 HEMepepBHOI BUNAJKOBOI BeJIWYHHHM HA3UBAETHCS
MaTeMaTHYHe CIIOMIBAHHS KBaPATY ii BiIXMIICHHS BiJi MATEMATHYHOTO CIIOiBaHHsL. [3 BpaxyBaHHsM o3HaueHHS M(X):

b
D(X) = [[x= M) £ (x)dx, (5.11)

SIKIIIO BCI MOYKJTMBI 3HAUCHHs X HAJICkKATh CKIHIEHHOMY Bipisky [&; b], i

D(X) = [[x=MXO] f(x)dx, (5.11%)
SAKIO MOYKJIMBI 3HAYeHHs X 3aMOBHIOIOTH R,
Po3paxynkoBi ¢gopmyn 171 00UMCIeHHs QucTiepceii:

b
D(X) =[x (x)dx ~[M(X)], (5.12)
D(X)= X2 (x)dx—[M(X)P. (5.12%)

CepeHe KBaJpaTHUHe BiIXWJIeHHsI HeNepepBHOI BHIIAJIKOBOI BeJIMYHMHH BHU3HAYAETHCS, SK i UL BHIAIKY
JIMCKPETHOI, PIBHICTIO

o(X)=D(X). (5.13)

Moaorw Mo(X) muckpeTHOi BUIAAKOBOI BenwdnHA X HA3MBAETHCA Te 11 MOXKIIMBE 3HAUYCHHS, SKOMY BiIOBimae
HaWbiIbIIa iIMOBIpHICTD 11 TIOSIBH. J[JIs HelepepBHOI BHIAIKOBOI BeluunHN X MOmoi0 Mo(X) Ha3HBA€THCS MOKIHBE
3Ha4YeHHA X, SKOMY BiAIIOBiJa€ JOKaJbHUI MaKCHMyM T'YCTHHU pO3NOAUTy. BumazkoBa BenMUYMHA MOXKE MaTH KiJIbKa
MoJ. Y IbOMY BHIAJKy BOHA HAa3MBAETHCS MHOTOMOJAJIBLHOK. 3yCTPIHalOThCS TAKOXK PO3MOIUIH, IO HE MAalOTh
MakcuMyMy. Taki po3moisii Ha3UBAIOTHCSI AHTUMOJAJIBLHUMM.

Menianow Me(X) HemepepBHOI BHUNAJKOBOI BEITHYMHH X HA3MBAETHCSA T€ il MOMKIIHUBE 3HAYCHHS, JUIS SKOTO
BUKOHYEThCS piBHICTE P(X < Me(X)) = P(X > Me(X)).

IMouyaTKoBMM MOMEHTOM K-0ro mopsiiky HemepepBHOI BUMAIKOBOI BeJTUIMHH X, 3371aHOI TYCTHHOIO PO3MOILTY
f(x), Ha3MBa€THCA MaTeMaTHUHE CHONiBAHHS BenUYUHU XX, TOOTO

0
vi = [xFfodx, k=1,2,3, .. (5.14)
—00
IleHTpaJbHUM MOMEHTOM K-0ro mOpsiAKY HemepepBHOI BUMAAKOBOI BeJIMYHMHH X Ha3WBA€THCS MaTeMaTHUHE
criosiBanHs Beauauau [X — M(X)]*:

He = ]?[X—M(X)]kf(x)dx, k=1,2,3,.... (515)

—00

30KpeMa, AKIIO BCi MOYKITHBI 3HAYEHHs X HaJleKaTh MPOMiXKKY (a, b), To
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b b
v =[xk f(x)dx, pe = [ [x = M(X)T £ (x)dx.

OueBunHo, mo v; = M(X), u; =0, u, = D(X).

@®opmynu 3B’S13Ky HEHTPAJIBHMX Ta MOYaTKOBHX MOMEHTIB, sSIKi HaBeeHl B § 4, 3aJIMIIAOTHCS B CHJIL 1 JUIS1 BUIIAIKY
HETIepPEePBHUX BHUIAJAKOBHX BEIHYMH.

IlenTpanbHuil MOMEHT TPETHOrO MOPAAKY XapaKTEPH3ye ACHMETPil0 3aKOHY PO3IOALIy BHIIAAKOBOI BeJIMYUHH,
TOOTO MOpYLIEHHA cUMeTpii kpuBoi posmoainy. SAxmo p, =0, TO roBOpsTh, IO BUIAJKOBA BEJIUYHHA CHUMETPUYHO
nofineHa BigHocHO M(X) (kpHBa po3MOAiNy CHMETpHYHA BimHOCHO mpsMoi x = M(X). Ockilbku |1y Ma€ BUMIpHICTB
BHIIIKOBOI BEIMYMHH B KyOi, TO BIIPOBADKYIOTh O0€3p03MipHY BEIHYHNHY — KOE(DIIlIEHT acHMeTpii:

A =ps3/c’.

LenTpanbHuii MOMEHT YETBEPTOTrO MOPSAKY BHKOPHUCTOBYETHCS JUISI XapaKTEPUCTUKH T'OCTPOBEPIIMHHOCTI UM

IUTOCKOBEPIIMHHOCTI 3aKOHY PO3MOILTY (KPUBOI po3moairy). Li BIaCTHBOCTI OMUCYIOTHCS 3 JIOMIOMOTOI0 €KCIIECY:

E =py/c* =3,
JIe YMCI0 3 BiAHIMAETHCSA B 3B’SI3KY 3 THUM, IO JUIS HANMOMIMPEHINIOr0 HOPMAJbHOTO 3aKOHYy po3mominy (muB. § 6)
uy/c* =3, a omke, Es=0. TakuM 4YMHOM, €KCIIEC XapaKTEPH3y€ I'OCTPOBEPIIMHHICTH YU IUIOCKOBEPIIMHHICTH B
TIOPiBHSIHHI i3 HOPMAJIBHOI0 KPUBOIO (KPHBOIO PO3IOTY HOPMAIEHOTO 3aKOHY).

PO3B’A3YBAHHA THIIOBUX 34/1A49

X1 3 6 8
3agaua 5.1. JTuckperda Bunaaxkosa BeivunrHa X 3a1aHa 3aKOHOM PO3IIOALT . 3HaiiTn KLU0
A Hlucicp 8 s POSHOALY 5102 0.4 03 0.1 (ymu

posnozniny i modyaysatu ii rpagik.

O dkmo x < 1, To y Bianosigxocri i3 Bractusictio 3 F(x) = 0.
Hexait x € (1; 3]. Tomi BumajgkoBa momist (X <x)=(X=1), ockinmbku 1 — eauHE MOXKJIHBE 3HAYCHHS, SKE
MeHIIre Big x. A tomy 3rigro i3 (5.1) mis (1; 3] F(x) = P(X<x) = P(X=1)=0,2.
Sxmio x € (3; 6], Toxi nomist (X < x) BimOyBaeThes TOMI, i TUIBKK TOMI, Komau abo X = 1, a6o X = 3, To6T0 Mae
Mmicme Taka piBHicTh (X<x)=(X=1)+ (X=3), me OomaHKd cOpaBa € HECYMICHUMH BHIQJKOBHMHU TOMisMH.
BukopucranHs TeopeMu T0aBaHHs iMOBipHOCTEH 1 03HaueHHs (5.1) mo3Boisie 3HaiT F(x) Ha 1bOMY IPOMIKKY:
Fx) =P(X<x)=P(X=1)+P(X=3)=0,2+0,4=0,6.
Sxmio x € (6; 8], To 3a aHaJIOTI€EO i3 MOMIEPENHIM TPOMIKKOM
Fx) =P(X<x)=P(X=1)+ P(X=3)+ P(X=6)=0,9.
Haperri sikio x > 8, To moist (X < x) — mocroBipHa, i F(x) = 1.

Omxe, GyHKIIST PO3IOALTY MA€ TAKUN BUII:

0, SKIO X <1,
0,2, sxmol<x<3,
F(x)=40,6, saxmo3<x<6,
0,9, sxmo 6<Xx<8,
1 SIKIIO X > 8,
a i1 rpadik 300paxxeHo Ha mai. 5.1.

F() A
1 <«
0,9 €
0,6 <
02 €&—
>
T T T T T T T 1
1 3 6 8 )
Man. 5.1.

JIe CTPIJIKaMH BiJMiueHi NpaBOCTOPOHHI po3puBU. @

3apaua 5.2. Bunaznkosa BennunHa X 3a1aHa QyHKIIEI0 PO3TOALTY

0 npu X < -2,
F(x)=1x*/4+x+1 mpu-2<x<0,
1 mpu X > 0.
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3HaiiT iMOBIpHICTB TOTrO, 110: 1) B pe3yabTari BunpoOyBanHs X Habepe 3HaueHHs 3 iHTepBainy (—1; 0); 2) y
YOTUPHOX BUIPOOYBAHHAX X TpUUi Habepe MOKIMBOrO 3HAYEHHS 3 MPOMiXKKY [—4; —1).

O 1) s 3naxomxennst P(—1 < X < 0) ckopucraemocst ofsiero i3 popmyit (5.3), mokmasmm a = -1, b = 0. Toxi

P(-1 < X<0)=F0)-F(-1) =

=024+ 0+ 1 ((-1)/4-1+1)=1-1/4=0,75.
2) [Nonepenupo 3HakaeM iMOBIpHICTD BinOyTTs mogii (—4 < X < —1) B omHOMY BUIIPOOyBaHHI, BpaxyBaBIlH T€, 1[0 —
4 HaJIeKUTH NEPIIOMY MPOMIXKKY 3a1aHHs (QyHKIL1, B KOXHil Toul skoro F(x) = 0. 3HoBy 3a gopmyioro (5.3)

P4 <X<-1)=F(-1)-F(-4)=0,25-0=0,25.
Jpyre BunpoOyBaHHs, SIK 1 pellITa HACTYITHHUX, AAaCTh Ty X caMy IMOBipHicTb. OTKe, IIOBTOPHI BUITPOOYBaHHS €

He3aJIeKHUMHU BigHOCHO momii (—4 <X <-1) i 3a dopmymoro beprymti (n=4 — mane), ne p=0,25 q=0,75,
3HalEeMo:

P,(3) = C3(0,25)%0,75=0,1875. ®

3ayearicennn. TumoBa TOMMIKA CTYIEHTIB TpH BUKOpUCTaHHI ¢opmynrn (5.3) — HenpaBWIbHUHA BHOIp
AHATITUYHOTO BHpPa3y, 3a SKUM obuucioetbes F(x) mpu 3uaxomkenni F(b) ta (a6o) F(a). Tobro momepeaHbo He
BPaXOBYETKCSI, JI0 SIKOTO iHTepBaiy (B 3a1ad4i 5.2 1X € TpH) HACKUTH a Ta b.

3amaua 5.3. dyHKIis pO3NOALTY IMOBIPHOCTEH HEMEpepBHOI BUIA/IKOBOI BEIMYMHH Ma€ TaKUi BU:

o , mpu X <1,
F(x)=<ax+b, mpul<x<5,
1, mpu X >5

3HaliTy 3HaYeHHs cTanux a i b ta mobymyBatu rpadik Gpyukmii F(X).

O Ockinbku X - HemepepBHa BUIMAKOBA BeMHUHHA, To F(X) € HenepBHOO (yHKicro s Beix X € R'. Tomy
F@ = lim F(x)= lim (ax+b)=a+b a6o a+b=0.
x—1+0 x—1+0

AHanoriyHo
F)=a-5+b= Iirg]0 F(x)=1 abo Sa+b=1.

Orxe, HEBiZIOMI cTasti @ Ta b 3aI0BONBHSAIOTH CHCTEMY PiBHSIHD

{a+b=0,

5a+b=1,
po3B’s3aBiy Ky orpumaemo a=0,25, b=-0,25.
r padik F(X) 306paxeno na Man.5.2. ®
FO) A
1
T T T T T T T >
01 2 3 45 6 X
Man.5.2.

3agaua 5.4. BumagkoBa BenmunHa X 3a7aHa TYCTHHOIO PO3TIOALTY

0 npu X < -1t/ 2,
f(x)=qacosx mpu-n/2<x<m/2,

0 npu X > 1/ 2.

3HaiitTh mapamerp @ 1 QYHKIIO pO3MOMUTY IMOBIPHOCTEHW, a TaKOK IMOBIPHICTH TOTO, INO TIPH
BUNpoOyBaHHi BennunHa X Habepe 3HaYeHHS 3 iHTepBany (—/4, n/3).

O TTapamerp a 3HaiizeMo 3 piBHOCTI (5.6):

]?f(x)dx =1L

Po3i0’eMo HeBnacHWi iHTErpall Ha TPH IHTErpaidl y BIANOBIAHOCTI i3 IHTEpBaJaMH 3aJaHHS TyCTHHH
posmofiy:
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j f (x)dx = jf(x)dx+ jf(x)dx+ jf(x)dx—

-2 7l2
-2 rl2 72
= [0dx+ [acosxdx+ dex =a [cosxdx =
—o0 -rl2 7l2 -l2

=asinx"’ =a(sin(z/2)-sin(-z/2)) = 2a

Otmxe, mapameTp a 3a70BOJbHs€E piBHAHHS 2a = 1, 3Bigku a = 0,5. Ilpu 3HaxomkeHHi F(x) Bpaxyemo 1e
3HA4YEHHs IIapaMeTpa i BUKOPUCTAEMO PiBHICTH (5.7). BigmMiTUMO, 110 BUA T'YCTHHHU PO3IOALTY B JaHii 3a/1a4i BKa3ye
Ha Te, Mo (QYHKIISA PO3MOMUTY HAa TPHOX MPOMIKKAX TAaKOXK OyIe 3alaBaTHCS PI3HUMH aHATITHYHHUMH BUpazamu. B
3B’sI3Ky 13 UM Hexai x < —m/2. Tomi

F(x)= j F(x)dx = f()dx =0.

Husax € (—n/2; n/2]
F(x) = j f (x)dx __ljlzf (Odx+ [ f(x)dx= _”j/(z)dx + [0,5¢08xdx=

-rl2 -l2
=0,5sin x|7ﬂ/2 =0,5(sin x —sin(-z / 2)) = 0,51+ sin x).

Hapemri, sixio x > /2, To

-rl2 zl2
F(x)= j f (x)dx = dex+ [ 05cosxdx+ dex 05sinX"’, =1.
—rl2 712
Takum unHOM, (YHKIIIS PO3MOALTY JUIsl IaHOI BeTHYMHU X Ma€ TaKuil BUTIISL
0 npu X<-7/2,
F(x)=<051+sinx) mpu -42<x<7/2,
1 npu X >7/2.

Bukopucraemo dpopmyay (5.6) 1iist 3HAXOIDKEHHS IyKaHOI IMOBIPHOCT:

/3 n/3
P(-n/4<X<n/3)= jf(x)dx = j0,5cosxdx = O,SSianf/4 =
-n/4 -n/4

=0,5(sin(r/3) —sin(~r/4)) = o5(f/2+f/2) (3+J_)/4 °

3amaua 5.5. ['padik rycTuHM pO3MOXTY HENepepBHOI BUMAAKOBOI BeMMYMHU X 300pakeHo Ha Mai.5.3. 3nHaiitu
aHAJITUYHI BUPa3H TYCTHHHU PO3MOALTY Ta (YHKLII po3nonity iMoBipHOCTel 1€l Benuuunu. [1oOymyBaTu
rpadik F(X) i obumcmut P(1<X<4), Bukopucrasim inpopmariito mpo F(X) ta f(x).

f6) A

B(3y)

O 3uaiineMo opaMHATY TOYKH B, BUKOPHCTOBYIOUM YyMOBY HOPMYBaHHs (5.5%):

6 1 1
[ FQ)dx=Sygc ==AC-BD==7y=1,
’ 2 2

3BIOKH Y =—.
7

Ha mpomixky [-1,3] f(X) mopiBHIOE opauHaTi Bifpiska mpsmoi, mo mpoxoants depe3 Toukn A(-1;0) ta B(3;2/7).
3HaiineMo piBHSHHS mpsiMoi AB:
Y=Ya _ XX y-0_x-(-1 yo x+1.
Ye = Ya Xg—Xa g -0 (_1) 14
7

Orxe, f(x)= Xl—;l , axmo X €[-13].
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Ha npomixky [3;6] f(X) mopiBHIOE OpAMHATI Bifpi3Ka MPsSMOi, IO TPOXOAUTH Yepe3 Touku B(3; % ) 1 C(6;0).

PiBusaHS ipsimoi BC:

2
_ _ Y=o y_ _
Y-Ye _ X=X _° 7 _X 3:>y:2(6 x).
Ye—Ys X —Xs gg_2 6-3 21

7
2
Orxe, f(X)= o (6—x), sxmo X €[3;6].

B nincymMKy oTpuMaemMo Takuii aHaJITHYHUH BUpa3 IS TYCTHHHU PO3IOJILTY:

0, mpu X < -1,
X—+1, mpu—1<x<3
f(x) = 14 (5.16)
2(6_)(), mpu 3 < X < 6,
21
0, mpu X > 6.

Jnst 3Haxomkennst ¢yHkii posmoainy F(X) Bukopuctaemo hopmyiy (5.7). Hexait x < -1, tozi f(x)=0 i

F(x)= Tf(x)dx:Tde:O.

Sxmio x € (—1; 3], To

FOO= [ F00dx=] f(Qdx+ [ f()dx=F(-1)+ fxl—zldx:

1% 1
=0+— [(Xx+Dd(x+1) =— (x+1)?
+14,I1(+)(+)28(+)

X

1=2—18(x+1)2.
Husx € (3; 6]
F(x)= T f(x)dx=} f(x)dx+f f(x)dx = F(3)+f%dx:

X

1 , 2 4 1 ,
e (3+12 - = [(6-X)d(6-X) =2 —(6-%)? =
28( ) 21!( )d(6-x) 7 21( )3

2
:é_i(6_x)2+§:1_u_
7 21 7 21

Hapenmri, sikio x > 6, To
X 6 X X (6_6)2
F(x)= [ f(x)dx=[0dx+ [ f (x)dx=F(6) +j0dx=1—T+0 =1.
—o0 —o0 6 6

Takum unHOM, (QYHKIIIS PO3MOALTY JUIs IaHOI BUIAJKOBOI BEIMYMHU X MA€ TaKUil BUTIISI:
0, Sk X < =1,

%(X—i—l)z, akuo —1< X <3,

1 6-%°
21
1, SIKIO X > 6.

F(x)=
, Ko 3< X <6,

I'padik pymkmii F(X) 306paxkero Ha Mai.5.4.
3rigHo 3 dhopmymoro (5.3)
P(1<X<4)=F(4)-F(1).
3HavyeHHs apryMeHTiB 4 i | HajeXaTh BiIIOBITHO TPETHOMY Ta IPYrOMY iHTEpBajaM, TOMY

F(4):1—M:1—i—17

21 21 21
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FO =5 @D =2,

FO)A
1__
47 4—------
:
:
|
- I R I B >
2-1 012 3 456 7 X
Main.5.4.
P(1<X<4)=£—1=E=E.
21 7 21 3

ro e camy iMOBIpHICTB 3HaiineMo 3 qornomMoror Gopmysu (5.6):

P(l<X <4):}f(x)dx:Tf(x)dx+‘j1 f(x)dx =

Ix41) . 426-x%), 12 24 _3.5.2
= d dx == [(x+d (x+1) — = [(6-x)d (6-X) = =st+_-=_.
1[ m x+£ T 14{(x+)(x+) 21!( x)d (6 —x) 775173
L0 2 697 = [(3+D? (1) - =[(6-4)* - (6-3)°] -
1M 2 |2 2 |, 28 21
3amaua 5.6. BunankoBa BennunHa X 3aJaHa I'yCTUHOIO PO3IIOALTY
f( ) 2C0S2X, AKWO X € (O;7z/4)
0, AKUWO X & (0; 7r/4)
3HaiiTH: a) iHTepBaJ, B AKOMY 3HAXOAATHCSA BCI MOXKITHBI 3Ha4YeHHS X; 6) o(X); B) Momy Mo(X); ) Memiany

Me(X).

O a) 3rigHo i3 HabmKeHOO PiBHICTIO (5.9) HemepepBHA BHIIAAKOBA BelMurMHA X HAOMpac MOXIIMBHMX 3HAYEHb [PH
BUNPOOYBaHHI B KOXXHOMY IHTEpBalli, Ha SKOMY T'YCTHHA DPO3IOAUTY BiIMIHHA BiJ Hyis. ISl HAIIOrO BUMAAKY
f(x) =0 V x € (0; n/4). Omxe, B inTepBadi (0; n/4) 3HAXOMITHCS BCI MOJKIIMBI 3HAYECHHS X.

