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ITPO OAMH CIIOCIb NOBYAOBHU T-IEPIOJNYHUX PO3B’A3KIB
PIBHSHD I'lTTEPBOJITYHOI'O TUITY

"Xoma I'. I1., 1. d.-M. H., ipodpecop, “Xoma-Mormmscska C. ., k. ¢b.-M. H., TOIEHT,
'Yopuuii B. 3., k. ¢.-M. H., JOLEHT

1 . « . « . « . . .
TepHoninbcokuti HayionanbHul nedazo2iunutl ynieepcumem imeni Borooumupa I namioka,
eyn. M. Kpueonoca, 2, m. Tepuonine, 46027, Yxpaina

2 . o . o . o .
Teproninbcokuii HAYIOHANbHUL eKOHOMIYHUIL YHIgepcumenm,
eyn. JIvsiecoka, 11, m. Tepuonine, 46020, Yrpaina

sv_khoma@ukr.net, vzch@ukr.net

IMpun nocnimpkeHHi po3B’s3KIB  KBA3UIIHIMHUX PpIBHSAHB TiNepOOJIYHOrO THUIy JPYroro MHOPSJIKY
acUMNTOTHYHMMHK ~ MeTopamu  KpuioBa-boronro0oBa-MuUTpONONBECHKOTO — 3aBKAW  JIOBOAMIIOCS
BpPaxoBYBaTH HYJBOBI 3a IPOCTOPOBOIO 3MIHHOIO KpaloBI yMOBH ILIYKaHOTO PO3B’S3Ky HE30ypeHOTO
KBa3imiHIAHOTO piBHAHHA. [IpyU po3rsimi psay TEXHIYHHX MPOOJIEM TaKOX TOCTaBajo MUTAHHSI, 100
3HaMIEH1 PO3B’sI3KK OyJIN MEePiOAUIHUMHA. Y 3B’SI3KY 3 IIMM BHHHUKIIA TIPpoOIeMa JOCHTIKEHHS KpaHoBUX
T -miepioAW9YHAX 33434 IS TiHepOONiYHUX PIBHAHB IPYTOTO HMOPSIKY, IpaBa YacTUHA SIKUX MICTHTD &
— MaJuil napamerp.
[[poMy nNHTaHHIO NpPHUCBSYEHO OaraTo podiIT, SK yKpailHCBKUX, TaK 1 3aKOPJOHHHX MaTEeMaTHKiB,
OCHOBHHMM HEJIOJIIKOM SIKMX, Ha Hally JyMKY, € BUKOPHUCTAHHS METOAY BIALIYKaHHS PO3B’S3KYy 3a
JIOTIOMOTOI0 TPUTOHOMETpPUYHOTO psiny Dyp’e. V 1984 pori Bhoepine 4YeChbKUMH MaTeMaTHKaMH
O. BeiiBomoro Ta M. llltenpu Oymo 3a3Ha4deHo, Mo JaHy HpoOIeMy MOKHA BUPIIINTH aHAJTITHIHUM
METOJIOM, HE BHMAaralo4d JOJaTKOBHX YMOB Ipu AudepeHmiroBanHI psniB @yp’e i He po3B’A3yl0uH
34YKMCIICHHY MHOXHHY 3BUYaiiHUX Au(epeHLliaIbHUX PIBHSIHb JPYrOro MOPSIIKY.
Y uiii pobOTi JOCHIKYETbCS HOBa TMOCTAHOBKA 3a/ladi: SK MPOBECTH MaTeMAaTHYHE MOJICITIOBAHHS
pose’si3ky samadi u,, —a'u,_ =g (x,t)+eF (x,t,u,u,u,), u(0,6)=u(m t)=0, u(x,t+T)=u(x,z)?
Po3B’A30K BKa3aHOTO PIBHSHHS CKJIAIA€ThCS 13 CYMH JBOX PO3B’SI3KIB: PO3B’SI3KY HE30ypeHOTO
piBasHES (£=0) Ta po3B’s3Ky 30ypeHoro piBHsAHHA (& #(0), mpaBa YacTWHA SKOTO MiCTUTh
T —nepiomuuny no ¢ ysxiio F(x,7,u,u,,u,).
[ITo6 mpoBecT MareMaTHYHE MOJEIIOBAHHS PO3B’SI3Ky HEe30ypeHOro piBHSHHS, HAMH Yy Wil poOoTi
BIIEpIIE 3HA/ICHO aHATITHYHY QOpMYITy po3B’sI3Ky KpaiioBoi 7 -mepiofuyHOI 3aa4i it He30ypeHoro
PIBHSHHS, BUKOPUCTOBYIOUH pe3ysbTaTi MoHOTpadii Murpononscekoro 0. O., Xomu I'. I1., I'pom’sika
M. 1. [1]. Ha ocHoBi oniepaTopiB S o T S a, 3HAHICHO TOUHY aHaMiTHYHY (HOpPMYITy pO3B’SI3Ky KpaHoBOi
T-nepioguuHoi 3amayi AJIsT HEOJHOPIJAHOTO TilepOOJIiYHOrO PIBHSHHSA APYrOro IOPSIKY BHIJISLY
u,—a'u,  =g(x1).