6) [l obuuncienns o(X) morpibHo 3HaiTu crmouatky M(X) ta D(X). Ilpn 3HaXOMKEHHI MUX XapaKTePHCTHK

CKOPHCTAEMOCSI IHTETPYBaHHSAM YaCTUHAMHU:
rl4 rl4
M(X)= | x2cos2xdx =2 | xcos2xdx = = 2[X~1Sin ox
2

°u=x * du=dx
dv=cos2xdx

zl4

T4 1 r .7 1
- | sin2xdx |= :ZSIHE+ECOSZX =(r-2)/4.
0

0 0

v:lsin 2X
2

Hucriepcito 3HaIEMO 32 pO3paxyHKOBOIO (hopmynoro (5.12):

l4 l4
M(X2)= Jx220052xdx= 2 Ixz cos xdx =
0 0
du = 2xdx
u=x?

1.
dv = cos 2xdx V= ESIH 2X

=2|| —sin2x - Ixsiandx =
2 0
0
du =dx
u=x
dv =sin 2xdx v=—%0052x
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2 rla 74 2 zl4 2
:”—+xc032x - Jcostdx:”——lsinZX :”——1.
16 0 16 2 0 16 2
0
D(X) =M (X?)-[M(X)]* =( 7*/16-1/2) - (z-2)* /16 =

=(r-3)/4.

o(X)=D(X) =r-3/2 .

B) Ockinbku ¢ynkiis f(X) = 2c0s 2x y Bimkpuromy intepsaii (0,7/4) He Ma€ MaKCUMyMY, TO X MOJH HE Mae.

r) 3HaiineMo Meniany Me, Buxoisuu i3 ii o3HaueHHs: P(X < Me) = P(X > Me). Tlogii (X< Me) ta (X= Me)
OpoTHIEKHI, ToMy P(X < Me) + P(X>Me) =1. Ane y BianoBimHocTi i3 Haciigkom 2 BI. 2 (QYHKIHI po3mominy
P(X = Me) =0, Tomy P(X < Me) = 1/2. TIpote

P(X<Me)= P(—0< X< Me)=
Me 0 Me
= I f(xpx = j 0dx + I 20s 2xdx = sin 2x

—o0 —00 0
B pe3ynbraTi OTpMYy€EMO piBHSIHHSI BiTHOCHO Me:
sin2Me=1/2, ssimcu 2 Me = arcsin(1/2)= /6.

Ocratouno Me =(arcsin1/2)/2 = z/12. ®

Me
=sin(2Me).

0

3amaua 5.7. J{ns BumaakoBoi BeIuunHM X i3 3ama4i 5.5 3HAWTH: a) cepenHe KBaapaTuyuHe BiaxwieHus; 6) moxy Mo(X);
B) Mmeaiany Me(X).

O 3rizHo 3 yMOBOI T'YCTHHA PO3MOALLY BUNAIKOBOI BENMYMHM X BH3HAUAEThCS BHpazoM (5.16), CyTTeEBOIO
0COOJIMBICTIO SIKOTO € Te, 1o f(X) BH3HAYAETHCS PISHUMU aHATITAYHUMHU BHPa3aMH, BIIMIHHIMH Bifl HyJIsI, HA Pi3HUX
iHTEpBaNax.

a) Jlns obuncienns o (X) sHaitmemo crouatky M(X) ta D(X) 3a dpopmysamu (5.10) Ta (5.12):

M(X) = Txf (X)dx = }xf (xX)dx + f xf (x)dx =

3ox+1 € 2(6-x) 13, 28 2
= | X—=dx+ dx=— (X" + x)dx+— [ (6x — x“)dx =
I 14 £ 21 14,I1( ) 21£( )
3 6
NG Xt X3 8
5 2,72 o Eat i

M(X2)=szf(x)dx=fxzx—ﬂdx+jx2de=
14 3 21
=—j(x +X )dx+ f(6x —x%)dx =

D<X>=M(x2)—[m<x>]2=%-[§j2:%;

=\/ax_)=\/%:1,434.

6) I3 mMan.5.3, Ha s;koMy 300paskeHHi Tpadik T'YCTHHH PO3IOALTY, BHIHO, IO MakcuMmaibhe 3HaueHHs f(X)
nocsrae B T. X=3. Omxke, Mo(X)=3.

B) Bci MokTHBI 3HAUEHHS TaHOI BUIAIKOBOI BEIMYHHU 3HAXOMATHCS a00 Ha mpoMixkKy (-1; 3], abo Ha (3; 6], ane
Ha KO)KHOMY 13 HUX T'YCTHHA PO3MOALTY 3aJa€ThCS Pi3HAMH aHATITHIHAMH BHpa3aMu. 3 JAPYyroro OOKy, MenmiaHa
3a710BOJIBHSE (UB. 3ama4y 5.6 1. ) piBHsaHIO P(X<Me)=0,5.
Tomy sixmo P(X £3)>0,5, To Me(X) e (3], sxmo x P(X <3)<0,5, o Me(X) € (3;6].

Bukopucrasmm ¢popmyiy (5.3), orpumaemo
P(X <3)=P(-0< X <3)=F(3) - F(—) :%(X+1)2 -0=
x=3
= 16 = 4 >0,5.
28 7
Orxe, Me(X) € (1;3]. Toni st 3HaxomKeHns: Me oTprMaeMo piBHSHHSL:
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P(X < Me) = F(Me) — F () =2_18(|v|e+1)2 —0-05,
a6o (Me+1)%=14,
3Bigku Me= J14 -1~ 2,742. @

§ 6. OCHOBHI 3AKOHH HEIIEPEPBHUX BUITAJKOBUX BEJIMYNH

Hopmanbhuii 3akoH (iMOBIpHICHHH 3MICT ITapaMeTpiB PO3NOALTY; HOpMalibHa KPUBA; IMOBIpHICTH MOMaIaHHs y 3a/1aHAN

IHTepBaJI;, 3HAXO/PKCHHS IMOBIPHOCTI 3aJ]AHOTO BIJXIICHHS). 3aKOH PIBHOMIPHOTO PO3momiity. [Toka3HHKOBHIl 3aKOH.
. . 2

I'amma-posmofin ta posmnonin Epianra. Posmogin X~ (xi-kBampar).

KOPOTKI TEOPETHYHI BI/IOMOCTI
BumajakoBa BelWYMHA HA3UBAETHCS HOPMAJILHO PO3MOAiLIEHOI0 (PO3MOTiIEHOI 32 HOPMAJBHUM 3aKOHOM),
SIKIIO ii TYCTHHA PO3TOALTY MA€ TaKUi BHT

f(x) =

~(x-a)’

e 2 | (6.1)

o2

I'yctuna posmoniny (6.1) TMOBHICTIO BH3HAYa€ThCS IBOMA MapaMeTpaMHu: a Ta ©. IMOBIpHICHHMH 3MICT IHX
MapaMeTpiB BUSHAYAETHCS TAKUMHE PIBHOCTSIMHU:

a=MX), o =4,/D(X). (6.2)
HopmanbHuii 3aKOH po3MOJIiy BUMAIKOBOI BeMYMHU 3 apamerpamMu a=0, c=1 Ha3uBaeThcs cTaHAAPTHUM a0o

HOPMOBAHHUM.
I'pacik rycTHHH HOPMAITLHOTO PO3IIOLTY HA3UBAETHCS HOPMaJILHOIO KpHBOIO (KpuBa ['aycca) (Ma.6.1).

ov2n

a

Mai. 6.1.
IMOBIpHICTH TOro, II0 HOPMAIBLHO PO3IMOJiIEHa BUIAJIKOBA BEIWYMHA NPH BUIPOOYBaHHI HaOepe 3HAYCHHS 3
inrepBany (a, ) , 0GUHCITIOETHCS 32 (HOPMYIIOHO

P(a<X<[3):d)(B;aj—¢>[a_aj. (6.3)

(¢

B mpakTHYHO BaXKIMBHX 33/Jadax BUHHAKAE HEOOXiMHICTh B 3HAXOMKEHHI IMOBIPHOCTI TOTO, IO BiIXWJICHHS
HOPMAJIBHO PO3MOIiIIEHOI BHIMAAKOBOI BEIHYMHU BiJl a TO aOCOMIOTHIN BEMTWYMHI MEHIIE BiJ 33JJaHOTO JTOJAaTHHOTO

yucia g, Tooro P (|X —a| < 8).

s iMOBipHICTH 00UNCITIOETHCS 32 (HOPMYIIOIO

£
P(|Xx —d<&)=20] £, (6.4)
o
sIKa, 30KpeMa, TI0Ka3ye, IO IMOBIPHICTh BiIXHJICHHS ISl OHOTO 1 TOro X € Oyae TuM OifbIa, 9UM MEHIITNM Oyze C.
BuraikoBa BeJTMUMHA HA3MBAETHCS PO3MOAUIEHO 32 PIBHOMIPHHM 3aKOHOM (PIBHOMIPHO PO3MOIJIEHOI0), SKIIIO 1i
TYCTHHA PO3MOILITY Ma€ TAKHI BUIT
£ C =const, sxmmo x €[a,b],
X) =
0, skmio x ¢ [a,b].
3HaiineMo 3HaueHHs cranoi C, BUKOPUCTABIIH APYIY BIACTHBICTh TYCTHHH PO3MoAiTy. ['eoMeTpuaHmit 3MICT i€l
BJIACTHBOCTI O3HAYa€ PIBHICTH OJMHUII IUIOLII, OOMEXKEHOI KpuBOIO po3moainy, tobro C(b—a) = 1, 3sigku C = 1/(b -
a). OTxe, TycTHHA PiBHOMIPHO PO3IOAIJICHOI BUIIAJKOBOI BETNYNHN Ma€ TaKWil BU:

b—a), mpuxe[a,b],
F(x) = 1/(b—a), npux <[a,b] 6.5)
0, npu X ¢ [a,b].
Binpizok [a, b] Ha3uBaeTsCs Biapizkom KoHUEeHTpaLil piBHOMipHOro po3moainy.
Bumakosa BenuurHa X pO3MOMIISAETHCS 338 MOKA3HUKOBUM (€KCIOHEHUiATbHIM) 3aKOHOM (IIOKAa3HHKOBO
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po3noaisiena), Ko ii TycTHHA PO3NOALTY iIMOBIpHOCTEH Mae TakMi BT
e AKmo X > 0
f(x)= ' ' (6.6)
0, Ko X < 0,
ne crana A > 0 Ha3WBa€eThCS MAapaMETPOM EKCIIOHCHIIIaTFHOTO PO3IIO/ILITY.

MopenmoBaHHS CKIIHUX SIBUII Ta TPOIECIB (30KpeMa, EKOHOMIYHWX) TMepea0dadae BUKOPUCTAHHS aICKBATHHX
MaTeMaTHIHUX Mojeneil. [loka3HUKOBUI PO3MOMIUT € YACTHHHUAM BHITAJKOM TaK 3BaHOTO TaMMa-pO3MOJUTY, STKHI YCITIIITHO
BUKOPHCTOBYETHCSI B TEXHIKO-EKOHOMIYHOMY MOJICNIOBAHHI 1 SIKWH, 30KpeMa, JJOCTaTHBO JI00pe OIMHCye Yac Oe3BiJIMOBHOL
PpOOOTH Pi3HUX TEXHIYHUX TPUCTPOIB Ta 00T THAHHSL.

Hegin’emHa HemepepBHa BHIAIKOBA BETMUMHA X Mae raMMa-po3noaiJ iMoBipHoOCTe, SKIO T'yCTHHA PO3TOILUTY

Ma€ TaKui BUI:
Lx‘“e‘“, SKIIO x = 0,
S =y (6.7)

0, k1o x < 0,

o0
ne o >0, A > 0 — mapamerpu posmnoziny, (o) = Iz“’le’zdz — ramma-QyHrkiis (interpan Eiepa).
0
HaBenemo BiacTuBocTi ramMmMa-(yHKIi1, KOPUCHI TIPH KOPUCTYBaHHI raMMa-pO3MOAiIOM:
HNI)=1 2)IM(a+1l)=ol(a); 3) skmo o =n — mnime HeBix’emHe umcmo, to I(N+1)=n(n-1)(n-
2)..2-1=nk4) 1 (12) = Jn.
I3 BpaxyBaHHsM BiactuBocTi 1) BumHo, mo mpu oo =1 3 (6.7) orpumyetbes (6.6), ToOTO TIpU o0 = 1 OTpUMYETHCS
TIOKa3HUKOBUIA PO3MOJILL.
BukopucTaHHsi BiacTMBOCTEH ramMMa-(QyHKIIT J103BOJISIE 3HAWTH YMCIIOBI XapaKTEPUCTUKH TaMMa-pO3IOIiiIeHol
BHIIAJIKOBOI BEJIMYMHHU X

M(X)=a/i, DX)=a/2?, o(X)=+o/r. (6.8)
Skmio mapametp o HabyBae mijux 3HadeHs (o =K =1, 2, 3, ...), TO raMMa-po3MoIiJ1 IEPETBOPIOETHCS HA PO3TIOILT
Epnanra K-ro mopsiaxy:

M0
f(x): We N HKH.IO)CZO,
0, ko x < 0.

Posnonin Epnanra 3HaxoquTh BayKJIMBE 3aCTOCYBaHHS B TEOPii MaCOBOr0 0OCITYTrOBYBaHHSI.

YHCII0Bi XapaKTEPUCTUKH IHOT0 PO3IIOILTY OTPUMYIOTHCS i3 crTiBBigHOMmIEHD (6.8), 1e o = K.

YacTHHHUM BHUMAJKOM ramma-posnominy npu o = k/2, e K=1, 2, 3, ..., a A = 1/2, € Tak 3BaHuil po3momisn X2 (xi-
KBaJpar), 3HAYCHHS SKOrO B MAaTEMATHYHIH CTATUCTHII BaKKO MEPEOLIHWTH; mapamerp K HA3HBA€THCSI B LOMY
BUIAJIKy YUCIIOM CTYIEHIB BIJIBHOCTI PO3MOALTY X2 . Cchopmynroemo iHIIU# MAX1M 10 BU3HAYCHHS PO3MOILTY X2 .

Hexait 3amano K He3aie)KHUX BHIAJAKOBUX BEIHYHH X1, X2, ..., Xk, KOKHA 3 SKMX MA€ HOPMOBAHHUil HOPMAJIbLHMIA
k

3aKoH po3noainy iMmoBipHocTeii, To6T0 M(X;) =0, o(X}) =1, i= 1,k. Tomi BumagkoBa BeanuuHa X = >X iz MaTHMe
i=1

2. . . L . .
posmonin X~ i3 K crymensmMu BiTbHOCTI, TOOTO I'yCTHHA PO3HOIiLY iMOBipHOCTEH X MaTHMeE TaKHii BHLI:
0, Ko x < 0,
- 1 1 -
J) k/z—x(k/z) o™ sxwmo x > 0. (6.9)
242 1(k/2)
YucnoBi XapaKTEPUCTUKA BUNIAIKOBOI BEJIMUKMHY, PO3IOALICHOT 38 3aKOHOM ¥, , BU3HAYAIOTHCA PIBHOCTSAMHU:

MX)=k, D(X)=2k,  o(X)=n2k.

I3 30ipIIICHHS YKCIIa CTYTICHIB BITBHOCTI PO3IOILIT X2 «TIOBLTBHOY» HAOIMKAETHCS IO HOPMATBHOTO.
PO3B’AI3YBAHHA THIIOBHUX 34/1AY9

3amaua 6.1. KopoOku 13 HIOKONAIOM YIAKOBYIOThCS aBTOMATHUYHO, TPH I[bOMY CEPEAHsS Maca OJHi€i KOpOOKH
craHoBHUTh 1,04 kr. Bigomo, mo Tinekn 2,5% KopoOok MaroTh Macy, MeHuly Bif 1 kr. Ilpumyckatoun, mo
Maca KOpoOOK po3moisieHa HOPMaJIbHO, 3HAUTH CepelHe KBaIPATUIHE BiIXUICHHS.

O Tlosnaummo: X — Maca HaBMaHHs B35TOi KOPOOKM i3 HIOKOMAZOM. 32 yMOBOW X — HOPMAIbHO DO3IMOJiNeHa
Bumaakosa Benuuna, M(X) = 1,04 i P(X < 1) =0,025. Ipormwriexuoro mo moxaii (X' < 1) e moxist (1 <X <o), Tomy
Pl<X<w)=1-PX<1)=1-0,025=0,975. s 3HAXOKCHHs G BUKOpHUCTaeMo hopmyiy (6.3), ne a = 1,04,
o =1, =, TooTO
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P(L< X <o0) =0,975 = q{_oo‘w“j_q)(l—l’o“}

c c
abo
0975 =05+® (—0704) ;
c
ockinbku @O (x) — HenapHa GyHkis i O(x) = 0,5 st x > 5.
OcTaTouHO piBHSHHSA HAOyBa€e TAKOTO BUIIISY
@( 0,04 j =0,475.
c

3a 1ab1. 3 momatkie ®(1,96) = 0,475, Tomy
0,04/ =1,96, 3Binku o =0,04/1,96 ~0,0204. @

3amaua 6.2. Ha aBTOMaTHYHOMY TOKapHOMY CTaHKY BHTOTOBJISIOTH OONTH, HOMiHaibHa JOBXKHHA skux 40 mm. B
npolieci poOOTH CTaHKa CIIOCTEPIraroThCsl BUNAAKOBI BIXWIICHHS Bijl BKA3aHOTO PO3MIipy, sSKi pO3MOIiieH]
32 HOPMaJIbHUM 3aKOHOM 3 MaTeMaTHYHHMM croiiBaHHsM 0 1 cepeqHiM KBaJpaTHYHUM BiIXWICHHSIM 1 MM.
IIpu xoHTpOJi OpaKyrOThCS BCi OONTH, PO3MIPH SKUX BIAPI3HAIOTHCS BiJi HOMIHAJILHOTO OLIBINE, HIXK Ha
JIOIYCK B 2 MM. 3HalTH IMOBIpHICTB TOTO, III0 HABMAHHSI B3SITHI OOJNT BUSIBUTHCS OPaKOBAHUM.

O Hexail BumnankoBa BenuunHa X — BiJIXWIICHHSA PO3MIpY HABMaHHS B3iTOrO OOJITA BiJ HOMIHAJIBHOTO. 3a YMOBOIO
3amaui X posmoaiieHa 3a HopManbHuM 3akoHoM i M(X) =0, o(X)=1. TlorpibHO 3Ha¥TH P(|X|>2). Ane
BUITaJIKOBA OISt (|X| > 2) NPOTHJISKHA 10 MOIT (|X| < 2), Tomy P (|X| > 2):1— P (|X| < 2).

Jnist 3HaXO/DKEHHST IMOBIPHOCTI B IpaBiii 4acTHHI PIBHOCTI MOXKHa BHKopHcTatd (opmyny (6.4) 3 Takumu

3HaYeHHsAMU mapamerpiB: a =0, =2, 0= 1.
Tori  P(|X|<2)=20(2)=2-04772=09544

P(|X|>2)=1-09544=00456. ®
3anaua 6.3. BunankoBa BenuuuHa X po3MojiieHa 32 HOPMAJBHUM 3aKOHOM i3 MaTeMaTHYHUM cromiBaHHsM a = 0 i

CepelHIM KBQJIPATUYHMM BiIXWieHHsM o. [Ipu sKoMy 3Ha4eHHI G IMOBIPHICTh TOrO, MLIO MpHU
BUIPOOYBaHHI BeauyrHa X HaOy/ie MOXKIJIMBOTO 3Ha4YeHHs 3 iHTepBany (1, 2), Oyae MakCUMaJIbHOIO?

O 3a dpopmyioro (6.3)

— 2 1 _ 1 %e 7x2/2 Ve 7x2/2
P(1<X<2)_®(EJ_Q(EJ_E(([€ dx—ge dx |

[s iMOBIipHICTH € (YHKIIEI OHIET 3MIHHOI G 1 JJIsl 3HAXOKEHHSI i MaKCUMAJIBHOTO 3HAYEHHS 3HANH/IEMO
KPUTUYHI TOYKH, NpouepeHIIiF0BaBIIN O0U/IBI YACTHHH 1 PUPIBHSBILH JI0 HYJIS TOX1THY:

% Pl<X <2)= %[8(2/0)%(2/0’), - ei(l/a)% (]/0)/) =

2 2
3Biacu 2@72/ ° :efl/ 20

NIEPETBOPEHb OTPUMAEMO:

[IpomorapudmyBaBmi J1iBy 1 TpaBy YacTHHY 3a OCHOBOIO e, MICIHSI IPOCTUX

6 =4/3/(2In2) = /3/(2-0,693) ~ 1,471.
. d . . .
MoskHa TIepeBipHUTH, IO - P(1 < X < 2) npu npoxomKeHHi depe3 3HaAWICHY TOUKY 3MIHIOE 3HAK 3 «) Ha «—», 2 TOMY
(o]

o ~ 1,471 Hajae MaKCUMAJILHOTO 3HAYEHHS IMOBIpHOCTI BUnaakoBoi nomii (1< X <2). @

3agaua 6.4. BumagkoBa BenmumHa X PO3MOAiUIEHA 32 HOPMAaJTbHAM 3aKOHOM 13 MaTEeMaTHYHUM CHOAIBaHHAM 7,6.
ImoBipHicTE TOTO, IO TIpM BUTpoOyBaHHI X Habepe 3HadeHHS 3 iHTepBamy (7,65; 7,68), mopiBHroe 0,25.
3uaiitu P(7,52<X<7,55).

O HopmasbHa KpHBa € CUMETPMYHOK BiIHOCHO MpPAMOi X=7,6, a iHTepBanu oaHakoBoi noxuuu (7,52; 7,55) i (7,65;
7,68) — cumerpuuHi BimHOCHO TOukH X=7,6. ToMy piBHMMH € IUTON[ KPHUBOJIHIHHHX TpAreliil, OCHOBAMHU SIKHX €
BKa3aHi  BIgpI3KH 1 sKi OoOMEeXKEeHI  3BepXy HOPMAIbHOIO  KpuBow. 3a  ¢dopmymnoro  (5.6)

7,55
P(7,52 < X <7,55) = f f(X)dx, me Bu3HAueHWil iHTerpan — IUIONMA KPHBOMiHiMHOI Tparerii i3 ocHoBo (7,52;
7,52

7,55), sika oOMe)keHa 3BEpXy YAacTHHOIO HOPMAaJbHOI KpHBOi. I3 PIBHOCTI IUTONI PO3MISHYTHX KPHBOMNIHIHHKX
Tpareniii oTpuMyemo Iykany iMmosipuicts: P(7,52<X<7,55)=0,25. ®
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3amaua 6.5. BunagkoBa BenudrHa Y pO3MOIiJICHa 32 HOPMAIbHAM 3aKOHOM 3 YHCIOBUMH XapakrepucTukamu M(Y)=15,
D(Y)=9. 3naiiTu, npu sSKuX 3HaYCHHIX | BUKOHYETHCS PIBHICTH

PlY =M (Y)|<tyDV) |=P|y -M(¥)|=t/D(Y)|  (6.10)

O Bunankosi mojii ﬂY -M (Y)| <t D(Y)] Ta ﬂY -M (Y)| > t\/D_(Y)] MPOTHJIEXKHI, TOMY
Pﬂv —M(Y)|<t D(Y)]+ Pﬂv - M(Y)|2t\/D_(Y)]=1,
3BiIKH PhY -M (Y)| >t D(Y)]:l— PﬁY -M (Y)| <t D(Y)]. (6.11)
[MixcraBuBim (6.11) B npaBy wactuny (6.10), orpumaemo
Pﬂv -M (Y)|<tJW]:1- Pﬂv ~M(Y)|<t D(Y)]
abo
PhY -M (Y)|<t D(Y)]:O,S .
3 ypaxyBaHHSIM YMOB 3a/1a4i OCTaHHsI PiBHICTh Ha0epe TaKoro BUAY
P(Y -15<3t)=05.
Buxopucraemo gopmyiy (6.4)

P(|x —a|<g):2d>[§j,

ne a=M(X), o =./D(Y) .

B nanomy Bunanky & = 3t, o = 3. Tomy 1151 3HaXO/KEHHSI HEBIZIOMOr0 3HAUEHHS t OTPHUMAEMO PIBHSHHS
3t
2@(5) =0,5 abo P(t) =0,25.

3a 1a651.3 monatkis 3HaxoauMO t ~ 0,675 , BUKOPUCTABIIHM JiHikHY iHTepronsimio. ®

3agaua 6.6. BumaakoBa BenuuuHa X PO3MOIiICHA 3a HOPMaJbHMM 3aKOHOM 13 cepemHiM 3HaueHHsAM 10. 3Haiitn
P(8<X<20), sixmo P(6<X<14)=0,5.

O 3a ymoBoro 3aaaui napamerp a=10, a napamerp o - HeBigomuii. s 3HAXOIDKEHHS HOr0 BUKOPHCTAEMO PIBHICTH
P(6<X<14)=0,5, bopmyny (6.3) i HemapHicTs QyHKIIT Jlaruaca:

P(6< X <14) = @(14 _1°j —q{e_lo] - q:(ij_q)(‘_“j _ 2q>£ij;
(o2 O (o2 (o2 (o2

2<I)i :0,5:>d>i :0,25:>i:0,675:>az 4 ~5,93.
o o o 0,675

Toni 3a popmysoro (6.3)

P(8< X <20)= q{ 20 —10j_®[8—10j =®(1,69)-d(-0,34)=
593 5,93

= ®(1,69)+ Dd(0,34) = 0,45449 +0,13307 =0,58756. ®

3amaua 6.7. I1IBeiina ¢aOprka BUTOTOBIISIE KOCTIOMH, OPIEHTYIOUYHCH Ha TIOKYIIIIB KOHKpEeTHOro periony. [loknanatouu,
0 PICT YONOBIKIB IEBHOI BiKOBOI TPYIH ILBOT'O PETiOHY € HOPMAJBbHO PO3MOAUICHOI BHIIAIKOBOIO
BenmuuHOIO X i3 mapamerpamu a=174cMm i 0=5cM, 3HaiTH: 1) TYCTHHY PO3MOALTY IMOBIPHOCTEH BEIMIMHU
X; 2) gacTkm KocTioMiB Tperboro pocty (171-176¢m) 1 werBeproro pocty (176-181cm), sxi morpiGHO
repeadavnTH B 3araJbHOMY 00Cs31 BHPOOHHUIITBA [T JAaHOI BIKOBOI TPYIIH.

O 1) 3rizHo 3 yMOBOIO 3a/1a4i I'YCTHHA PO3MO/LITY IMOBIPHOCTE! IaHOI BUITAAKOBOI BEIMYMHK Ma€ Bu (6.1):

f(x) = 1 e—(x—174)2/50.

s
2) Hexait omuHHUIA — 3aranbHAN 0OCSAT BUPOOHHUITBA KOCTIOMIB (BCiX pocTiB). Tomi YacTKa KOCTIOMIB TPETHOTO
POCTY BU3HAUHUTKCS SIK iMOBipHiCTE P(171<X<176), siKy 3Haiimemo 3a popmysoro (6.3):

P71 < X <176) = @(176 ;174 j - q)(m ;174 j =®(0,4)+®(0,6)=

=0,15542 +0,22575 =0,38117 .
AHAIIOTIYHO 3HAXOJMMO YaCTKY KOCTIOMiB YETBEPTOrO POCTY:

P(176 < X <181) = @(%) - @(%) =®(L,4)-D(0,4)=

=0,41924 —0,15542 =0,26382 .
OtpuMaHi pe3yabTaTH MOXKHA IHTEPIIPETYBaTH TaKMM YWHOM: KOCTIOMH TPETHOTO POCTY MOBMHHI ckiagatu 38,1%
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Beiei pomykiii, a yetBeproro — 26,4%. @
3agauya 6.8. 'ycTuHa po3noaiTy BUIIAIKOBOI BETHIMHN X Ma€ TaKUil BU:
o ——
5V2r
1) JIns MOXITHBHX 3HaueHb X1=26 1 X;=38 3HAWTH KUTBKICTh CEpPeIHIX KBaIPaTUYHUX BIiIXWICHb BiJ

MaTEMaTHYHOTO CIOAIBaHHSA, a Takok P(X<X1) Ta P(X>X2). 2) 3HaliTu iHTepBal, B SKHH 3 IMOBIpHICTIO
0,9861 noTpanuTh Npu BUIIPOOYBaHHI MOXKJIMBE 3HAYECHHS X.

O BpaxoByroun (opmyiy (6.1) i mami 3agaui, poOMMO BHCHOBOK, IO BeIMYMHA X PO3MOIiIEHa 3a HOPMAILHUM
3akoHOM, TipH oMy M(X)=a=30, o=5. Toxi

X1=26=30—4=30—g'5=30—0,80',

x2=38=30+8=30+§-5=30+],60.

Otxe, MOXKIIMBE 3HAYEHHS X1 BIAXHWISEThCS Bl MAaTEMaTHYHOTO CIIOJiBaHHS BIiBO Ha BeinnduHy 0,8, a MOXKInBe
3HAYEHHs X2 — BIPaBO Ha BenmuuHy 1,60. BukopucraBum ¢opmyny (6.3), HemapHicth QyHkuii Jlanmaca, piBHICTB
d(x)=0,5, mis X>5, a Takoxk Tab/1.3 OAATKIB, OTPUMAEMO:

P(X <x)=P(=0 <X <26)=<1)(26;30j_q)[—005—30j:

=®d(-0,8) +0,5=-0,28814 +0,5=0,21186;
P(X > X,) = P(38 < X <) =q>(°°;30j_q{@}
=0,5-®(1,6)=0,5-0,44520 =0,0548.
2) 3riiHO 3 NPaBUJIOM TPHOX CUI'M MPAKTHYHO BCI MOXKJIMBI 3HAUSHHS BEJIMYMHU X 30cepe/keHi B iHTepBaii (a—3c;

a+30), cuMeTpruuHOMY BigHOCHO a. Tomy Oynemo BBakaTH, 11O InykaHui iHTepBan mae Bup (30—, 30+e), ne € —
HEBI1JIOME YHCIIO.

3rigHo 3 yMoBow0 P(a—e<X<a+¢)=0,9861

abo P(|X —30/<¢)=0,9861,

3a opmysioro (6.4)
P(X -30|<&) = 2®(ﬁj - 2@(% .
o} 5
Tomy

zqa(g) —0,9861 = q)(%} —0,49305 .

3a Tabi.3 nomarkis £/5=2,46 3Bigku £=5-2,46 =12,3.
OTxe, IIyKaHUH iHTEPBAJ Ma€e B

(30-12,3; 30+12,3)

a6o ocrarouno (17,7; 42,3). @

3aysadicenna. 3HalneHWil iHTepBan, B sSKuM 3 iMoBipHicTI0O 0,9861 moTpammte mpu BHIIPOOYBaHHI MOXIIUBE
3HAUCHHsI BUIMAJKOBOI BeMWYMHN X, — Heequauii. CripaBmi, Hexai gucio o Take, mo P(X>a)=0,9861. Bukopucrasim
bopmymy (6.3), oTpumaemMo

P(X >a)=P(a< X <x) :(D(OO_SSO)—G)(“_S?’OJ , 3BIJIKH

@(30;“] —0,4861,= 305_“ —22=a=10.

Ipu 1pOMY BHKOPUCTOBYETHCS HepiBHICTE <30 (mpoanamisyiite womy!). Omxe, inTepBan (19; o) — Tex NHIyKaHUIA.
AmnarnorivHo MokHa Oyno 6 mokasaTH, mo B iHTepBad (—oo; 41) 3 Ti€ro >k IMOBIPHICTIO ITONAA€ MOXKJIMBE 3HAYCHHS
BHIIAIKOBOI BETMIHHH.

3anaua 6.9. /i piBHOMIpHO pO3MOIUIEHOT BUTIAKOBOI BETHMUYMHN X 3HaiTH: 1) (yHKIif0 po3moniny iMoBipHOCTEH Ta
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nmobyxyBat ii rpadik; 2) MaTeMaTHYHE CIIOAIBaHHS; 3) AHCIIEPCiIO.

O Tycruny (6.5) piBHOMIPHOTO PO3IO/iTY HAMTKIIIEMO B TAKOMY BULJISITL

0, x<a,
f(x)=:Y(b-a), a<x<b,
0, x>h.

1) Bukopucraemo dpopmyiny (5.7)
F(x)= [ f(x)dx.
Sxmo X<a, Tomi F(X)=0. Hexaii xe[a, b], Toxi

F() = [ f(dx=] f(x)dx+] F(dx=] 0dx+frladx=

Slkmo x X>b, To

FOO = [ F00dx=] fOdk [ £odx+ | F(x)dx=

b

AT )

b-al,

a b X
= de+j£+j0dx=
e ab—a
Orxe, mykaHa (QyHKISI pO3MOALTY Ma€ TaKuil BUJ
0, x<a,
Foo=12"2 a<x<b,
b-a
1 x>h.

IT rpadix 306paxeno na Man.6.2

FO) A
141

Man.6.2.

2) [ns 3HaXOMMKEHHS MaTEMaTHYHOTO CIIOIiBaHH: BHKOprcTaeMo Gopmym (5.10%) Ta (6.5)

M(X)= Txf (xX)dx = Txf (x)dx + j. xf (x)dx +T xf(x)dx =

a b © b
:J.dex+J.x 1 dx+Idex=O+ L dex+0=
e . (b—2a) b (b-a)q
_ 1 .x:b: b>  a’ _(b-a)b+a) b+a
(b—a) 2)a 2(b-a) 2(b-a) 2(b—a) 2

3) Hucnepciro 3HaiinemMo, Bukopructasum dpopmynu (5.12%) ta (6.5)
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D(X) = szf(x)dx—[M(X)]z = szf(x)dx+Tx2f(x)dx+

o 2 a b )
+jx2f(x)dx—(mj :jx20dx+jx2#dx+j'x20dx—
b 2 S a (b-3a)

2 b 2 3 b 2
_(b+a) _0+ 1 szdx+0—(b+a) __ X _(b+a)”
4 (b—a)3 4 3(b-a)la 4
_b’-a® (b+a)’ b’+ab+a’® b’+2ab+a _b’-2ab+a’ _
3(b-a) 4 3 4 B 12 B
:M, °
12

3amaua 6.10. [Tepexpectst oOiagHaHe aBTOMATUYHUM CBITJIO(OPOM, Ha SIKOMY 3€J€HE Ta HYEepBOHE CBITJIIO T'OPUTH
npotsiroM 1 xB. Ta 0,75 XB. BiINoBigHO. ABTOMOOLNG M DKIKAE O MEPEeXpecTsl y BUMAIKOBUN MOMEHT
Yacy, He IOB’sI3aHMH i3 po0oTOI0 CBiTIO(GOpa. 3HANUTH IMOBIPHICTH TOTO, HIO BiH IIPOiJe MepexpecTs, He
3YTHHSIIOYHUCE.

O  T[lo3HayMMoO BMMAJIKOBY BEIHMUMHY X — MOMEHT MpHi3dy aBTOMOGINA 10 MepexpecTs. Ii MOXKIMBI 3HAYEHHS
3HaxomiAThesl B mpoMikky (0; 1,75), moBkHHa SKOrO BWU3HAYAETHCS MEPIOZOM 3MiHM KOIBOPIB Ha cBiTiodopi.
3p0o3yMiJIo, 10 MOXKJIMBICTh NPUI3Ly aBTOMOOLIEM B Oy[b-sKMA MOMEHT 4acy jaaHoro intepsainy 3 (0; 1,75) piBHa
MOKJIMBOCTI NIPHI3y B MOMEHT 4acy IHILIOTO iHTEpBally TaKoi X HOBXHMHH. Tomy X — PiBHOMIPHO pO3MOIijieHa 3
ryctuHo posmofiny (6.5), me a=0, b=1,75. ABromo6ine mpoime, He 3YIHHIIOYKCH, MEPEXPECTs, SKIIO
BinOynerbes Bunaakosa nomxist (0 < X < 1), ToOTo mij yac «aii» 3eneHoro cBitia ceiTiodopa. Toxi 3a Gpopmynoro
(5.6)

PO< X <) =_l[f(x)dx=L_l[dx=4/7. L4
! 1753

3amaua 6.11. 3HaiiTH YKCIIOBI XapaKTEPUCTUKH MTOKA3HUKOBO PO3IOAINICHOT BUIIAIKOBOI BEINYMHHU X.
O 3a dopmynamu (5.10%) ta (6.6):
o0 0 0 ax ©
M(X)= [xf(xX)dx= [x-0dx+ [xke ™"dx=A[xe “"dx=
0 0

- —0 0
u=x dv=e"dx © 4w ®
= 1 xl=2 _ X +£je_)‘xdx Lo L1
du=dx, v=——e¢ A 0o Mo A 0o A
A

Jnst smaxomkentst D(X) ckoprcraemocsk hopmyaamu (5.12%) ta (6.6):

D(X)= 1x2F (X)dx—[M (X)]2 =T x%e M dx——

22
2
© 5 ax u=Xx", du = 2xdx
x“e~ " dx = =
(I) dv=eMdx, v= _%e—m
2 * u=x du = dx
_ X e . ' B
== e +2X (j)xe dx_dv:e‘“dx, v:—le—lx =
0 A
o0
:E _ée_xx +_J'e—7»de __32e—7\.x _%;
Al A 0 0 % 0 X
2 1 1 1
DX)=A5—-—5=7; o(X)=—. @
( ) 7\‘3 )\‘2 7\’2 ( ) }\/

3agaua 6.12. CTaTUCTHIHO BCTAHOBJICHO, IO CEPEAHIN Yac OUiKyBaHHS HACTYITHOTO ITOKYIIIS, SKUW MiIifAe 10 KacH,
nopiBaroe 0,2 xBwiMHH. Yac 4YeKaHHS KacMpOM YEpProBOTO IMOKYIIIS MO)KHA BBaKaTH BHIIAJKOBOIO
BEJMYUHOIO, PO3IMOMUICHOI 32 TOKA3HWKOBHUM 3aKOHOM. J[Is 3aMiHM CTpPIYKM KacoBOTO amapary
MOTpiOHO 2 XBWIMHHM. 3HAWTH IMOBIpHICTH TOTrO, IO 3a Yac 3aMiHU CTPIYKM HE YTBOPUTHCSA Uepra
TIOKYTIIIB.

O Hexaii X — yac 4eKaHHs KaCHPOM YEProBOro IMOKYII. 3a yMOBOK X PO3MO/iJEHA 33 TOKa3HUKOBUM 3aKOHOM i

M(X)=0,2. Ane M (X) =% (muB. 3amauy 6.11). Tomy /A =0,2 3Bigkm A=5.
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Hexaii BumagxoBa mofis A — 3a yac 3aMiHU CTPiYKH KacoOBOTO amapary He YTBOPUTBHCs depra. Tofi mpoTHiIeKHA
10 Hel momist

A=[M(X)< X <2].
Aune ockinbku M(X)=0,2, To 3a hopmyinoro (5.6)

P(A)=P[M(X)< X <2]=P(02< X <2)= ff(x)dx:

2 2 2
= [5e™dx=- [ed(-Bx)=—e| =-eP+et=e"-e"
0,2 0,2 0,2

Orxe, P(A)=1-e"+e ™. ®
§ 7. CHCTEMH BHUIIAJIKOBUX BEJIMYUH (AT ATOBUMIPHI BUIIA IKOBI BEJIMYMHM)

3aKoH pO3MOAINY IMOBIPHOCTEH TBOBUMIPHOI JMCKPETHOI BUNAIKOBOI Benn4nMHH. DyHKIIS poO3MoAiny JABOBHMipHOL
BHIIaJIKOBOI BEIMYMHM Ta il BIACTHBOCTI. ['yCTMHA PO3MOiTy IMOBIPHOCTEH ABOBHMIPHOI BUIIAIKOBOI BEJIMUMHHU Ta Il
BJIACTUBOCTI. YMOBHI 3aKOHH pO3MOAUTY. 3alie)kHI 1 HE3aJlie)KHI BUIAJNKOBI BEIHMYMHH. YMOBHE MAaTEMaTHYHE
cnoziBanHs. PiBHAHHA perpecii. UMCIOBI XapaKTEpPUCTUKW CHUCTEMH JBOX BHIIAJIKOBUX BENWYMH. KopensiiiHuii
MomeHT. Koedimient kopensmii. CucTeMa IOBITPHOrO CKIHUCHHOTO YHCIA BUMAIKOBHX BeluuuH. KopemnsiiiiiHa
MaTpuus. HopManbHuiA 3aKOH po3MoJiTy ABOBUMIPHOT BUIIAIKOBOI BEJIMUMHU.

KOPOTKI TEOPETHYHI BI/IOMOCTI

CucTeMo10 BUNIA/IKOBUX BeJIMYHUH HA3MBAETHCA CYKYIHICTh BUIIAIKOBUX BEJIMYHH, KA PO3TIISIAETHCS SIK €MHE
mise.

Hexaii X Ta Y € BUIaKOBUMH BEIMYMHAMH, 5IKi 200 B OXHOMY 1 TOMY K BHUIPOOYBaHHI HaOMpPalOTh CBOIX MOMKIIMBHX
3Ha4YeHb, a00 pO3MINAIOTHCA OAHOYACHO. bynemo mnosnauat (X, Y) cucreMy LHMX BEIMYUH (IBOBUMIPHY BHIJIKOBY
BEJIMYKMHY), 16 KOXKHY i3 BenuunH X Ta Y Ha3MBaTHUMEMO CKJIaJIOBUMH a00 KomroHeHTamu. ['eomerpuuHo (X, Y) MoxHa

-
IHTEpIPeTyBaTH 5K BUMAAKOBY TOUKY A (X, Y) Ha mionmi xOy a0 BUMaaKoBHii BeKTop 0.A4.