Kmiouosi cnosa: «xpatiosa T -nepioouyna 3adava, eracmueocmi onepamopda, nobyoosa gopmyau

T -nepioouunoeo po3e 3Ky, pieHAHHA 2inepOoaiuH020 Muny, He3oypene pieHsaHH .

ABOUT ONE WAY OF CONSTRUCTION OF T-PERIODIC SOLUTIONS
TO HYPERBOLIC TYPE EQUATIONS

'Khoma H. P., D. Sc. in Physics and Maths, Professor,
’Khoma-Mohylska S. H., Ph. D. in Physics and Maths, Associate Professor,
'Chornyi V. Z., Ph. D. in Physics and Maths, Associate Professor

"Ternopil Volodymyr Hnatiuk national pedagogical university,
M. Kryvonosa str., 2, Ternopil’, 46027, Ukraine,

*Ternopil national economic university,
Lvivs’ka str., 11, Ternopil’, 46020, Ukraine

sv_khoma@ukr.net, vzch@ukr.net

To research the solutions of quasi-linear second-order hyperbolic equations by the asymptotic Krylov-
Boholubov-Mytropolskyi method, one always had to take into account the zero space variable boundary
conditions of the solutions to an undisturbed quasi-linear equation. In considering a number of technical
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problems, the question also arose that the found solutions were periodic. In this connection, a problem is
in the study of boundary-value T -periodic problems for hyperbolic the second order equations, the right
side of which contains ¢ (¢ is a small parameter).

A lot of works of both Ukrainian mathematicians and foreign ones are devoted to this problem. The
main disadvantage, in our opinion, is the method for finding a solution using the Fourier trigonometric
series. In 1984, for the first time, the Czech mathematicians O. Veivoda and M. Shtedry stated that this
problem can be solved by analytical method without requiring the additional conditions for the
differentiation of Fourier series and without solving a number of the ordinary second order differential
equations.

In this paper, a new problem statement is investigated: how to conduct a mathematical modeling of the

solution of the problem  u,—d’u, =g(xt)+eF(x,t,u,u,u), u(0,t)=u(m1)=0,
u(x, t+T) :u(x,t)?

The solution of this equation consists of the sum of two solutions: the solution of the undisturbed
equation (& =0) and the solution of the disturbed equation ( ¢ # 0), the right side of which contains the
T -periodic of ¢ function F (x, 1, u,u,,u,).

To carry out mathematical modeling solution undisturbed equation in this paper we first found an
analytical formula for solving of the boundary-value T -periodic problem for the undisturbed equation
using the results of the monograph Y. O. Mytropol’skyi, H. P. Khoma and M. I. Hromyak [1]. On the
basis of operators Sa1 and Sa2 , we find an exact analytic formula for the solution to the boundary-value

T-periodic problem for a non-homogeneous hyperbolic the second order equation u,, —a’u, =g (x, 7).

Key words: boundary-value T -periodic problem, operator properties, construction of the T -periodic
solution formula, hyperbolic type equation, undisturbed equation.

BCTYII

JocnimkeHHss KpalloBUX 3ajlad 3 JaHMMM Ha BCiM rpaHuil o6yacTi i rinepOoSiYHUX PIBHSHBb
Jpyroro MOpAAKYy mependavae HAKJIAAAHHS JOJATKOBUX YMOB Ha IIYKaHWUH PO3B’S30K, 30Kpema
YMOB MEPIOJMYHOCTI YK Mailke MEepioAMYHOCTI K 3a MPOCTOPOBUMHU KOOpAMHATaMH, Tak 1 3a
4acoBolo 3MiHHOI0. Llilf mpoOiieMi MpUCBSYEHO psl poOiT. 3okpeMa, y poborax [2-4] mociimKeHo
MUTaHHS ICHYBaHHS MEPIOJUYHUX 32 YACOBOKO 3MIHHOKO PO3B’S3KIB KpaHOBHX 3a7ad 3 yMOBaMH
HipixJie Ui TiHIHHUX Ta HeMiHIMHUX TinepOoiYHUX PIBHIHD JAPYroro MOpsSAKY, a B podoTax [5-7]
BpaxoBaHi ymoBH /Jlipixie-Heilimana njist HeiHIHHUX XBHJIHOBUX PiBHSHB.