Po3risiHeMO JUCKpeTHY ABOBUMIpHY BUNAAKOBY BenmuuHy (X, Y), TOOTO BeMMUYMHY, CKJIQIOBI SIKOI € TUCKPETHUMU

BEJIMYMHAMU. MHOXXHMHA MOMJIMBHX 3HaueHb (yy TaKOi BHUIAAKOBOI BEJIMYMHU MICTHTh CKiHUYCHHE a00O 34MCICHHE

YHCIIO TOYOK (X, j), A€ i, j =1,00, TOOTO

QXY = {(x1 s V1 ); (xl s V2 )5 (xz,)ﬁ ); (xz,yz )5es (x3 s V1 ); (x3 s Vo ),}
ITo3nauumo:
pij =P((X =x)(Y =y}))=P(X =x;:Y = y; ) (7.1)

TOOTO pj;; — Lie IMOBIPHICTH TOTO, 1[0 NPH BUIPOOYBaHHI CKiIagoBa X HaOMpae MOXIIMBOIO 3HAYEHHS X; 1 OJHOYACHO 3
MM ckianoBa Y Habupae 3HaueHHs yj, 1€ (X;, Vj) € Qxy, Kparnka — MHOYKEHHS IO,

3akoHOM po3moiny iMoBipHOCTell 260 po3MoAiIoM THCKPETHOI ABOBUMipHOI BUNaaKkoBoi Beanunnn (X, Y)
Ha3MBAETHCS BiAMOBIAHICTS MiX TTapaMu ducel (X;, yj) € (yy Ta IMOBIpHOCTAMH p;.

3aKkoH pPO3MOATY AUCKpeTHOI aBoBUMIpHOI BenmuuHu (X, Y) 3amaeTbcs TaONMHMLECIO, BHJ SKOI Uil BUMAIKY
CKIHYEHHOTO YHCIIa TOYOK MHOXKHHU ()yy BH3HA4YaeThCs TaOm. 7.1,

Tabauys 7.1
Y
X\ ooy Vi v | om
Yol Pu | Pr Pii P1n
X2 Pu | P2 Psi P2n
Xi Dij Piy Pij Pin
Xm Pmy Pmy Pmj Pmn

[epmmii croBmens TaOdWINI MICTHTH BCI MOXIIMBI 3HAYEHHS CKIQJ0BOI X, a MEepIIMil PsSIOK — BCI MOXKIIHBI
3Ha4YeHHs CKIanoBoi Y. B KITiTHHIN, sIKa po3MillleHa Ha TEPETHHI PSIKa «X; Ta CTOBIII «yj» BKa3aHA IMOBIPHICTH Pij

Toro, o BekTop (X, Y) HaOepe 3Ha4eHHS (X;, yj), Ae i =1,m, j =1,n.

Bei moxummBi (Bunankosi) nomii (X =x;;Y=y;) npui=1,2,..m j=1,2,..n yrBopiolOTs MOBHY IPymy, &

m n
ToMy Y. Y pi; = 1. 1o piBHICTb Ha3MBAIOTH YMOBOIO HOPMYBaHH: Juls cucTemHu (X, Y).
i=1 j=1
3HaHHS 3aKOHY PO3MOALTY CHCTEMH IBOX JAUCKPETHHUX BHUIAJKOBUX BEIMYHH JO3BOJISE 3HANTH 3aKOHH PO3MOALITY
ii ckmamoBux. Crpami, 3 ypaxyBauusm moBHotd rpymd momiid (Y =Vi), (Y =V2), ..., (Y=V¥n) must i =1,m wmae micue
piBHICTBH
X =x) =X =x)¥ =y)+ X =x)¥ =yy) +.. + (X =x; )Y = y,),
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JIOIAaHKH SIKOi € IMONapHO HECYMICHUMH NOAISIMU. BUKOpUCTaHHS TeopeMu Jo/aBaHHS iMOBIpHOCTEH 1 mo3HaueHs (7.1)
JIa€ PiBHICTH
PX=x)=py+pn+..+p, (@{E=Lm). (7.2)
Omxke, s 3HaXoMkeHHS P(X =x;) noTpiOHO JomaTh IMOBIpHOCTI psmka «x» Tadd. 7.1. AHanoriyHo
IIPOCYMYBAaBIIH IMOBIPHOCTI CTOBIIIS «Yj», OTPUMAEMO:

P =y)=3p, (=ln). (7.3)
i=1

PosrnsiHemMo BOBUMIipHY BHIankoBy BennuuHy (X, Y), ckmanoBi siKoi MOXYTb OyTH AWMCKpETHUMH abo
HETepEepPBHUMH BETMUMHAMH 1 MHOKHHA MOXKJIMBUX 3HAUCHB SIKOI € O xy.

dyukuiew posnoainy (iMmoBipHocTeil) 1BOBUMIpHOI BHIaKoBOl BennuuHu (X, Y) Ha3uBaetbes dyHkmis F(x, y)
JICTEPMIHOBaHUX apryMEHTIB X Ta )y, sIKa JOPIBHIOE IMOBIPHOCTI TOrO, IO NPH BUIPOOYBaHHI X HaOepe 3HAa4YECHHS,
MEHIIIe Bif X, i IpH oMy Y HaOepe 3HaYeHHs, MEHIIIE BiJ )

F(x,))=P{X <x)- (Y <))}=P(X <x,Y<y). (7.4)

3 reoMeTpu4HOi TOYKHM 30py (YHKIIS pO3MONTYy € IMOBIPHICTh MONajaHHsA BUMagkoBoi Touku (X, Y) B

HECKIHUCHHHUI KBaJPAHT 3 BEPUIMHOO B TOYII (X, ), IKU# 3HAXOMUTHCS JiBillie 1 HIbKYe 1iiei Toukn (Man. 7.1).

YA

*xy)

0 >
X

Man. 7.1.
BuiactuBocti pynkuii po3noniny iMoBipHocTeii 1BOBUMIPHOT BUIAIKOBOT BENUYHHH.
1°.0<F(x y) <1
2°. F(X,Y) € HecmaaHOO (YHKIIIEIO 10 KOXKHOMY apryMEHTY, TOOTO
F(x2,¥) = F(X1, ¥), SKII0 X2 > X1;
F(X, y2) = F(X, Y1), K110 y2 > y1.
3°. Jlnst F(X, Y) BUKOHYIOTBCSI TPAHUYHI CITiBBiIHOIICHHS
lim F(x,y)= lim F(x,y)= lim F(x,y)=0, lim F(x,y)=1.
X—>—00 y—>—0 X—>—00 X—>+00
y—>—0 y—>+x©
4°, Slxmo oauH i3 aprymentiB F(X, Y) mpsmye 10 +o0, TO BOHA MEPETBOPIOETHCS ¥ DYHKITIIO PO3TOIITY BHITAIKOBO]
BEJIMYMHH, SIKa BIJINIOBIJIA€ IHIIOMY apTyMEHTY:
F(x9+oo) = Fi(x),F(—HX),y) = FZ(y)s
ne F1(X) i F2(y) — BiamoBinHo ¢hyHKIii po3mominy BunaakoBux Beamand X ta Y.
5°. F(X, Y) HemepepBHa 311iBa 110 KOKHOMY apryMEHTY.
BiactuBocti 1°-5° € xapakrepucruunumu. Ile o3Hadae, mo koxkHa ¢yHkiis F(X,Y), ska Bomomie IHUMH
BJIACTHBOCTSIMH, € (PYHKIIIE0 PO3MOILIY JBOBUMIPHOI BHITAIKOBOI BenmuauHu (X, ).
BukopucTanHS PO3TISIHYTHX BJIACTHBOCTEH 1 TeopeMH [OAaBaHHS IMOBIPHOCTEH MO3BOIIIE OTPUMATU TakKi
TBEPUKEHHSL.

Hacnigok 1. ImoBipHicTs MonajgaHHs NPy BUIPOOYBaHHI BUMAAKOBOI TOYKH (X, Y) B HECKiHYEHHY HAIiBCMYTY
JIOPIBHIOE TIPUPOCTY (PYHKIIIT PO3MOILTY TT0 OHOMY i3 apryMeHTiB (Man. 7.2, 7.3):
Pl <X <) (Y <))} = F(x3,5) = F(x. ),

P{X <x)-(y; <Y <yy)}= F(x,9,) ~ F(x, ).

YA YA

y __(Z( E’_Y) (X2, y) Y2 (X, Y2)
(X Y1)
yl :
0 X1 Xo ) 0 m )
X X
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Mai. 7.2. Man. 7.3.

Hacnipok 2. IMoBipHicTh MonajaHHs NpH BUNPOOYBaHHI BUIIAIKOBOI TOUKH (X, Y) B MPSIMOKYTHHK, CTOPOHH SKOTO
rapaenbHi KOOPAHMHATHUM OCSIM, OOUHCITIOETHCS 32 (HOPMYIIOI0

P{(Xl <X <X) (Y <Y < yz)}:
=F (X2, ¥2) — F (%, Y2)_(F(X2, V1) — F (X, yl))'

Bkazana iMOBipHICTh 3HAaXOANTHCS HACTYITHUM YHHOM: Bijl IMOBIPHOCTI ITOMaaHHs BHIAIKOBOI TOUKU B MIBCMYTY
AB BiHIMA€THCS IMOBIPHICTh MOMNAJaHHS BUIIAIKOBOI TOYKK B miBeMyry CD (man. 7.4).

YA

(7.5)

A

Yof--- B

Yi[= ¢t D
| |

0 X1 X7 X)
Main.7.4.

I'yctuHo cymicHoro posnoaisy iMmoBipHocTeii f(X, y) mBoBumipHOi HemepepBHOI BumaakoBoi Bemununan (X, Y)
Ha3MBAETHCS JIpyra MilllaHa YaCTHHHA TIOXiIHA BiA GYHKILIT po3moiny:

O*F(x,y)
f(x,y)= .
oxoy
Teomerpuano dynkiito f(X, y) MoxkHa 300pa3UTH MEBHOI MOBEPXHEIO, Ky HA3UBAIOTH MOBEPXHEI PO3MOTLTY.
IMoBipHicTL MONAAaHHS HeNepepBHOI ABOBUMipHOI BuNaakoBoi BesmuuHu (X, Y) B noBiabHy o6aacte D
BU3HAYAETHCS 32 POPMYIIO0

P((X,Y) e D)= [[ f(x, y)dxdy. (7.7)
D

(7.6)

DyHKLi0 po3noAiny ABOBUMIPHOI BUNAIKOBOI BeJIMYMHH 32 BiZIOMOIO T'YCTHUHOIO PO3NOAiJIY MOXHA 3HANUTH 3a
¢dbopmynoro

Fey) = | [ fE&0d, (7.9)

—00 —00
BuiactuBocTi rycTHHHM po3noaisny iMmoBipHOCTel IBOBHUMIpPHOT HENEpEPBHOI BUIMAAKOBOT BETHYHHH.
1°. f(x,y)=0.

2°. OJ? Oj?f(x,y)dxdy =1.

—00 —00
®yukuii po3moaijy iMoBipHocTeii ckramoBux X Ta Y ABOBUMIpHOI HerepepBHOI BHaakoBoi Bemwdanan (X, Y),
SIKIIO B1JIOMUIA 1T 3aKOH PO3IOALTY, OMUCYIOTHCS TAKUMH (DYHKIISIMUA PO3MOALTY:

Fi) = Jd¢ | F(&,)dC, (7.9)
Fa) = ¢ {1600 (7.10)

T'ycTuHu po3moaiiis iMoBipHocTeil ckaaxosux X ta Y IBOBUMIPHOI HemepepBHOI BUMAAKOBOI Bemmunan (X, Y),
SIKIIIO BifoMa ii TYCTHHA PO3IOJLTY, OIUCYIOTHCS (PYHKIISIMHU:

500 = [ f(xy)dy, (7.11)

—00

fo(9) = [ (x y)dx (7.12)

—o0
PosrnssHEMO crucTeMy MBOX AUCKpeTHUX BenmdwH (X, Y), 3aKOH pO3MOILTY sIKOi HaBeaeHuH y Tadm. 7.1.
YMoBHUM po3nofiiom ckiagoBoi Y npu X =x; (i = I,_m) Ha3WBAETHCS CYKYITHICTh YMOBHUX IMOBIpHOCTEH

P 1X P2 [ X)seees PV, [ X)),

00YHCIICHUX Y MPHUITYIIEHH], [0 BUIMAIKoBa mofis (X = x;) BimOymacs.

YMoBHUM po3nofiiom ckiagoBoi X npu Y = y; (j = I,_n) Ha3MBAETHCS CYKYITHICTh YMOBHUX IMOBipHOCTEH
Py [ ;)0 [ Y))seesp (X [ V),

00YnCIeHNX y MPUITYIIeHH], m10 Bunaakosa moxis (Y = yj) BigOymaacst.
B 3aranpHOMY BUNaIKy YMOBHI 3aKOHH PO3TIOJIUTY CKJIaJI0BO1 Y BH3HAYAIOTHCS PIBHOCTIMH
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rOy; |1 x)=p;) 2py, J=Lmi=lm (7.13)
j=l
a CKJIagoBoi X
m
p(x; 1 y))=py) Xpy, i=Lmj=1n (7.14)
i=1

3ayBakennsi. Cyma iMOBiIpHOCTEH YyMOBHOTO PO3MOJLTY SIK JUIS CKJIAZOBOI X, Tak i JuIsl CkianoBoi Y, JOpiBHIOE
OJIMHMIII, TOOTO

m — n _
>p(6ly;))=1 j=1n; > p(yjlx)=L i=1m.
i=1 j=1

L1i BmacTUBOCTI yMOBHHX PO3ITO/IiJIiB BUKOPUCTOBYIOTHCS JUISI KOHTPOJIO O0UHCIICHb.

Hexaii (X, Y) — HemepepBHa JIBOBUMIipHA BHUIIAJKOBA BETHUYHHA.
Bupas n1s ymoBHOI pyHKIil po3noginy ckiagoBoi X Mae BUIIIS

F(xI9) =P{C<) (Y =)} = [ FE YA/ (),

a CKJ1aioBol Y:

y
F(Y1)=PLY <0)I(X =)= TT(x &)/ fy(x)

ae f1(x) ta f2(y) BusHauaethes piBHOCTsIME (7.11) Ta (7.12) BinmnosigHo.
YMOBHI rycTUHU po3nogiiy iMoBipHocTeil (yMOBHI 3akoHM po3noginy) ckiagoBux X ta Y HemepepBHOL
JIBOBUMIPHOT BUMaK0BOI BemuunHM (X, Y) 0OUHCITIOIOTEHCS 3a (hopMyIaMu:

_feay). 715
o(x]y) G0y (7.15)
_f(xy)
w(yIX)——fl(X) : (7.16)

Teopema MHOXEHHSI TYCTUH iMOBipHOCTEN. I'ycTuHa po3moaijy iMoBipHOCTeii HemepepBHOI IBOBHMipPHOI
BunaakoBoi Bexnunau (X, Y) M0piBHIOE T'YCTHHI pPo3moaijly onHi€l i3 CKJIaMOBHX, MOMHOXKEHiil Ha
YMOBHY I'YCTHHY PO3MOAiNy iHIIOI cKIa10B0i, 00UMC/IeHy NPU YMOBI, 110 Meplia CKJIaJ0oBa Hadpanaa
3aJaHe 3HAYeHHS:

Sy = fiw(y[x)  abo  f(x,y) = f[L,(»)e(x] ).
KpuTepii He3anexXHOCTi BUNaakoBuX BeNUYMH

Teopema 1. Insi Toro, uoé auckperHi BUmaakoBi BeauwdyuHd X Ta Y, AKi € CKJIAZOBUMH TBOBHMipHOI
BUNAAKOBOI BeJuyuHu (X, Y), OyJM He3aneKHUMHM, HeoOXiIHO i aocTaTHBO, OO0 (QyHKUis
po3noainy BesimuunM (X, Y) nopiBHioBasia 100yTKy (pyHKUi po3moainy ckJaIoBuX:

F(x, ¥) = Fu(x) Fay).

Teopema 2. Insi Toro, moé HemepepBHi BuUmaakoBi BequmuumHn X Ta Y, M0 € CKIATOBHMH IBOBUMIipPHOI
BUNAAKOBOI BeJununHu (X, Y), OyJu He3a/IesKHMMH, HEOOXITHO i 10CTATHBLO, 00 T'YCTHHA PO3MOALTY
cuctemi (X, Y) nopiBHoBaj1a 100yTKY T'YCTHH PO3MOAiTYy cKJIaaoBux X Ta Y:

f(x, y) = fu(x) fa(y).

Teopema 3. SIkuio 1BoBMMipHa BUnaakoBa BeanunHa (X, Y) THCKpPeTHA, TO JJIsl He3aJI€KHOCTI ii CKJIaIoOBHX
HeOoOXiTHO i JOCTATHHO BUKOHAHHS piBHOCTEl
pij = P(X=x) P(Y =y,
JJIsSl TOBIIBHHUX Xi Ta Y.
YMOBHMM MaTeMATHYHUM CHOAIiBAHHSIM JUCKPETHOI BUNAAKOBOI Bejwdunu Y mpu X =x (e x — NeBHE
MOJKJIMBE 3HAYCHHS BHIAIKOBOI BETHMYUHH X) HA3UBAETHCSA CyMa NOOYTKIB MOXIIMBMX 3Ha4eHb Y Ha BiIOBiIHI YMOBHI
IMOBIpHOCTI:

n
MY |X=x)=2y;p(y;|x). (7.17)
Jj=1
AHAIIOTIYHO BU3HAYAETHCS MaTEMAaTHYHE CIIOIIBaHHS TUCKPETHOI BUMIAKOBOI BeNWInHA X Ipu Y = y:

MX|Y =) = 3,005, | ). (7.18)
i=1

I[J'IH HENCPCPBHUX BUITAIKOBUX BCININH XtaY

MY | X =x)= [yy(y|x)dy, (7.17%)

—0
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o
MX|Y=y)= J'x(p(x | v)dx, (7.18%)
—00
ae y(Y|X) Ta @(x[y) BiamoBiAHI YMOBHI T'YCTHHH po3mofiniB cuctemu (X, Y).
[3 HaBeJeHHMX O3HAYCHb BUIUIMBAE, IO MPH 3MiHI 3HAYCHHs X, B3arami Kaxydw, 3MiHroeTbest i M(Y|X = x). Le
o3Hauae, mo M(Y|X = X) MoxkHa po3misaaaTh SK QYHKIIIO apryMeHTa x, TO0TO
MY | X =x)=g(x). (7.19)
Oyukiis g(x) HasuBaeThes pyHkuicr perpecii Y Ha X, piBusuus (7.19) HasuBaeThesi piBHAHHAM perpecii Y Ha
X, a rpadik ¢pyHkmii g(x) — ainiero perpecii Y na X.
AHanoriyHo ymoBHe MatematnuHe crioniBanus M(X|Y = y) MoxHa po3TisaaTH K GyHKIII0 apryMeHTy V:
MX Y =y)=q(). (7.20)
Oyukiis ((v) HazuBaeThes pyHKIiew perpecii X Ha Y, pieasauns (7.20) Ha3uBaeThes PiBHAHHAM perpecii X Ha
Y, a rpadik ¢yskiii q(y) — aixiero perpecii X na Y.
YucnoBi XapakTepuCTHKUA CUCTEMH IBOX
BUTIAJKOBUX BeJIHUNH
Hexait (X, Y) — IBOBMMipHA AMCKpETHA BWITAJKOBA BEWYWHA, 3aKOH PO3MOALTY sIKOi 3amanuii Tabm. 7.1. Tomi
MaTeMaTHYHe CTOJAiBAHHSA 15l KOJKHOI CKJIAaJ0BOI BU3HAYAETHCS PIBHOCTSIMHU:

m n

m n
M(X)=22xipi,-, M(Y)=ZZyjpij~
i=1 j=1 i=1 j=1

MaTremMaTH4He CHOAIBAHHS Il CKJIA0BHX CHCTEMH JABOX HeNEPePBHUX BUNATKOBUX BeJIMUMH BU3HAYAETHCS
3a opMmymamu:
o0
M(X)= _[xfl (x)dx

—0 —

M= [yfs )y = [ [ f (roy)dxdy,

—00 —00 —00

Il
—8
—8

xf (x, y)dxdy,

8
8

8
8

ne f(x, y) — ryctuna posnominy imoBipaocteit cuctemu (X, Y), fi(X) ta fo(y) — rycrunu posmominis ckinagopux X ta Y
BiJIOBIAHO.

Hucnepcii ckiagoBux cucremu (X, Y) BU3Ha4aroThes popmynamu:

g E [(Xi -M (X)] 2 Pij - st UCKpeTHoi B.B. (X,Y);
D(X) _Ji=lj=l
[ =M (X)]? f(x, y)dxdy - ms menepepsroi B.B. (X,Y);

- st ckpeTHOi B.B. (X,Y),

m 2 2
XiP(X =x)-|M(X
) ( )= MO) SIKILO BioMi iMoBipHOCTI P(X = X;);

D(X) = .
© - 1 HenepepsHoi B.B. (X,Y),
X2 f,(x)dx —[M (X)]? Tepep ( .)
o SKIIO Bitoma ryctuHa fy(X);
m n 2 o
z X [(yi —M(Y)] Pjj - s muckpetHoi B.B. (XY );
D(Y) — |=1J=l
[ Il(y=MX)]2f(x, y)dxdy - mm nenepeproi B.B. (X,Y);

m 5 5 - VISl MCKPETHOT B.B. (X)Y),
TP =y =M (X)] o iomimocnl POY = v
D(Y) = =1 AKIIO BitoMi imosiprocTi P(Y = y);
© . 2 - s HemepepeHoi B.B. (X,Y),
1y fa(y)dy ~[M(Y)] .
% SIKIIO BinoMa ryctuna fo (y).
CykymHicTs MateMatnanux cromians M(X) i M(Y) siBiste co60r0 XapakTepuCTHKY TonoxkeHHs cucremu (X, Y).
I'eomeTpryHO — 1€ KOOPIMHATH «CEPEAHBOI» TOYKHM HA IUTOIIHMHI, HABKOJO SKOI 3IIMCHIOETHCS PO3CiIOBaHHS 3HAYCHB

cucremu (X, Y) sk BumanakoBoi Toukd. Ywcmoi xapaktepuctukd D(X) ta D(Y) XapakTepws3yroTh pO3CiIOBaHHS
BHITQJAKOBOI TOYKHM B HANPSIMKY oceit Ox Ta Oy BiamoBigHO.

KopeasiuiiHuM MoMeHTOM (MOMEHTOM 3B’fI3KY) CHCTEMH [BOX BHNAJKOBUX BenwduH (X, Y) HasWBaeThcs
MaTeMaTHYHE CIIOiBaHHS TOOYTKY BiAXWICHD IUX BEIMYHH BiJl CBOIX MATEMAaTHYHHUX CIIO/iBAaHb:
Kxy =M[(X =M (X))(Y =M (Y))].
BukopurcTanHsS BIaCTUBOCTEH MaTeMaTHYHOTO CIIOMIBAHHS JO3BOJISE 3allUCATH KOPEIAIINHANA MOMEHT y TaKOMY
BUTJIISL:

Kyy =M (XY)=M(X)M(Y).
I[J'IH O6‘II/ICJ'IGHHFI KOperIHiﬁHOFO MOMCHTA NUCKPETHUX BUMMAAKOBUX BCINYNH KOPUCTYHOTbCA (bOpMyJ'IaMI/IZ
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Kxy = iglj%l(xi - (X))(yj ™ (Y)) P

- (7.21)
Kxy = '21 _leiy]' pij —M (X)M(Y),
i=1j=
a Il HETICPCPBHUX BUIIAAKOBUX BEJIMYHH — (I)OpMyJ'IaMI/I:
KXY = .[ J(X_M(X))(y_M(Y))f(va)dXdy7
~o0=c0 (7.22)
Kxy = [ Ixyf(x,y)dxdy—M (X)M(Y).

Po3mipHicTh KOpemsIiifHOro MOMEHTa JOpiBHIOE T0OYTKY po3MipHocTel BenanH X Ta Y. ToMy 1uist OmHMX 1 THX
K€ BEJIMYMH BennunHa Kyy Mae pi3Hi 3HAUEHHS B 3aJISKHOCTI BiJl TOTO, B SIKUX OJMHUIIIX BUMIPIOIOTHCS I1i BETUYUHU.
J11st ycyHEHHs IIbOT0 HEJJOTIKY BBOJMTHCS HOBA YUCJIOBA XapaKTEPUCTHUKA — KOS(IIi€HT KOPEIsLii.

Koeginientom xopensiuii ryy BumaaKoBux BequuuH X Ta Y Ha3MBAETHCS BiTHOIIECHHS KOPENSALIHHOrO MOMEHTA JI0
JNOOYTKY Cepe/iHiX KBaJpaTUUHHUX BiJIXWICHb UX BEJIMYHH:

Ty =KXY/(chy). (7.23)
BaacTusocTi koedinienta xopessimii
1°. ryy € 6€3p0O3MipHOI0 BETHYHHOIO.

2°. rxy|sl.

3°. Sxmo r,, ==1, To Mix cknagoBumu X Ta Y BumaakoBoi BemuuuHHU (X, Y) icHye miHiiiHa (yHKI[iOHaTbHA

xy
3anexHIicTh: Y = ouX + op, A€ o, Olo — JIHCHI Ynca.
4°, SIxmo Py # 0, To ckiamoBi X Ta Y ABOBUMIpPHOI BUIAAKOBOI BenmuduHu (X, Y) 3aimexHi.

KoeoimieHnt xopensuii ryy XxapakTepu3ye CHITY JIIHIHHOTO 3B’S3KY MK BHIIQJIKOBUMH BenmuuuMHAMH X Ta Y: 4nuMm
ommKye |er| JI0 OJUHMIN, THM TICHIIIMKA JTIHIHHAN 3B’SI30K; UMM OIIKKUE |er| JIO HyJs, THM Cla0mui JiHIHHKI

3B’S30K.
Bunajxosi Benuuunu X ta Y Ha3MBAIOTHCS KOPEJIbOBAHMMH, SIKIIO Ty # 0, i HeKOpeJILOBAHUMH, SIKILIO Ty = 0.

3rigHo i3 BiacTuBicTIO 4° KoedilieHTa Kopessiiii i3 KopeJboBaHOCTI JBOX BUIIAJKOBHX BeJIMYUH BHILIMBAE iX
3ajexnicTs. [Ipore i3 3ame:kHOCTi BUNAJKOBUX BEJTHYMHH 1€ HE CJIiAYeE IX KOpeJbOBaHICTh, TOOTO BOHH MOXYTh
Oyru abo KOpenboBaHUMH, 200 HEKOPEIbOBAaHUMH.

3 gpyroro Ooky, i3 He3aJe;KHOCTI JBOX BUINAJKOBHX BeJIWYHH BHIUIMBAE iX HeKOpe/LOBaHiCThL, aine i3
HEKOpPeJbOBAHOCTI BUNAIKOBUX BeJUYHHH Ille He MO’KHA 3pOOMTH BHCHOBOK IPO iX He3aJIeKHICTh.

Cucrema 10BIJILHOTO CKIHUEHHOT0 YHcaIa
BHIAIKOBUX BeJTUYUH
D YHKIIEW0 PO3MOTiTY CHCTEMH N BHNAAKOBUX BeJuduH (X1, X, ..., Xn) Ha3uBaeThCs QYHKINS TeTEpPMiHOBAHUX

apryMEHTIB X1, X2, ..., Xn, IKa JOPIBHIOE IMOBIPHOCTI CYyMiCHOTO BUKOHAHHS HepiBHOCTeH X;<x; (i =1,n):
F (X, X2, Xn) = P{LOX < X0) - (X2 < X0) s (Xpy < X)),
JIe KpaIrkaM¥ MO3HAYEHO JOOYTOK (TIepeTHH) TOIiil.

s yHKIis € HECTIAMHOO 10 KOXKHOMY 13 apryMeHTIB X;, Mpu peinTi (ikcoBaHnx. BoHa mpsiMye 10 HyIs, SIKIIO
xo4a O OAMH apryMEHT MPSMYeE JI0 —0.

Sxmo i3 cucTteMu BUIAAKOBUX BEIHYUH X1, X2, ..., Xn BHOUINTH NESAKY MiACHCTEMY, HaOmpuKmag Xi, Xo, ..., Xk, A€
k<n, To ¢yHKImiA po3momiay JuIA i€l migcucreMu MmatuMe BHDISI F(xi, X2, ..., Xk, 9, ..., 00). 30Kpema, (YHKIIiO
PO3IIOAITY AT KOXKHOI i3 BENHMYMH, IO BXOAATH IO CKJIAAy CHCTEMH, ONEPXKHMO, SIKIIO BCS pEIITa apryMEHTIB
npsamyBaTume 10 +oo. Hampukman, F(x1) = F(x1, o, ..., 00). SIKmio Bei apryMeHTd (YHKINT pO3MOIiLTY IPSMYIOTh [0 O, TO
BOHA IIpsiMYeE 10 1.

I'yctuHa posmoaisty iMoBipHocTeli N-BUMipHOI HemepepBHOI BHNAAKOBOI BeawduHu (X1, Xo, ..., Xj)
BHU3HAYAETHCS PiBHICTIO
O"F (X, X0y Xpy)

O0X10X9...0Xp

I pysK1is HEBiA €MHA 1 171 HET BUKOHYETHCS yMOBa HOPMYBaHHS

f (X1, X9 ey Xp) =

OF OF Ojof(xl,xz,..., Xp )dXqdXs...0%, =1.

—00—00 —00

I'yctrHa posmominy st migacucremu (X1, Xo, ..., Xk), 1e K < N, BUSHa4a€ThCs PiBHICTIO
o0 o0 o0

F(X X0 X ) = T o T (X X0 ey X )X 4 OXi 2. OXy.

—00 —00 —00

n-k
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YMOBHUM 3aKOHOM PO3NOIiTYy MiICHCTeMH BHUNAAKOBUX BeJdW4MH (X1, X>, ..., Xk) Ha3UBA€ThCS TAKWil 3aKOH,
SIKMH OTPUMYETHCS 32 YMOBH, 1110 pemTa 3 HUX (Xk+1, Xk+2, ..., Xn) HAOYIIN CBOTX MOMKJIMBUX 3HAYECHB Xk+1, Xk+2, +«y Xn.
YMoOBHa rycTHHA Po3noAity iMOBipHOCTelH BH3HAYAETHCS 32 POPMYIIO0
.f(xl > x2 EIR) xn )
f(xk-H > X 250005 Xy )
Heo0xXiHOO i TOCTAaTHROK YMOBOIO HE3AJICKHOCTI CKIIAJI0OBUX N-BUMIiPHOI BHIIAJKOBOI BeTHUUHH (X1, X2, ..., Xn) €
BHKOHAHHSI PIBHOCTI

f(xl,xZ gesey xk | xk+l geey xn) =

S %50 %) = [ (0) f (). /(%)
YuciioBi XapaKTepUCTHKH N-BUMIPHUX BUIIAJIKOBUX BeJIUYHMH.
MaremaTuuHe CIIoiBaHHsI HENEPEPBHOI BETMYMHH X;, III0 BXOAUTH JIO CUCTEMH, OOUYHCITIOETHCS 32 (OPMYIIO0

M(X;)= OJ? T Tx,»f(x, 3 Xg e X, )X dX5 . dx,, (D =1,1),

—00 —00 —00
a JICTepCis i€l )k BeTMYMHN (pO3paxyHKoOBa Ghopmyiia) —
D(X{)= T T oo IXF T (X0 Xg s X JAXgOXo...OXr = [M(X;)] .
—00—00 —00
Kopensiiini MoMeHTH a1 KOxHOI mapu (X, Yj) CKIamoBHX N-BUMIpHOI BHIMAAKOBOI BeMuduHH (X1, Xo, ..., Xn)

00YHCITIOIOTHCS 32 (POPMYIIOIO
Kxpy; = Kij = M{(Xi =M X)X j =M (X))},

3okpema, skuio i = j, 1o K,;; = D(X;) = ol

Bci kopernsiiiiHi MOMEHTH BUTIAJKOBOI BETHMYMHH (X1, X2, ..., Xn) PO3MILIYIOTh Yy BUIJIS/II KBaPATHOI TaOIHMIT, sIKa
Ha3MBAETHCS KOPEJSINiiTHOI0 MAaTPHIIEI0 CHCTEMH N BUIIAIKOBUX BeJINYNH:

K, K, K5 .. K,
Ky Ky Ky oo Ky,
Knl KnZ Kn3 Knn
3 ypaxyBaHHsM piBHocreit K =K ;;, K;; = 01-2 , KopesiiiiiHa MaTpHI HaOUpae Takoro BUAY:
2
or Ky Kz oo Ky
2
Kiz o2 Ky .. Ky
Ky Koy K 2
1n 2n 3n = Op
VY BHUNaJIKy HEKOPEILOBAHOCTI KOXKHOI mapu cucreMu (X1, X, ..., Xn) KopessiiiiiHa MaTPHILs CTAa€ AiarOHANBHOIO:
i 0 0 .. 0
0 o3 0 .. 0

0 0 0 .. c
3HarOUN KOpENAIiiiHi MOMEHTH, MOXHa BH3HAYUTH Koe(ilieHTH Kopeasinii AjsA KOKHOI MapM BUIAJIKOBUX
BeJIMYMH N-BUMipHOI BUNAAKOBOI BeJMYUHHN. Taki KoeimieHTH KOpemsmii Ha3WBAIOTHCS MAPHUMHU 1 BU3HAYAIOTHCS

3a (HOopMyIoI0
K

]
ry=—

b
G0

J
I3 mapHux Koe(illieHTIB KOpensiii yTBOPIOETbCS KBaJpaTHA MATPHIS, SKA HA3UBAEThCS HOPMOBAHOIO
KOpeJIALiiiHOI0 MATPHUIIEIO:

1 np n3 Mn
o 1 13 fon
fn Ton I3p 1

Po3noain imoBipHocTedi cucrtemu (X, Y) Ha3uBaeTbesl HOPMAJIBHUM (IBOBHMipHA BHWITAJIKOBA BETHYMHA
pO3ToiTcHa 32 HOPMaJTbHUM 3aKOHOM ), SIKIIO TYCTHHA PO3IIONLTY HIMOBipHOCTEH

L1 @ (b, (xea)y-h)
2 2 2 Mxy
1 e 2(1—rxy)t oy oy GyOy

fxy)=——F— :
2mxcy,[1—rxzy
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Jie TI’SATh ITapaMeTpiB PO3MOALTY MAlOTh TAKHH IMOBIPHICHUH 3MICT:
a=M(X), b=M(Y), o, =,D(X), 6, =yD(Y), Iy — xoediieHT Kopemsiuii BemmnH X 1a Y.

Bizomo sikmo cucrema (X, Y) po3nonilieHa 3a HOPMAlbHUM 3aKOHOM i3 mapamerpamu 8, b, ox, oy, Ixy, TO i
CKJIAJIOBI TAKOXK PO3MOALTICHI 32 HOPMAILHAM 3aKOHOM 3 TlapaMeTpaMH, PiIBHUMH BiJIOBiIHO &, ox Ta b, o.

JJia ck1aioBUX HOPMAJILHO PO3MOAiJeHOI JBOBUMiPHOI BUNAIKOBOI BeJIUYHUHN MOHATTS He3aJe:KHOCTI Ta
HEKOPeJIbOBAHOCTI € €eKBiBAJIECHTHUMM.

PO3B’AA3YBAHHA TUIIOBUX 3AJJAY

3amaua 7.1. SIkicTe NpOIyKIii XapaKTEepU3YeEThCSl JBOMa BUIAJKOBUMH mapamerpamu: X Ta Y. 3aKOH pO3MOALTY
BumaakoBoi BemmuuHu Z = (X, Y) HaBeaeHuit B Tabm. 7.2. 3HaiiTH: a) 3aKOHH PO3MOITY CKJIAJI0BHX
BunaakoBoi BemuunHu Z = (X, Y); 6) yMOBHHI 3aKOH PO3MO/IIY CKIanoBoi X Mpu yMOBI, IO CKiagoBa Y
HaOpana 3HaueHHA Y3 = (,2; B) yMOBHHIA 3aKOH PO3MOAUTY CKiIamoBoi Y mpu ymoBi, mo X =x1=2; I)
YMOBHE MaTeMaTUYHE CITO/IIBAHHS BUIIAIKOBOI BEIMYHMHU Y MPH YMOBI, 10 X = x2 = 3.

Tabnuysn 7.2

Y

Y 0 01102 03

2 02 | 005| 01 | 0,05
3 0 01015 | 0,15
4 0 0,15 0 0,05

o a) Bukopucraemo piBnocTi (7.2):
P(X=2)=0,2+0,05+0,1+0,05=0,4;
P(X=3)=0+0,1+0,15+0,15=0,4;
P(X=4)=0+0,15+0+0,05=0,2.

3aKoH po3MO/LITY CKIa0BOi X Mae BUJI
X | 2 3 4

Plo4a 04 02

3a hopmynamu (7.3)
P(y=0)=02+0+0=0,2;
P(Yy=0,1)=0,05+0,1+0,15=0,3;
P(Y=02)=0,1+0,15+0=0,25;
P(Y =0,3)=0,05+ 0,15 + 0,05 = 0,25,
3BIJIKH OTPUMYETHCS 32KOH PO3MOALTY CKIaoBol Y:
Y | 0 ol 02 03

P02 03 025 025

0) YMOBHI IMOBIPHOCTI TOr0, 10 TIPU BUIPOOYBaHHI BenmnunHa X HaOepe KOXKHE 13 CBOIX MOXJIMBUX 3HAYEHb TPH
YMOBI, 10 cKiajoBa Y HaOpana 3HaueHHs y3 = 0,2, oOuucnumo 3a popmynamu (7.14), BpaxoByrouH Te, 0 cymMa B
3HAMEHHHKY JIOPIBHIOE CyMi €JIEeMEHTIB TPEThOTrO CTOBIIIIS Tab. 7.2.

P(x; | y3) = pi3/P(Y = y3) =0,1/0,25 = 0.4,
P(xy | y3) = pa3/P(Y = y3) =0,15/0,25 = 0,6,
P(x3 | y3) = p33/P(Y = y3) =0/0,25 =0.
3anuieMo nrykaHui YMOBHHI PO3IIOiT CKIaI0BOi X:
X |2 3
P(X|y;)] 04 06
BimmiTiMO, 1m0 B OTpEMaHOMY YMOBHOMY po3nofiimi X mpu Y = y3 (irypye TiNbKH JBa MOXIHMBUX 3HAUCHHS,

ockinmpku momist (X =x3) mpu Y = )3 € HEMOXKITMBOO. SIKIO X CKIACTH YMOBHHMA po3moniia X mpu Y = y4, TO TaKuX
MOXJIMBHX 3Ha4eHb X Bke Oyze TpH (mpoanHamizyiTe!).

B) [l 3HaXO/MKEHHS YMOBHUX IMOBIpHOCTEH CKIaJ0BOI Y MpH YMOBI, 10 CcKJIanoBa X HaOpasia 3HAYSHHS X1 = 2,

sHaiiemo 3a Qopmynamu (7.13). Tlpu upoMy CyMy B 3HAMEHHHUKY 3HAWIEMO, JOJAOYM €IEMEHTH IEPIIOro pPsKa
Tabm. 7.2.

P(yy | x) = p11/P(X =x)=02/04=05,
P(y; | %)) = p1o/P(X =x;) =0,05/0,4=0,125,
P(y3 | x) = p13/P(X =x)=0,1/0,4=0,25,

Otxe, yKaHUH YMOBHHUH PO3IOALT CKIAZ0BOI Y Ma€ BUTIISL:
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Y |0 01 02 03
P(Y|x) |05 0125 025 0125

r) Bukopucraemo dhopmymy (7.20), e x = x,.
4
MY | X =x)=2y;p(y;|x;).
j=1

OG6uucnumMo yMOBHi iMoBipHOCTI p(yjix2), j = 171, 3actocyBaBmu ¢popmynu (7.13) (muB. . B):
P | %)= pyy /P(X =x,)=0/0,4=0,
Py | x3) = py/P(X =x,)=0,1/0,4=0,25,
P(31x2) = pa3/P(X =x,) =0]15/0,4= 0,375,
P4 X3) = pay/ P(X = x,) =0,15/0,4 = 0,375.
Orxe,
MY |X=x,)=0-0+0,1-0,25+0,2-0,375+0,3-0,375 =0,2125. o

3agaua 7.2. J[BoBUMipHa BUINAKOBA BEIMYMHA 3a/1aHa (DYHKITIEO PO3MOILTY

0, sikiio x < 0abo y <0,
F(x,y)={

3HalTH IMOBIpHICTH TOro, WO NPH BUINPOOYBaHHI BHmanakoBa BeiawuynHa (X, Y) HaOepe 3Ha4yeHHS 3
KBaJIpaTy, BEPUIMHHU SIKOTO MatoTh Taki koopausatu: (0, 0), (0, 1), (1, 0)i (1, 1).

(I-e™)1-e?), sxmox>0iy>0.