ABtopu po6iT [8-11] BCTaHOBWJIIM yMOBM ICHYBAaHHS €JMHOTO TEPIOJUYHOTO YW Maibke
MEepIOIUYHOIO 3a MPOCTOPOBUMH KoopJauHaTamu Ta 3 ymoBamu [lipixie-Helimana 3a yacoBoro
3MIHHOIO PO3B’A3KY KpaloBUX 3ajay JUIsl JIHIMHUX TrinepOoNiyHUX PIBHSHB 1 CUCTEM PIBHSAHB i3
CTATMMH KOe(DIIIEHTaMH Y CMY3I.

OCHOBHUM HENOJIKOM AocCHikeHb [4, 5, 8-12], Ha Hamy IyMmKy, € BiAUIYKaHHS PO3B’S3KYy 3a
ZIOIIOMOTOk0 TpUroHoMeTpuaHoro pagy Pyp’e u(x,t)=> u, (¢)sinkx, ne u, (t), k=1,2,3,... -
k=1

mrykai 7' -nepioguyHi QyHKI.

VY 1984 pomui Bnepie Bkazano [13], mo mro nmpoOiaeMy MOKHA BUPIIIATH aHAIITUYHUM METOJIOM, HE
BHMarar4m J10J1IaTKOBUX yMOB Npu AudepeHuioBanti psaaiB Oyp’e i He po3B’A3YyI0UM 3UUCICHHY
MHOXUHY 3BHYalHUX AudepeHIliaIbHuX PIBHSAHb IPYroro mopsaky. Y crarti [14] BcTaHOBIEHO
YMOBH ICHYBaHHS 27-NIEPIOIMYHOTO TTIAIKOTO PO3B’A3KY KBa3UTIHIMHOTO PiBHAHHS TilepOoIiyHOro
THUITY.

VY wiit crarTi HaMM BHEpIle 3HAWACHO aHATITHYHY (HOopMyny po3B’si3Ky KpaiioBoi 7 -mepiofuyHOi
3a/1a4i JIJIsl HEOAHOPIAHOIO TiMepOOIIYHOTO PIBHIHHS IPYrOro NOPSIKY BUTIISAY

u,—au, =g(xt), 0<x<m,teR,
u(O,t):u(Tc,t):O, teR,

u(x,t+T)=u(x,t), 0<x<m,teR.

Dizuxo-mamemamuuni HayKu ISSN 2518-1785 (Online), ISSN 2413-6549 (Print)
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JU1st 1IbOT0 BUKOPUCTAHO pe3yibTaTu poOit [1, 2].

OCHOBHI IO3HAYEHHS
C, —mpoctip (QyHKIIH IBOX 3MIHHUX X 1 f, HEIEPEPBHUX 1 OOMEKEHUX Ha [0, n] xR.
CH' — pocrip dynkmiit u € C_ Takux, 110 DD uecC,.

G

MOXI1JHOO 1O f.

., — IpocTip GyHKLINA ABOX 3MIHHHUX X 1 f, HETIEPEPBHUX 1 OOMEKEHUX Ha [O, n]xR pasoM i3
Q, — npoctip (yHKIIH g(x,t), AK1 3aJI0BOJIBHSAIOTH Ha [O, n]xR YMOBY MEpPIOAUYHOCTI 10

10610 g(xX,1+7T)=g(x,1).

L(X,Y) —npocrip ninilinux BinoGpaxens X B Y.

A, ={g:g(x, t) :g(n—x, Z—Ht) :g(x, t+27c)}.
a — 9ucIo.
R — MHOXWMHA AilficHUX Yncen.
JNOCJIIKEHHS 3AJTAYI TA OBITPYHTYBAHHSI OTPUMAHUX PE3YJIBTATIB
Posrnsiemo taky gynkuito [1, c. 26] (hopmyna 9.6):

x +y(x.8)

u/ (x,t)z——jd&‘3 I g(&,r)dTE(Salg)(x,t),

0 1—y(x.8)

ne y(x, 5):%.