0 MHOXXMHA TOYOK BKa3aHOrO B YMOBI KBaJpaTa BU3HAYAETHCS CITiBBIJHOUICHHSIMHU {(O <X<1)-(0£Y< 1)}, a ToMy
3a opmyoro (7.5)
P{O0< X <1)-(0<Y <)} = F(Ll) - F(0,]) - (F(1,0) - F(0,0)) =
=(l-e(l-e?H)-(1-e"1-22)=1-e)1-e")+0=
=(l-eH)1-e?)~0,547. o
3apaua 7.3. /[BoBumipHa BunajakoBa BenuuumHa (X, Y) po3mojijieHa i3 CTaJO TYCTHHOIO PO3MOIUTY BCepeAuHi
kBazapata D, Bepimnu sikoro marots koopaunat (0; 0), (0; 2), (2; 0), (2; 2).
3Haiity rycTuHy iMoBipHOCTe# f(X, Y) 1 yHKIIFO po3mOmiy.
© 3riJHO 3 YMOBOIO 3a/1aui 'yCTHHA PO3MOALTY IMOBIPHOCTEI Ma€ Takuid BUI
C, sxuo (X, y) e D,
f(xy)=
0, sxmo (X,y)¢&D,
ne C — crana. 3HalineMo C, BAKOPUCTABIIH BIACTUBICT 2° TYCTUHU PO3MOLTY
© 2 2 2
_[ _f f(x, y)dxdy = ﬂCdxdy = C_[dx_[dy = 2C_[dx =4C =1,
S D 0 0 0
3Biaku C = 1/4. Oxe,
0,25, sxmo (x,y) € D,
f(x,p)=
0, akmo (x, y) € D.
DYHKIIFO PO3MOALTY 3HataemMo 3a hopmyioro (7.8).
Hexaii x <0 a6oy <0, Tomi f(X,y) =01
x
F(x,y)=P{(X <x)-(Y <y)}= [d§ [ [(5.0)dE =0.

—00 —00

Axmo 0 <x<2i10<y<2, toni

X y
F(x,y)=P{(X <x)-(Y < p)} = [de [ f(E,)dG =

X y X
= [d([0,25d€ = 0,25 yd& = 0,25xy.
0 0 0
Hexait x> 2iy € (0, 2], Tomi

X y
F(x,p)=P{X <x)-(Y <y)}= [de [ f(E,L)d; =

y 2 y o
= [d([0,25d¢ =0,5[d; =0,5y.
0 0 0

B npomy Bumajiky BpaxoByBaiocs e, 1o f(X, y) = 0 3a mexxamu kBajapara D.
Hexaii xe (0, 2] iy > 2, Toni
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F(xy)=P{X <x)-(Y <y)}= Tde [f(&Q)de = 025Idéfdf; 0,5x.

—00 —00

Hapeumrri, sixmo x> 21y > 2, To

Flx,y) = Idﬁ ff(& 0)dG = ozsjdgjd(; =1

TakuM 4uHOM, IIyKaHa (QYHKILS PO3IMOIiIy JaHOI TBOBUMIPHOI BUMAAKOBOI BEIMYUHH MA€ TAKUN BH/I:
0, sxiio X < 0abo y <0,
0,25xy, sxmo X € (0,2]1y €(0,2],
F(x,y)=:0,5y, ko X > 21y €(0,2], °

0,5x, sxio X € (0,2]iy > 2,
1 SKIIO X > 21y > 2.

3apaua 7.4. 'yctHa pO3MOIiTY iMOBIPHOCTEH ABOBUMIpHOI BHMAAKOBOI Beamantu (X, Y)

S, p) = ﬁe*xz’z"y -3
T

3HaWTH I'YCTUHY PO3MOALTY IMOBIPHOCTEH CK1a1oBOT Y.
o Illykany rycTuHy 3HaX0AuMO 3a hopmyioro (7.12):

J_ J_ _ -
fo(y) == . i —2¢y-3y? de = (<:+y) 2y? de =

w0 T _»o
_V2

T

e TN a(g+y).

o0
. 2
Bpaxosytoun interpan Ilyaccona [e™ dt = +/m, octaTouso orpumaemo

2 2
fz(y)=£efzy2 T=]%" e
n n

3anaua 7.5. I'yctrHa po3moiy iMOBIpHOCTEH ABOBUMIipHOI BHMAaAKOBOI Beamantu (X, Y)
4—-x—-y, sxuo (x,y)e D,
S y) =
0, skmo (x, y) ¢ D.
ne D — kBanpart, oomexenuit npsimumu x =0, x =2,y =0, y = 2.

3HalTH YMOBHI 3aKOHU PO3IMOJUTY CKJIQJOBHX, II0 BXOASATH Y CHCTEMY 1 3’SICYBaTH, UM € 3aJeKHUMH IIi
CKJIAJIOBI.

o 3a popmynamu (7.11), (7.12) 3Haiimemo TyCTHHY pO3MOIiIy iMOBipHOCTE#H KOXHOI ckIanoBoi. list x € [0; 2]
2

=2(3-x),
0

2

2
ﬁ(x)=j(4—x—y)dy=[(4—x)y—%}
0

st y € [0; 2]
2
f2(y)=[(4—=x—y)dx =23~ y).
0

Otxe,
2(3-x), mpux€[0,2],
Si(x) =
0, mpu x ¢ [0,2].
23-y), mpuye[0.2],
fa(y) =
0, npu Y ¢ [0,2].
Bukopucrasuiu Gpopmynu (7.15) ta (7.16), oTpuMaeMo yMOBHI TYCTHHH PO3IOJiTY IMOBIpHOCTEH CKIagoBUX X Ta
Y BiIoOBIIHO:

o(x]y)= axwmo (x,y) € D,

y(y| )_— skmio (x, y) € D.

d-x-y
()

y
2(3-x)

Ockinbku s (x, y) € D
S1®)f,(0)=26-x)-28-y)#4-x-y=f(x,y),
TO 3TiIHO 3 TeOPEMOIO 2 BHUIAAKOBI BenuauHd X Ta Y € 3a/eKHIMH. ®
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3amaua 7.6. Yactka npoxykuii 3aBozty, 10 MICTUTH Opak dyepe3 nedekt A, ctaHoBHUTH 3 %, a yepe3 nedekt B — 4,5 %.
[IpunaTHa npoayKitis CTaHOBUTE 95 %. 3HAUTH KOPENAIIHUNA MOMEHT, KOe(iIlieHTH Kopesiii gedekTin
A 1B, a Takox (yHKIIiFO pO3NOILTY iIMOBIPHOCTEH.

o Po3risHEMO cuCTeMy JMCKPETHHX BHNaakoBux BeamuuH (X, Y) Ix 3mauenns mopiBHIOOTH BiamopimHo 1, sKIIO
nponykuist Mae nedexr 4 abo B, 1 Hymro, koo aedekT BiacyTHiH. MoxiuBi 4 komOiHamii 3Ha4eHb 3MiHHHX.
Busnaunmo ixHi iiMoBipHOCTi. 32 yMOBOIO INpHJaTHa INPOAYKLis CTaHOBUTH 95 %, Tomy P(X =0Y = 0): 0,95.
Bunankosa BennunHa X HaOyBae 3Ha4ueHHs | 3 iMoBipHicTiO 0,03, Tomi P(X = 0) =1-0,03=0,97.

Orxe, P(X =0;Y =1)=P(X =0)-P(X =0; Y =0)=0,97 —0,95 = 0,02.

JlaJti BU3HAYAEMO TaKi KMOBIPHOCTI:

P(X =Y =1)=P(Y =1)-P(X =0; Y =1)=0,045 - 0,02 = 0,025; P(Y =0)=1-P(Y =1)=1-0,045 = 0,955.
3anumemMo pe3yIbTaTH 00YHCIIeHb Y TaOJIULIO:

Y
X 0 1

0 0,005 | 0,025
1 0,95 | 0,02

3HalIeMO KOpENALiHHIE MOMEHT 3a Apyroro i3 gopmyn (7.21). JIas 1poro o04YMCIMMO 3HAYCHHS BEIHYHH, SKi

BXOJISITH JI0 1€l hopmyrm:

2 2

M(XY)=D">"xy;p; =0025; M(X)=0,03; M(Y)=0,045.

i=1 j=1
Toni Kyy =0,025-0,03-0,045 = 0,02365 .
O6uucmumo qucnepcii X 1Y :
M(x2)=003  D(x)=00291;  M(y2)=0045  D(Y)-0042975. Tomi srimo i3  (7.26)
_ 00265 4660,

,/0,0291 - 0,042975

3uaiinemo dyukiiro posmominy F(X,Y).

My

Skmo Xx<0 abo y <0, Toy Biamosiguocri i3 Bmactusictio 3 F(X,Y)=0.
Hexait xe (0] i y<(01]. Toni Bumagxora mozist (X <X,Y <y)=(X=0,Y =0), ockinbku 0 — eauHe MOXIHBE
3HAYeHHs, sKe MeHme Bix x Ta Y. A Ttomy 3rimio i3 (7.4) ms  xe(0l] i ye(01]
F(X,Y)=P(X <x,Y <y)=P(X =0,Y =0)=0,005.
Sxmo x>1 i ye(0], Tomi momist (X <X,Y <Y) BimOyBaeTbcst TOmi, i TUNBKH TOMi, Koau omHodacHo X =0 i
Y =0, abo ommouwacto X =1 i Y =0, T106TO0 Mae wmicie Taka piBHicTe (X <X, Y <y)=(X=0,Y=0)+
+(X =1Y =0), me nogaHKu crmpaBa € HECYMICHUMH MOAISIMH. BHKOPHCTaHHS TEOpEeMHU JO[aBaHHsS iMOBipHOCTEH i
o3Hauenns (7.4) no3omste 3uaiitn F(X,Y) Ha mpx mpomixkax:
F(X,Y)=P(X <x,Y <y)=P(X=0,Y =0)+P(X =LY =0)=
=0,005+0,95=0,955 .
Sxmo X e (0] i y>1, 1o 3a aHasori€eto i3 monepeaHiMH iHTEpBaTAMH
F(X,Y)=P(X <xY <y)=P(X=0,Y =0)+P(X =0,Y =1)=0,03.
Hapemri sikmmo X >1 1 y >1, o momist (X <X,Y <y) — mocroBipua, i F(X,Y)=1.
Otmxe, GYHKIIIIO PO3MOALTY MOXKHA 3aMMCATH Y BUTIISIL TAOJIHIII:

\ y<0 O<y<1 y>1
x<0 0 0 0
0<x<1 0 0 0,03
x>1 0 0,955 1 o

3apaua 7.7. /[oBumipHa BumaakoBa BenmurHa (X, Y) posnoaiieHa piBHOMIPHO B Kpy3i x*+ y2 <r’. Hosectn, mo X
Ta Y — 3aJe)KHI BUIMIAAKOBI BETHMYHMHH, ajJie HEKOPEThOBaHi.

© 3a yMOBOIO 3a/1a4i TYCTHHA PO3MOLTY BelMuuHH (X, Y) Mae Takuii BUI:

e
f(x,y)—{o

2

b

= const npmx2 +y2 <r

mpux? + y* > 2.
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BukopucraBmm BiaacTuBicTh 2° TYCTHHH PO3MOALTY iMOBipHOCTI, onepxxumo C = 1/ (TCI”Z). 3a dopmynamu (7.11),

(7.12) 3HaiineMo rycTUHY PO3MOiNy KOXKHOI CKIIaJI0BO:

00 = 7100y = {1/ 2oy =1/ f| | ~2/6an);

£ = [ fey)de =2/ ().

Ockinpku piBHicTs f(X, y) = fi(X) f2(y) He BuKOHYEeThCS, TO poOMMO BHMCHOBOK, mo X Ta Y € 3aleKHUMHU
BHUIaJIKOBUMH BEJTHYNHAMH.
Kopensuiiiauii MomeHT cuctem (X, Y) oburcnumo 3a apyroro i3 popmyn (7.22):

Kyy = T Txyf (xy)dxdy—M (X)M (Y) =

1 r  Jr2-x? r r
=— fxdx ydy — [xdx [ydy =0.
r -r

mr- —r _lz_xz nr2 2

Otrxe, ryy =0 1BenuuuHu X Ta Y € HEKOPEITbOBAHUMU. ®

§ 8. ®YHKIIA BUITAJKOBUX BEJINYUH

DyHKIIiS OHOrO BUIIAIKOBOTO apryMeHTy Ta ii MareMaTH4He cromiBaHus. JlorapudmiuHuii HOpMATbHUN 3aKOH Ta -
pozmoain. OyHkuii qBoX BunaakoBux BeanduH. Posnonin Ct’roaenTa, posnoain dimepa-CHemnokopa.
KOPOTKI TEOPETHYHI BI/IOMOCTI
DyHKILisI 0ITHOT0 BUNAIKOBOI0 APTYMEHTY Ta il MaTeMaTH4YHe CIOXiBaHHA
SIKIIO KOX)KHOMY MOXIJIMBOMY 3HAY€HHIO BHIIAJIKOBOI BENMYMHHM (OAHOBUMIpHOI) X BIAINOBIZAa€ OJHE MOXKIMBE
3HAUCHHS BUIMAKOBOI BEIWYUHU Y, TO Y HA3UBAETHCA (QYHKIIIE€IO BUIIAJKOBOTO apryMeHTa X.

Y = (X). (8.1)
Skuro aprymeHT X — TMCKpPeTHA BUNAJIKOBA BeJIMUMHA, 3aKOH PO3IIOJILTY IMOBIPHOCTEH SIKOI Ma€ TaKMH BHI:
XX X . X

)
Plp P o P
7O Y TaKOX IUCKPETHA BUIAIKOBA BEITUYHHA.
Ockinbkn Bunmaakosi moaii (X =x;) 1a (Y =0(x;)), ne i= 1,n, piBHOCHIBHI, TO iX iMOBipHOCTI piBHi. Tomy
BHUITAIKOBA BeJMYNHA Y PO3MOIIJICHA 32 TAKHM 3aKOHOM:
Y o) () .. ¢(x,)
P | Py P2 wo Pn
SIkio cepe MOXKIIMBUX 3HA4€Hb Y € OTHAKOBI, TO B OCTATOYHOMY 3aKOHI PO3MOLTY CIIiJI 3AJIUILIUTH OJHE 13 HHUX,

MOCTABUBIIN HOMY Y BiJIIIOBITHICTh CyMy IMOBIPHOCTEW MOBTOPIOBAHHUX 3HAYEHD Y.
BukopucTaBiy 03Ha4eHHs MATEMAaTUYHOTO CIIO/IBaHHS JI0 3aKOHY po3moiny (8.2), oTpumMaemo:

M(Y) =§l<p<x,-)p,~. (8.3)

Hexait apryment X ¢yukuii (8.1) € HemepepBHOI0 BHNAAKOBOI BeanmuuHow. Hamithmo miaxing no
3HAXOPKEHHS 3aKOHIB pO3MOniLTy (PYHKINT pO3MOiTYy Ta TYCTHHU PO3IMOALTY iMOBIpHOCTEN) BUIIAIKOBOI BEIHYUHA Y Y
3aralbHOMY BHIAAKy (YHKLii ¢, II0 IO3BOJUTH OLIHWTH TPYIHOLIl, SKi BHHHKAIOTH Ha IIbOMY LUIAXY, a TaKOX
BHUIUIATH TIPOCTIII BUITAJKH, IO YaCTO 3yCTPIYArOThCS Ha TIPAKTHII.

DyHKIig po3noaily BUNAJAKOBOI BeJTHYHHH Y, SKa OB S3aHa i3 BeNU4UHOIO X (DYHKIIIOHATIBHOK 3aJICHKHICTO
(8.1) Mae BuTIISA

d; (y)
G(y)=P(Y <y)=SP(X ca;(y)) = {ym; () (8.4)
! I ey

ne o;(y) = (Ci (y); d; (y)) ={X:@(X) <y}, f(X) — yHKIIS TYCTHHM PO3MOIITY IMOBIPHOCTEH BHITAIKOBOI BETHINHU X.

. (8.2)

BiamiTrmo, mo Mexi inrepsaiis o;(y) MOXKYTh OyTH BHpaXKeHi sIK ABHI QYHKIMT Y IS KOXKHOI KOHKPETHOI (QYHKIIIT
Y=ol o . .

I'yctuny posmoniny imoBipHocTeit g(Y) Benuuunu Y MOXHA 3HAWTH, MPOAK(EPCHIIFOBABIIH JiBY i IPaBy YaCTHHH
piBHOCTEI (8.4).

PosrisiHyTHil 3aranpHuil BUMAmoK (YHKIHI y = @(x) m03BONSE OUiKyBaTH, IO BUNAJOK MOHOTOHHOI ()YHKIUI @
CYTTEBO CIIPOCTUTH 3HAXO/DKEHHS 3aKOHIB PO3IOJILTY BUIIAKOBOI BENMYNHH Y.

Skmio y = ¢(x) — nudepeHtiifoBana cTporo 3pocraroda abo CTporo cranarya GpyHKIis, obepHeHa 1o SKoi x = y(y),
TO TYCTHHA PO3MOJLTY IMOBIpHOCTEH BUIAJAKOBOI BEMTMUNHN Y MA€ TaKUH BHUI:
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g(y) = flw)] ' (). (8.5)

Binmitumo, mo 1 3HaxomkenHss M(Y) He 00O0B’SI3KOBO 3HATH TYCTHHY PO3MONUTY BenmuuHM Y. 32 aHAJOTIE i3
piBHicTIO (8.3) MOXKHa OTpUMATH, 10

0

M) = [o(x)f(x)dx.

—0

Sxmio x g(Y) Bimoma, Tofi Ma€e Miclie Taka piBHICTB:

M(Y)= Tyg(y)dy

—00
HMucnepcis ¢pynkuii po3monisly BUNagkoBoi BeJu4HHH Y, sKa IOB’s3aHa i3 BENWYMHOIO X (YHKIOHAIEHOIO
3anexHicTIO (8.1) BU3HaYaeThCs (YOPMYIIOLO:

Slo()-MM)p  —wt wekpemnoi B..(X)
D(Y)=4"2
[To(x) =M (Y)]? f (x)dx — s HemepepBHOi B.B. (X ).

—0o0

Skmio x BizoMa g(Y), Tozi Mae Miclie piBHICTb:
D(Y) = Jy—-M()I*g(y)dy.

BunankoBa BenuuuHa Y Ha3HMBAETHCSA JOrapupMidyHO HOPMAJIBLHO (JIOTHOPMAJBHO) PO3MOALIEHON, SKIIO 1T
I'YyCTHHA PO3IOJILTY IMOBIpHOCTEH Ma€ BUII:

0, saxwo Y <0,
(iny-a,)’
a(y) = 1 7 g2

202

yo-—\/ﬂe X , FlKWOy>0.
X

BunazikoBa BennunHa Y Ma€e po3noAia ¥ , SKIIO 11 T'yCTUHA PO3IIOALTY IMOBIpHOCTEH Ma€ BUJI:

(8.6)

0, sakuo 'y <0,
gy)=1___ 1 kgyi2
2421k /2)

,  sxwo Y > 0. ®.7)

@D yHKIII JBOX BUNIAJIKOBUX BeJIMYHH
Po3risiHeMo cucTeMy JBOX HENEPEepBHUX BHIAAKOBHUX BeJlWuYWH (X, Y) i3 TYCTHHOIO PO3MOALTY IMOBipHOCTEH
f(X, y). Hexaii BumajikoBa BennunHa Z TIOB’sI3aHA i3 BUITAIKOBUMH BeawmdrHaMu X Ta Y (DYHKI[iOHAJTBHOMO 3aJIEKHICTIO
Z=0(X,Y).
DyHK1IisT pO3MOITY BUMAKOBOI BENUYMHKA Z BU3HAYAETHCS 32 (DOPMYIIO0
G(z) = P(p(X,Y) <2)=P((X,Y) e D)= f(x, y)dxdy, (8.8)
D

ne D={(x,y):0(x,y) <Z}.

BenuunHa Z BXOQuTh B TpaBy 4YacTUHY piBHOCTI (8.8) HesBHO uepe3 Mexi iHTerpyBaHHs. SIBHUIT BUA (QYHKIIT
z = @(X, Y) T03BOJISIE B IPUHIIATI 3HAWTH I1i MEXi K QyHKIIiTO Z.

I'ycTrHa PO3MOIiTY iIMOBIPHOCTEH BHITAIKOBOI BEITMYMHN Z € MOXiAHOI0 Bif (yHKIii posmoxiny: g(z) = G'(2).

Sxuo, Hanpuknan, Z = XY, To AJs BU3HAYEHHS (YHKIIT PO3MOAINY 1 TYCTUHH PO3MOALTY MOTPiOHO MOOYyIyBaTH
KpuBY xy = Z Ha turotuHi x0y i BUOparu 1y ii gactuny, st sikoi XY < z. B po3ristHyToMy BUNAAKY — 1€ 3alITPHXOBaHA
yacTuHa Ha Mal. 8.1.

y A

XY<z

=Y

Mann. 8.1.
Tomi
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0

0 0 z/x
G(z)= [ dx [ f(x,y)dy+ [dx [ f(x,y)dy;
0 0

-0 z/x
0 ©
g(n::G%z):—J'lf(Xré)dx+;1f(Xr5de
—_o X X oX X

MaremaTuuHe cnoxiBaHHA Ta aucnepcis GyHKOii aBox BUmaakoBux BeaumuuH Z = ¢(X,Y) BH3HAYAIOTHCS
bopmynamu:

n m
200X, Yj)p; — U1 JUCKpeTHNX B.B. X TaY;
M (Z) = i=Hi

[ To(x,y)f(x,y)dxdy -—msHenepepeunxB.B.X 1aY;

n m

2 Z[(P(Xivyj)_M(Z)]z Pij — U1 JCKpETHHX B.B. X TaY |

D(z)=1"7"> ne Pjj — IMOBIpHICTE TOro, MO BEKTOP
[ Tlo(x, y)=M(Z)]? f(x, y)dxdy — s senepepsrmxB.B. X Ta Y,

(X, Y) naGepe 3nauenns (X, Yj) npH i =1n, j =1,m.
Po3nonin Ct’oaenra, po3nonin ®dimepa-CHenoxkopa

Hexali BumamkoBa BennumHa X Mae PO3MOMLT %%, BUIAJKOBa BelMWYMHA Y PO3MOMIJICHA 32 HOPMOBAaHUM

HopMasbHuM 3akoHoM i3 mapamerpamu M(Y) =0, o(Y) =1. Skmo X ta Y He3anexHi BHMNAAKOBI BETUYHHH, TOJI
BHIIAK0BA BeJimunHa Z = Y/X Ha3uBa€eThCs po3noaijienoro 3a 3akoHom Cr’roaenTa (t-posmosmisn).
['yctuna posnofiny imoBipHocteld CT’101€HTa Ma€e BUI:

1ﬂ(k+1j
__1 .—2 2 _(k+l)/2 — 0 0
g(Z)_\/TE_k I'k/2) (1+ZA) , Srem

Posmoxin Cr’tomenta mMae K cTymneHiB BiIBHOCTI 1 TpH 3pocTanHi K BiH MIBUAKO HAOIMKAETHCS 0 HOPMATBLHOTO.
Sxmo Y Ta X — He3aJexHi BUMAJKOBI BEIMUUHHU, PO3IOJIICHI 32 3aKOHOM X2 i3 crynensiMu BinmbHOCTI K1 Ta Ko
BIJOBiAHO, TOII BEIMYMHA
_ Yk
Xk,
Mae pO3MO/IiLT, SIKUiT Ha3uBaeThCs po3nodiiom F @imepa-CHenokopa i3 cTyneHsiMmu BiibHocTi K1 Ta ko.
I'yctuna 11pOT0 PO3MOALTY

0, mpu z <0,
9(2)= Coﬂ npu z >0,
(k, + k;z) K K0/
ae
r(’ﬂ‘;’@jkfl/zkgz/z
T T /Dy 2)
PO3B’S3YBAHHS TUIIOBUX 3AJAY
3amgaua 8.1. BunagkoBa BenuuuHa X 3aJ@Ha  3aKOHOM  PO3MOALIY )}i ;i 015 024. Buaiitu - M(Y), ne

Y =(X)=2X? +1.

0 3HaiaeMo MOXIINBI 3HAaUeHHSA Y
P(-1)=2(-D*+1=3, p(1)=2-1> +1=3, ¢(2)=2-2> +1=9.
3rigno i3 (8.3) M(Y)=3-0,1+3-0,5+9-04=54. e
3agaua 8.2. BumagkoBa BennunHa X 3a7aHa TYCTHHOIO PO3TIOALTY iIMOBIpHOCTEH

£ = {l/n, saxio x € (0,7),

3HalTH 3aKOH PO3MOILTY BUMAIKOBOI Beandunu Y = Sin X.

0, sikmo x ¢ (0, 7).

o TTobymyemo rpadik GyHkii y = Sin x Ha Biapisky [0, ©t] (man. 8.2.).
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L
y v as(y) ax(y) N .
0 X1 X2 T X
Man. 8.2.
BukopucroByroun ¢opmyiy (8.4), oTpumMaemMo
X T
G(y)= jf(x)dx + ff(x)dx.
0 Xy
. . . i . .
Ockinbkyu x; = arcsin y, x, =m—arcsiny, 6o x, € (E,n} TO (DYHKIIiSI PO3TOALTY
arcsiny m 1 2 .
G(y)= | —dx+ | —dx=—arcsiny, gey < (0,).
o T n-arcsiny T T

['ycTuHa po3smnofiny iMoBipHOCTEH

2 .
g(y)=G'(y)=(—arcsin yj =——— amy € (0,]).
T T ’1_ y2

Omxe, GyHKIIS PO3MOALTY BUNIAIKOBOT BETHMYHHH Y
0, sk Y <0,
G(y)= 2n Larcsin y, skmo 0<y<l,

1 sKIo Y >1.
a TyCTHHA PO3MOIIITY
2
———, ko y €(0,]),
gy = n,ll—yz 4
0, sixo y ¢ (0,1).

3amaua 8.3. BunankoBa BenuunHa X po3noiieHa 3a HOpMaJIbHUM 3aKOHOM 13 apaMeTpaMHu d Ta G.
3HaiTH 3aK0H PO3MOLTY BUlaakoBoi Benmuuuuu Y = bX + ¢, 1e b ta ¢ merepminoBaHi Bean4nHM (CTa).

o Ockinpku (yHKIisA y = bx + C € MOHOTOHHOMO (TpH D > 0 MOHOTOHHO 3pocTae, Tpu b < 0 MOHOTOHHO cCmajgae), TO
sriguo i3 popmynowo (8.5) w(y)=(y—c)/b, y'(y)=1/b, TycTuHa pO3NOAINY BUIIAAKOBOI BeNUIMHH Y Ma€ TAKAH
BUI:

_ [y-@b+o)]?

g(y)=f((y—c)/b)\%\:ﬁe 2%?

Orke, JaHa BUMAIKOBA BeMUMHA Y € HOPMaIbHO po3moiieHoro i3 mapamerpamu M(Y) =ab +ci oY) = |b|G. °
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§ 9. 3AKOH BEJIMKUX YUCEJI

Jlema Ta HepiBHicTh YeOnmieBa. Teopema Uebmmena (criiikicts cepennix). Teopema Beprymi (cTilikicTh BiHOCHHX
yacrot). LleHTpanpHa rpannyHa Teopema JlsmyHosa.

KOPOTKI TEOPETHYHI BI/IOMOCTI

INema YeGuweBa. SIkimo Bci MOKINBI 3HAYEHHST BUMAAKOBOI Benunnu Y HeBix’emMui, Toxi iMoBipHicTh TOrO,
110 BOHA NMPH BHUNPOOYBaHHI Hafepe 3Ha4YeHHsl, Ginblue Bin mogaTHoro umcia b, He Ginbma Bixm apody,
YHCEJBHUK SIKOr0 — MATEMATHYHE CIIOAIBAHHA BiJ Y, a 3HAMEHHHK — YHCJI0 b:

P(Y >b)<M(X)/b. 9.1)

HepiBHicTb YebuweBa. ImoBipHicTs TOro, 10 BiAXHJIEHHS BHMAJAKOBOI BeJIHYMHH X Bix i MaTeMaTHIHOIrO
crnogiBaHHs 3a a0COJIIOTHOK BEJWYMHOK He Oijblne Bil J0AaATHOr0 4YHMCIa € He MeEHIIAa, HiK

1—D(X)/s—:2 :
P(|X —M(X)|<&) 21-D(X)/e?. (9.2)

3aysasicennsn. SIko BUNIaIKOBA BEIMYMHA X PO3MOJLICHA 32 OIHOMIiaTbHUM 3aKOHOM (X — YHCIIO TMOSBU TOII B N
TIOBTOPHUX HE3aJEeKHUX BUIPOOYBAHHSIX ), TO/I HEpiBHICTh YeOuineBa Habepe Takoro BUIY:

P(|m—np|s g) 21—% (9:3)
5

P(m
n ne

—— P
Jie M — YUCII0 TOSBU MOii A B N MOBTOPHUX HE3aJE€XHUX BUMPOOyBaHHsX, p = P(4), m/n — BiIHOCHA 4acTOTa MOSBU
noxii 4.

abo

gja-ﬂ (9.4)

Teopema YebOuwena. SAxmo Xi, X7, .., X, nomapHo He3adeXKHi BHMIAJAKOBI BeJMYMHH, JHCHEPCii AKHX
piBHOMipHO 0GMeKeHi D(Xi)SC,i:ﬁ) ToAi 11 JoBinbHOro £>0 i JOCTATHBO BeEJHMKOro N
imoBipHicTh nmoaii

X, + X+t X, M(X1)+M(X2)+...+M(Xn)|<g
| n n a
Oyae siK 3aBro/IHO OJIM3BKOI0 10 OIMHULI.

(9.5)

[Ipu noBeseHi TeOpeMU BCTAHOBIIIOETHCS TIPABHIIbHICTh HEPIBHOCTI

X1+X2+...+Xn_M(Xl)+M(X2)+...+M(Xn)‘<g .
n n ) (9.6)
>1-C/(ne?).

P

Teopema BepHynni. SIkino B Ko:kHOMY i3 N MOBTOPHUX BUNPOOYBaHb iMOBipHiCTH p mosiBu mofii A craia, Toxi
SIK 3aBro/IHO O1M3bKa 10 OAMHHLI iMOBipHicTH TOro, 110 BiAXUJIEeHHS BiTHOCHOI YacToTH nmoaii 4 Bin
iMoBipHOCTi p 32 a6COJI0THOI0 BEeJIMYUHOIO0 Oyde SIK 3aBrOAHO MAJHM, SIKIIO YHMCJI0 BUNPOOYBaHb
JAOCTATHHO BeJIHKeE.

3 "epiBHOCTI (9.6) MOXKHA OTpUMAaTH HEPIBHICTH

P( ‘f%— p‘s‘s) 21—%. 9.7)

B Teopemi UebumieBa He BHUKOPHUCTOBYBadacs iH(GOpPMAIis MPO 3aKOHH PO3MOALTY BUMAIKOBHX BEIMYHH.
Pa3om 3 TM Ui 3amad Teopii 1 MPaKTUKH BaXIMBHUM € Take NMUTAHHS: 32 SKUM 3aKOHOM PO3MOALIAETHCS CyMa
JOCTaTHBO BEJTMKOI'0 YHCIIA BUIIAJKOBHX BETMUHH?

BumnankoBy BenH4uHY

z, = {ZIX —,'ZIIM(X»} / ,/éD(X». 9.8)

OyIeMo Ha3UBATH HOPMOBAHOI0 CyMOIO 200 LIEHTPOBAHOI BUNAIKOBOIO BETHYHHOIO.

Teopema JlanyHoBa. fIkmo Xi, X, .., Xn — He3alie’kHi BUNAJAKOBI BeJIMYMHU, SIKI MAaKTh MaTeMATHYHi

crofiBaHHA M;, aucnepcii csiz i ckiHueHHi a0cOJIOTHI LEHTPaJIbHI MOMEHTH TPETHLOro MOPSIAKY

|y3(xi ] 10 32/I10BOJILHAKOTE YMOBY
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n n 3/2
lim (Z|ILJ3(X|])/(ZUIZJ =0, (9.9
i i=1

N—oo\ j=1

ToAi MpH HeoOMexxeHOMY 30iJbIIEHHI N 3aKOH po3noainy HopmoBaHOi cymu (9.8) 30iraerbcst 3a
imoBipHicTIO 10 HOpManBHOrO 3aKoHy 3 mapamerpamu a=0, o = 1.

3mict ymoBH (9.9) nondrae B ToMy, 110 AUCTIEPCist KOXKHOI BUITAKOBOI BEINUHHA X;,i =1,n, CKIajae IuIle Malty
. . 7
YaCTHHY B 3araibHiil gucrepceii cymu Y. X;.
i=l
Hacnipok Teopemu JlsinyHoBa. SIkio BUKOHYOTbCS YMOBH TeopeMmu JISnmyHOBa, TOAi BUNAJKOBA BeJIHYHHA

n
> X; Ads BeJIMKHX N 3 JOCTATHIM CTYNEHeM TOYHOCTi PO3MOJijieHa 32 HOPMAJBHMM 3aKOHOM 3
i=1

napaMeTpamMu

M

n
a=Ym, o*=Yc?.
i=1 i=1
B mpakTuuHHMX 3amavax IEHTpalbHY TPaHUYHY Teopemy JIAmyHOBa 4YacTO BUKOPHCTOBYIOTH I OOYHMCIICHHS
IMOBIPHOCTI TOT'0, IO CyMa KiJIbKOX BUIAJKOBUX BEJIMYHH HAOEPE 3HAUCHHS, SIKC HAJICKHUTH BKa3aHOMY IHTEpBay.
[lincTaBOrO TaKOrO BUKOPUCTAHHS € TaK 3BaHUI
YacTroBuii Hacainok Teopemu JlsamyHoa. Skmo X1, X2, ..., Xn — He3aJIe)KHI BUNIAIKOBI BEJTUUMHHM, Y SIKHUX iICHYIOTh

piBHi MaTemaTuuHi crogiBanas M(X;)=m, nucnepciii D(Xi)= 6? i aGCONOTHI 1LIEHTPaIbHI MOMEHTH TPETHOTO MOPAAKY

M [|Xi - mﬂ = |,ug| i =1,n, T0 3aKOH po3MONiNy CyMH Yo=X1+Xo+...+ Xy IpH N —> 00  HEOOMEKEHO HAOIKAETHCS 110

HOPMAJIBHOTO 3aKOHY 3 IMapaMeTpamu a = nm, o =no?.

PO3B’SI3YBAHHSA TUITIOBUX 3AJAY
3amaua 9.1. BunasnkoBa Benn4nHa 3alaHa 3aKOHOM PO3IOJILITY
X 1|03 06
P02 08
BukopucroBytoun HepiBHiCTh YeOuiieBa, OIIHUTH IMOBIpHICTH TOro, mo X BIIXWIHTBCS BiJl CBOTO

MAaTeMaTHYHOrO CHOMIBAHHSI HA BEJIMYHHY, sKa 32 aOCONIOTHOIO BENHYMHOW He mnepeBuuutsh 0,2.
[epeBipuTH TOYHICTH OTPUMAHOI OLIIHKH.

O Buaiinemo M(X) ta D(X)
M(X)=03-02+0,6-0,8 = 0,54,

D(X)=M(X?)=[M(X)]? =0,32-0,2+0,6% -0,8—(0,54)? = 0,0144 . Buxopucrapmm  Hepiemicts  (9.2) 3

€ = 0,3, orpumaeMo
P(|X —054<0,2) >1-0,0144/0,04=0,64.

Bumnankosa mozis |X —0,54{30,2 piBHocmiibHa momii 0,34 < X <0,74, sika BiOYBa€ThCsl 3 ypaxyBaHHIM

3aKOHY PO3MOJLTY, TOAI 1 TUThKH TOx1, Ko X=0,6. Tomy
PaX —0,54{ < 0,2): P(0,34< X <0,74)=P(X =0,6) =0,8.

OmKe, HIKHA MeXa OLIHKHM iMOBipHOCTI fopiBHIOE 0,64, a CIpaBKHE 3HaYeHHs iIMOBipHOCTI gopiBHIoE 0,8. @

3amaua 9.2. IMOBipHICTh TOSBM MO B KOXXKHOMY BHIpoOyBaHHI jopiBHioe 0,25. BHKOPHUCTOBYIOUM HEpIBHICTH
UeOnmeBa, OIMIHUTH IMOBIPHICTH TOTO, IO YHCIO X TOSABU MOAIl MiCTUThCS B Mexax Bim 150 mo 250

BKITIOYHO, K10 Oyzae npoBeneHo 800 BumpoOyBaHb. [lepeBipuTi TOUHICTh OTPAMAHOI OITiHKH.
O Buxopucraemo HepisaicTs (9.3), 1e X =m, np =800 - 0,25 = 200 i nonepeasbo Tpeda 3HalTH €. BunaakoBy moiro
(150 <m < 250) MOXHA 3amucaTu B TaKii PIBHOCHIIBHI hopmi: (|m - ZOq < 50).

A tomy B (9.3) £ =501
800-0,25-0,75

P(150 < m < 250) = P(|m - 200| < 50) >1— =

0,94.

To6to, ocratouno P(150 < m < 250) > 0,94.

[epeBipuMO TOYHICTH OTPUMAHOTO PE3YAbTATY, BUKOPHCTABIIM iHTErpansHy Gopmyny Jlanmaca (3.7)
(npg=800-0,25-0,75=150>>9):
P.(m <m<m,) = D(X,) —D(x,),
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m,—np 250-800-0,25 50

Jpg V150 12,247

Xl:ml—np:150—200: -0 _
Jnpg W50 12,247

P, (150 < m < 250) ~ d(4,08) — d(—4,08) = 2d(4,08) = 2-0,4999992 = =0,9999984.

OTKe, HIDKHS MEXa OI[IHKH iMOBipHOCTI s0piBHIOE 0,94, a cripaBKHE 3HAYEHHs IMOBIpHOCTI jtopiBHIoe 0,9999984. @

=4,08,

X, =

—4,08,

3amaua 9.3. Jlucniepcist koxkHOI i3 2500 He3aeKHUX BHIIAJKOBUX BEJIMYMH HE repeBuinye 5. OIHUTH IMOBIpHICTB
TOrO, 110 a0COJIOTHA BEJIMYMHA BiJXWIICHHS CEPEIHHOr0 apH()METHYHOTO IMX BUIIAJKOBHX BEJIMYWH Bij
CEepeIHbOro apu(pMETUYHOr0 iX MaTEMaTUYHUX CIIOAIBaHb He nepeBUIUTS 0,4.

O Jlna 3amaui BUKOHYIOTHCS O0OMBI yMOBH Teopemu UeOuineBa, a TOMYy MOKHA BHKOPHCTATH HEpiBHICTH (9.6), me

n=2500,e=0,4, C=5. Toni
2500 2500
( %, S, )j /zsoo

P
i=1 i=l

Orke, 1IyKaHa IMOBIPHICTh OIIHIOETHCS 3HU3Y YnciioM 79/80. @

> P
2500(0,4)> 80

so,4Jz1—

3amaua 9.4. Binomo, mo 80% BUpoOiB MEXaHIYHOTO 1IEXY € TepIIocOpTHUMH. OIIHUTH IMOBIPHICTB TOTO, 1110 BiJIHOCHA
yacTtoTy BupoOiB mepmoro copty cepen 20 000 BHTrOTOBIEHMX BIAPI3HATUMEThCS B 1MOBIPHOCTI
BUTOTOBJICHHSI BUPOOY MepLIoro copty He Oinbiie, Hixk Ha 0,02 B Tol 4m iHmmit Oik. [lepeBipuTH TOYHICTH
OTPUMAHOI OI[IHKH.
O Tlonis A4 — BuroroBnenuit Bupi6 nepmocoptauit. Toxi P(4) = 0,8, n =20 000, £ = 0,02. BukoprcraeMo HepiBHICTH
9.7):

P( ‘f%—o,s‘s 0,02) Zl_m =31z

TakuM 4MHOM, IIyKaHa IMOBIPHICTh OLIIHFOETHCS 3HU3Y uucioM 31/32.

JlJist IepeBipKH TOYHOCTI OTPUMAHOI OL[IHKH BUKOpHUCTaeMO opmyiy (3.8):

P(|m/n-p|<e)~ 2(1)( g«/n/(pq)),
£=0,02, n=20000, p=0,8, 4=0,2,

200002 ] =2d(7,07)=2-0,5=1.

P(|m/n—08<0,02)~ 2@[ 0,02
Ockinbku NPG=3200 i 7,07>5, To moxubku y Habmmwkewii pisaocti (3.8) i ®(7,07) 0,5 € Ham3BuuaiiHo
MaJIMMH, TOOTO ITOJIist (|m/ n-— O,8| < 0,02) € Maibke 1ocToBipHOIO. @
3amaua 9.5. Bumaakosi Besmunnu X1, Xo, ..., Xn, ... € HE3AISKHAMH, ipraoMy st K=1, 2, ..., N, ... 3aKOH PO3TOIITY
BEJMYUHU Xk MA€ TAaKUH BUIL

X | -vk 0 Wk
P [1/(ak) 1-2/k 1/(ak)

Uu MOXKHA BHKOPHCTATH TeopeMy UebwnireBa 0 i€l MoCIiJOBHOCTI BUTIAAKOBUX BEIWIHH?

O MoxJIMBiCTh BUKOPUCTaHHS TeopeMu YeOuieBa o3Hauae BUKOHAHHSA 000X yMOB TEOPEMHM BiJHOCHO MOCIiTOBHOCTI
BUITQJIKOBUX BEJMYMH. 3TiZTHO 3 YMOBOIO 3aJadi IepIia 3 HUX BUKOHYEThCs. [lepeBipuMo BUKOHAHHS IPyroi yMOBH

— piBHOMIipHY 0OMEKEHICTE qucIepciii BUmaakoBux Benuand. Jis nporo suaiimemo D(Xk), ne k=1, 2, ..., n, ... .
Ockinekr M (X, ) = _4\|/(E +0-(1- E) + % =0, To 32 pO3paxyHKOBOIO (POPMYIIOH0
1 2 1
D(X,) =MD - IMOXF = (kT -+ 0 [1-2 ]+ (k2=
4k k 4k
=0,5.
Omxe, qucnepcii BUMAAKOBUX BEMUUUH X1, X2, ..., Xn, ... 0OMexeHi B cykymnHocTi cranoro C=0,5, a Tomy 110 nanoi

HOCTIIOBHOCTI BUIIAJKOBUX BEIMYMH MOYKHA BUKOPHCTaTH TeopeMy UeOuiiesa. @

3apaua 9.6. Po3mip BHIUTaTH KOXKHOMY KIIi€EHTY OaHKy BHmankoBuil. CTaTHCTWYHI JaHiI [[bOro OaHKy IMOKa3aiw, M0
cepelHs BHWIUIaTa ofHOMY KiieHTy ckmagae 1000 rpH., a cepenHe KBaJapaTW4HE BIAXMICHHS INi€l X
BenmmurHA — 360 rpH. BBakarouw, II0 BUIDIATH OKPEMHUM KJII€HTAM € HE3AJICKHUMH, 3HAWTH, CKIJIBKH
MMOBUHHO OyTW TOTiBKM B OaHKy, mo0 3 iMOBipHicTIO, He MeHmow 0,95, rpomrefi Buctaummo 6 Ha
obcmyrosyBanHs 80 KIIi€HTIB. 3HANTH L0 caMy BEIWYMHY Y JOAATKOBOMY NPHUITYIIEHHI, 0 aOCOTIOTHUH
LEHTPAITBHIIA MOMEHT TPETHOT'O MOPSIAKY AJISl BUIUIATH KOXKHOTO KITIEHTY € CTAJINM.
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O Hexaii BumnankoBa BenuyuHa Xj — BUIUIATa I-My KitieHty, ne i =1,80; X — HeBiZjoMa KiIbKiCTh TOTIBKH B GaHKY

Juts obcyroByBants 80 kiieHTiB. 3a ymoBoro M(X;)=1000 i o(Xi)=360 mms i =1,_80,

P(X,+ X, +..+ Xgg £X) 20,95 (9.10)

Ockinbku iHGOpMaLis NpO 3aKOH pO3MOALLY BHMHankoBoi BemuduHHM Xi+Xo+...+Xgo BLACYTHS, TO ANd
3HAXOMXKEHHA HEBIZIOMOIO  uMCla X  BHKOPUCTaeEMO  HepiBHicTh  UeOuieBa [  BEIUYUHH
X = (X + X, 4.4 Xg) /80:

P(|>?—M (X)) Sg) >1-D(X)/&. (9.11)

BpaxoByroun BJIACTHBOCTI MaTeMaTHYHOTO CIIOAIBaHHSA 1 JUCIEpPCii, HE3aJCKHICTh BHIAIKOBUX BEIUYNH
X1,X2,...,Xg0, @ TAKOXK YMOBY 3a/1a4i, OTPUMAEMO:

M(X)= M(_szoxi /%):[éZO:M(Xi)}/SO:CZOﬂOOOJ/SO =1000 ,
D(X) = D@xi /80):%%_82(1:D(Xi):80i2_82(1“o-2(xi) =

1 & 2 2
= 57 2 360° =360 /80 =1620.
i=1

80

. . [ X+ X+ + X
BunankoBa noais (Z X; < Xj PIBHOCHJIbHA TIOAT| ( L 2 80

80

~1000 < 1000
80

i=1
a6o | [X ~M ()| <~ ~1000 |,
80
3BIOKU

P(X, + X, 4+t Xgp £X) = P{|)?—M()?)|S%—1000}

. . . X . .
Tomy sxmro niBa yactuHa HepiBHocTi (9.11), me 5:5—1000, Oyne He Mmenmoro Bix 0,95, Tomi BHKOHAETHCS

HepiBHIcTh (9.10). OTxe, Ui 3HAXOHKEHHST HEBIJIOMOI'0 YKCiIa X OTPUMAEMO HEPIBHICTh

1_&20,95 ,

[X 1000 j
80
sIka PIBHOCHJIbHA HEPIBHOCTSIM

2
0 <ome [s’é—mooJ > 32400 < %—1000 >180 <> X > 94400 .

X
——1000
80

Bpaxyemo Terep I0AaTKOBY YMOBY IPO CTATICTh ISl KOKHOIO KITi€HTa aOCOMIOTHOrO LEHTPAIbHOTO MOMEHTA
TPEThOro IMOPS/IKY BEIUYUHHM BHIUIATH. TOJ1 3TiJHO 13 CHPOIIEHMM HACHIIKOM TeopeMH JIsmyHOBa BUIaIKOBa

80 80
BesmunHa Yg, = Y X, HaOIIKEHO PO3MOJLICHa 32 HOPMAIBHIM 3aKOHOM i3 mapamerpamu a =y M (X;)=80000 ,
i=1 i1

80
o= Zo-z(Xi) =+/80-360% =3219,94.
i=1
3 onmHOTO OOKY

P(Ygy £ X) = P(—00 < Ygq gx)zq)(x_aj_q)(—oo—ajz

o
| X800 ) 5
321994

a 3a ymoBoro P(Yg, <X)>0,95. Omxe, X MOXKHA 3HA#TH i3 HEPIBHOCTI
o X=80000 1 4 45,
3219,9%4
Bukopucrasmm Tabn. 3 gogatkis i MOHOTOHHE 3pocTaHHs GyHKIIT Jlamtaca, orpumaemo
— 21645,
3219,94
3BigKM X > 85296 ,801. @
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3agaua 9.7. KoxkHa i3 200 He3aJIeKHAX BUITAIKOBUX BETHIHH X1,X2,...,X200 PIBHOMIPHO PO3IOJiIEHA HA TPOMIXKKY [0;
0,8]. 3Haiith:
) 200
1) HabmmkeHuit 3aKOH po3moAiNy I Bunaakosoi BenmuauHn Y = Y X, ; 2) P(Y<0,7).
i1
O 3Brigno i3 3amayero 6.9 I pIBHOMIPHO PO3MOALIEHOI Ha MPOMiKKY [&;h] Bemmunan X
b+a (b—a)?

M(X)==_=, D(X) ===

Tomy M(Xi)=0,4, D(X;)=4/75, i=1,200.
OueBuaHO, 110 1 aOCOMIOTHI HEHTPaIbHI MOMEHTH TPETHOTO MOPSAKY U KOXKHOI 13 BenuduH Xi,Xo,...,X200 TAKOK
piBHI. 3a cnpolieHrM HaciIkoM Teopemu JIsmyHOBa BHIaIKOBY BEIMYMHY Y MOXKHA BBa)KaTH PO3MOAIEHOIO 3a

(Xi)Zm:4m.

200
HOPMaJIbHUM 3aKOHOM i3 mapamerpamu a=» M(X;)=200-0,4=80,0 =
i1
VY BixnoBigHOCTI 13 piBHIiCTIO (6.1) rycTHHA po3moaily BelmurHH Y Ma€ TaKUi B
\/g 3(x-80)°
NO o e
8Jr

2) 3a dpopmysoro (6.3)

f(x)=

P(Y >0,7)=P(0,7 <Y <) =q>(°°‘aj_q{0:7—a]=
o o

0,7-80

= 0,5—c1>( J: 05+®(24,25)~1. ®

3amaua 9.8. BunpoOyBaHHs pO3pOOJIEHOrO MPHUCTPOIO IMOKA3aiM, 10 MPUYMHOI HOro BUXOAY 3 Jaay € BiIMOBa
MEBHOro eneMenTa. JIoCaiKeHHsT 1IEHTUYHNX €JIEMEHTIB JO3BOJIMIO BCTAHOBHUTH, IO Yac OE3BiAMOBHOI
PpOOOTH KOXKHOTO 3 HUX PO3IOJIJICHUH 32 MOKa3HUKOBUM 3aKOHOM, a cepeHii yac podotu ckinanae 0,5roz.
Jist 3011b1IeHHS HAIIHHOCTI pOOOTH MPUCTPOIO HOro MOJIEPHI3YBasH, 00JIa/IHABILIH HOTO CTa 1IEHTHYHUMH
elIeMEHTaMH TaKMM YMHOM, IO IIPH BUXOZI 3 JIady OJHOTO €IeMEHTa MUTTEBO BKIFOYA€THCS HACTYIHHH
TOII0. 3HAWTH HAONMKEHY IMOBIPHICTH TOTO, IO MPUCTPIN Mics MoIepHi3alii 6e3BiIMOBHO IPOMPALIIOE
He MeHIue 30 rox.

O Bunazxosa BenuurHa Xj — yac 6e3BiaMoBHOT poGot i-oro enementa i =1100 —3a yMOBOIO 3a1aui po3noiieHa 3a

MOKa3HUKOBHM 3aKOHOM, mpH 1bomy M(Xi)=0,5rox. 3riguo i3 3amagero 9.11 M (X;) = %, D(X;)= %, i=1100,

1 1
TOMY — = —, 3BiOKHA A=2.
Y772

CTOCOBHO BHNAJKOBHX BEIHYMH Xi1,X2,...,X100 BHKOHYIOTHCS YMOBH CIIPOIIEHOTO HACHIJKa TEeOpeMHu
100

JIsmyHOBa, 3TiMHO 3 KM BenuunHy Y = ) X, MOKHA BBaXXATH PO3MOJIIICHO 338 HOPMAIbHUM 3aKOHOM 3
i=1

napaMmeTpamu

a:M(Y):szM(xi):o,s-loozso,

i=1

o=o(Y) :\/l_ozoD(xi) :J%.loo _5.
Toni 3a popmymoro (6.3)

P(Y >30) ~ P(30 <Y <w)=q)(oo;50]_q)£30;50]=

=0,5+®(4) =0,5+0,4999683=0,9999683 ®
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JIOJIATKH

xZ
3navenss ¢yHkuii [aycca ¢(x) = %e 2
T
Taonuys 1
X Cori o x
0 1 2 3 4 5 6 7 8 9
00 [0,39894| 39892| 39886| 39876| 39862| 39844| 39822| 39797| 39767| 39733
01 [ 39695| 39654| 39608 39559| 39505| 39448| 39387| 39322| 39253| 39181
02 | 39104| 39024| 38940| 38853| 38762| 38667| 38568| 38466| 38361| 38251
03 | 38139| 38023| 37903| 37780| 37654| 37524| 37391| 37255| 37115| 36973
04 | 36827 | 36678| 36526 36371| 36213| 36053| 35889| 35723| 35553| 35381
05 | 35207| 35029| 34849| 34667| 34482| 34294| 34105| 33912| 33718| 33521
06 | 33322| 33121| 32918| 32713| 32506| 32297| 32086| 31874| 31659| 31443
0,7 | 31225| 31006| 30785 30563| 30339| 30114| 29887| 29659| 29431| 29200
0,8 | 28969 28737| 28504| 28269| 28034| 27798| 27562| 27324| 27086| 26848
09 | 26609| 26369| 26129| 25888| 25647| 25406| 25164| 24923| 24681| 24439
10 24197 23955| 23713| 23471| 23230| 22988| 22747| 22506( 22265| 22025
11 | 21785| 21546| 21307 21069| 20831| 20594| 20357| 20121| 19886| 19652
12 | 19419| 19186| 18954| 18724| 18494| 18265| 18037| 17810| 17585| 17360
1,3 | 17137| 16915| 16694| 16474| 16256| 16038| 15822 15608| 15395| 15183
14 14973| 14764| 14556( 14350| 14146| 13943| 13742 13542| 13344| 13147
15 12952 12758| 12566( 12376| 12188| 12001| 11816( 11632| 11450| 11270
16 | 11092| 10915 10741 10567 10396| 10226| 10059 09893| 09728| 09566
1,7 | 09405| 09246| 09089 08933| 08780| 08628| 08478 08329| 08183| 08038
18 | 07895| 07754| 07614| 07477| 07341| 07206| 07074| 06943| 06814| 06687
19 | 06562| 06438| 06316| 06195 06077| 05959| 05844| 05730| 05618| 05508
20 | 05399| 05292| 05186| 05082| 04980( 04879| 04780| 04682 04586 04491
21 | 04398| 04307| 04217 04128| 04041| 03955| 03871| 03788| 03706| 03626
2,2 | 03547| 03470| 03394| 03319| 03246( 03174| 03103| 03034| 02965| 02898
2,3 | 02833| 02768| 02705| 02643| 02582| 02522| 02463| 02406( 02349| 02294
24 | 02239| 02186| 02134| 02083| 02033 01984| 01936| 01888| 01842| 01797
25 | 01753| 01709| 01667 01625| 01585| 01545| 01506| 01468| 01431| 01394
26 | 01358| 01323| 01289| 01256| 01223 01191| 01160| 01130 01100| 01071
2,7 | 01042| 01014| 00987 00961| 00935 00909| 00885| 00861| 00837| 00814
2,8 | 00792| 00770| 00748| 00727| 00707 00687| 00668| 00649 00631| 00613
29 | 00595| 00578| 00562 00545| 00530 00514| 00499| 00485 00470| 00457
30 | 00443| 00430| 00417| 00405| 00393| 00381| 00370| 00358| 00348| 00337
31 | 00327| 00317| 00307 00298| 00288| 00279 00271| 00262| 00254| 00246
32 | 00238| 00231| 00224| 00216| 00210| 00203| 00196| 00190| 00184| 00178
33 | 00172| 00167| 00161| 00156| 00151| 00146| 00141| 00136| 00132| 00127
IIpoodosicennn maon. 1
X Cori o x
0 1 2 3 4 5 6 7 8 9
34 | 00123| 00119 00115 00111| 00107| 00104| 00100| 00097| 00094| 00090
35 | 00087| 00084| 00081| 00079| 00076| 00073 00071| 00068| 00066| 00063
36 | 00061| 00059| 00057 00055| 00053| 00051| 00049| 00047( 00046| 00044
3,7 | 00042| 00041| 00039 00038| 0037| 00035 00034| 00033| 00031| 00030
38 | 00029| 00028| 00027| 00026| 00025| 00024| 00023| 00022| 00021| 00021
39 | 00020| 00019| 00018 00018| 00017| 00016| 00016| 00015| 00014| 00014
X Jecsri mgomi x
0 2 4 6
4, 0,0001338 0000589 0000249 0000101 0000040
5, 0000015
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3naveHHs QyHKIIT P(m;)) =

Ae

-L

m!
Taonuys 2
m
0,1 0,2 0,3 04 0,5 0,6 0,7 0,8 0,9 10
0 1090484 81873| 74082| 67032| 60653| 54881| 49659| 44933| 40657| 36788
1 09048| 16375| 22225| 26813| 30327| 32929| 34761| 35946| 36591| 36788
2 00452| 01637| 03334| 05363| 07582| 09879| 12166| 14379| 16466| 18394
3 00015| 00109| 00333| 00715] 01264| 01976| 02839| 03834| 04940( 06131
4 00005| 00025| 00072) 00158| 00296| 00497| 00767| 01111| 01533
5 00002 00006/ 00016| 00036| 00070| 00123| 00200| 00307
6 00001| 00004| 00008| 00016 00030| 00051
7 00001| 00002| 00004| 00007
8 00001
ITponosxeHus Tadi. 2
m
15 20 25 30 35 4,0 45 50 55 6,0
0 [0,22313 13534| 08208| 04979| 03020| 01832] 01111| 00674| 00409( 00248
1 33470 27067| 20521 14936| 10569| 07326| 04999| 03369| 02248| 01487
2 25102| 27067| 25652| 22404| 18496| 14653| 11248| 08422| 06181| 04462
3 12551| 18045| 21376| 22404| 21579| 19537| 16872( 14037| 11332| 08924
4 04707| 09022| 13360| 16803| 18881| 19537| 18981| 17547| 15582| 13385
5 01412| 03609| 06680| 10082 13217| 15629| 17083| 17547| 17140| 16062
6 00353| 01203| 02783| 05041 07710| 10420| 12812| 14622| 15712| 16062
7 00076 00344| 00994| 02160| 03855| 05954| 08236| 10444| 12345| 13768
8 00014 | 00086/ 00311| 00810| 01687| 02977| 04633| 06528| 08487| 10326
9 00002| 00019| 00086| 00270| 00656| 01323| 02316| 03627| 05187| 06884
10 00004| 00022| 00081) 00230| 00529| 01042| 01813| 02853| 04130
11 00001| 00005| 00022) 00073 00192| 00426| 00824| 01426| 02253
12 00001| 00006| 00021| 00064| 00160| 00343| 00654| 01126
13 00001| 00006| 00020| 00055| 00132| 00277| 00520
14 00001| 00006| 00018| 00047 00109| 00223
15 00002 00005( 00016/ 00040| 00089
16 00002 00005( 00014| 00033
17 00001| 00004| 00012
18 00001 | 00004
19 00001
2
R
3nauenns ¢ynkuii Jamiaca O(x) = [e?ar
Van
Tabnuys 3
Cori goni x
0 1 2 3 4 5 6 7 8 9
0,0 |0,00000] 00399| 00798| 01197| 01595| 01994| 02392 02790( 03188| 03586
0,1 03983| 04380 04776 05172| 05567| 05962| 06356| 06749| 07142| 07535
0,2 07926 08317 08706 09095 09483| 09871| 10257| 10642| 11026| 11409
0,3 11791 12172| 12552| 12930| 13307| 13683| 14058| 14431| 14803| 15173
04 15542 | 15910| 16276| 16640| 17003| 17364| 17724| 18082| 18439| 18793
0,5 19146 19497| 19847| 20194| 20540| 20884| 21226| 21566| 21904| 22240
0,6 22575| 22907 23237| 23565| 23891| 24215| 24537| 24857| 25175| 25490
0,7 25804 | 26115( 26424 26730| 27035| 27337| 27637| 27935| 28230| 28524
0,8 28814 | 29103 29389 29673 29955| 30234| 30511| 30785| 31057| 31327
0,9 31594 31859 32121 32381| 32639| 32894| 33147| 33398| 33646| 33891
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Ilpooosicenna maon. 3

X Cori nomi x
0 1 2 3 4 5 6 7 8 9
1,0 34134 | 34375( 34614 34850 35083| 35314 35543| 35769| 35993| 36214
11 36433| 36650 36864 37076 37286| 37493| 37698| 37900| 38100| 38298
12 38493| 38686( 38877 39065 39251| 39435| 39617| 39796| 39973| 40147
1,3 | 40320 40490( 40658 40824| 40988| 41149| 41308| 41466| 41621| 41774
14 | 41924 42073( 42220( 42364 42507| 42647| 42786| 42922| 43056| 43189
15 | 43319 43448 43574 43699 43822| 43943| 44062| 44179| 44295| 44408
16 | 44520( 44630( 44738| 44845 44950| 45053| 45154| 45254| 45352| 45449
17 45543 | 45637| 45728| 45818| 45907 45994 46080| 46164 46246| 46327
18 | 46407| 46485( 46562 46638 46712| 46784| 46856| 46926| 46995| 47062
19 | 47128| 47193( 47257 47320 47381| 47441| 47500 47558| 47615| 47670
20 | 47725| 47778| 47831| 47882 47932 47982| 48030| 48077| 48124| 48169
21 48214 | 48257| 48300| 48341| 48382 48422 48461| 48500| 48537| 48574
2,2 48610| 48645| 48679| 48713| 48745| 48778 48809 48840( 48870| 48899
23 | 48928| 48956| 48983| 49010 49036 49061| 49086| 49111| 49134| 49158
24 | 49180| 49202| 49224| 49245( 49266 49286 49305| 49324| 49343| 49361
25 | 49379| 49396| 49413| 49430( 49446( 49461| 49477| 49492| 49506| 49520
26 | 49534| 49547| 49560| 49573 49585( 49598| 49609| 49621| 49632| 49643
2,7 49653| 49664| 49674| 49683| 49693| 49702 49711| 49720| 49728| 49736
28 | 49744| 49752| 49760| 49767 49774| 49781| 49788| 49795| 49801| 49807
29 | 49813| 49819| 49825| 49831( 49836( 49841| 49846| 49851| 49856| 49861
30 | 49865| 49869| 49874| 49878 49882 49886| 49889| 49893| 49897| 49900
31 49903| 49906| 49910| 49913| 49916| 49918 49921 49924 49926| 49929
3.2 49931 | 49934| 49936| 49938| 49940| 49942 49944 49946 49948| 49950
33 | 49952| 49953| 49955| 49957 49958 49960| 49961| 49962| 49964| 49965
34 | 49966| 49968| 49969| 49970( 49971 49972| 49973| 49974| 49975| 49976
35 | 49977| 49978| 49978| 49979 49980( 49981| 49981| 49982| 49983| 49983
36 | 49984| 49985| 49985| 49986( 49986( 49987| 49987| 49988| 49988| 49989
3,7 49989| 49990 49990( 49990( 49991| 49991| 49992| 49992| 49992| 49992
38 | 49993| 49993| 49993| 49994| 49994| 49994| 49994 49995( 49995| 49995
39 | 49995| 49995| 49996| 49996| 49996| 49996| 49996( 49996( 49997| 49997
X Jecsri gomi x
0 2 4 6 8
4, 0,4999683 4999867 4999946 4999979 4999992
5, 4999997
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