OO6urcMMo TepI i Ipyri YaCTUHHI MOX1JIHI 1o X 1 . Maemo

au x x
ouf (x,t) 21aj‘{ (& a(x,,8)) —+g(§ B(x.1,€)): } dg,
ne a(xt, (g):Hﬂ; Blxt,&)=1-2"%
azuf (X,t) __i (x I)— 1 ]‘ ag(aaa(xa £, a))l_ag(ao B(X, Z, a))l da A
ox> a2g o 24? 0 oa a oB a ’

M = _Laj-{g(&’ oc(x,t,c‘,))—g(?’;, B(x,t,&))} dg;

0

Otxe,

Jani nokaxemo, Mo QYHKIIA (x,t) ms koxuoi gynkuii g € C (10, — nepioguunoi mo ¢, €
TakoX I -TiepioiuyHa 110 ?.
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X 1+y(x,€)
Ha ocrosi dbopmymn u;' (x,t) = —i‘[dﬁ .[ g(& 1), ne 7(x, &)= %5 , MAEMO
0 t—y(x,é)

¥ 1+T+y(x,8)

uf(x,z+T)=—ijda [{(%3%3

0 t+T—y(x,<§)
3 ocTaHHBOI PiBHOCTI Mic/Is BUKOHAHHSA 3aMiHn 7=60+T, t—y(x,t) <O <t+y(x,t), OnepKyeMO

X Hy(x,ﬁ)

1 a
uf(x,z+T)=—ZJ'dg | )g(§,9+T)d6:u1 (x.1).
0 1—y(x,§
Posrasiemo inmy dynkiito [1, ¢. 26] (bopmyna 9.8):
1 n =y(x,€)
uf(x,t):—z—jdé I g(&,r)drE(Sazg)(x,t)
x t+y(x,f;)
abo
1 X t+y(x,§)
uj(x,t):——J-dEJ _[ g(é,t)dl’.
2a7r 1=y(x,8)
3HaiieMo
Oup (x:t) 17 1 . A1 e
) e e 2) e (- () £ e
Ous(x,t) 1 t|og og 1 .
ox’ __2a3;[ 8(1_8_[3 d —;g(x,t),
8u“(x,t) 1 ¢ '
za—t=—Z£{g(i,t+v(x,é))~l—g(é,t—v(x,é))-l}dé,
Fui(o) 1 fos 0s) e
ot’ 2a7 0o OB] 7
OTxe,

'us (x,1) 2 s (x,1)
or’ ox’

:g(x,t).

Awnanoriyno goBoaumo, mo 1 koxuoi ¢pyukuii g€ C (0, dynkuis u; (x,t) — T -nepiognyHa

110 .

BucnoBok: 00uaBi ¢GyHKmii u; (x,t) 1 u; (x,t) npu g<€G,_, (10, — wactkoBi T -mepiognyni

KJIaCU4H1 po3B’si3ku 1 -mepiouyHoi 3a1aui:

u,—a’u,, =g(xt), 0<x<m, teR,
u(x,t+T):u(x,t), 0<x<m, teR.

Jamni po3riasiHeMo Taky (QyHKIIIO:
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u (x,t)= %(Salg + Sazg)(x,t) =(5,2)(x,1)

abo

u (x,t)= %(Sa]g + Sazg)(x,t) =

[ n e =1le)
=—Jae | e r)dr——jda [ g(er)di=(S.g)(x.1).
A% i) x o tay(xg)

Teopema 1. /lna g€ G, ,NQO, ¢ynxyis u’ (x,t) :(Sag)(x,t) € yacmrxosum T -nepioouynum no t

KaacuyHum po3e’szxom maxoi T -nepioouunoi 3aoaui.

o'u’ , 0°u”

praa =g(xt), 0<x<m, teR, (1)
u' (x,t+T)=u"(x,t), 0<x<m, teR. (2)
Posrnsnemo Tenep GpyHKITO:
u’ (x,t):(Sag)(x,t)+(§ag)(x,t), (3)
ne
(§ag)(xat)=n_xfd&tYfé)g(& 7) dr+ifd&t+y] é)g (&7)dt, O<x<m, teR.
4ma 3 7 o0g dmay ol

Teopema 2. /[ns gpynxyii g € C_ ghynxyis u” (x,t), o3Havena ¢opmynow (3), 3a00801bHAE KPAOGI

ymosu
' (0,¢)=u"(7,t)=0, VieR. 4)

Jlosedenns. 3anuiemo po3ropuyty popmyiy (3)
. x=§ _x=t

ﬁa(x,t):—i'([ aj& g(51) dr——.[dEJJ. g(&1)du+

g P

t_7

jdgj &rdt+—fd&j (&1)dt= 1, (x,0)+ I (x,0) + I (x,0) + 1, (x,1).

[loknanatoun y 3anucany popmyny cnoyatky x =0, 3HaxoauMo
I, (0,t) =0, 1, (O,t) =0,
3 45
L,(0,6)+1,(0,7) ———jdgj (&t dr+—jd¢j (&1)dt=0, VieR.
3sigcu onepxyemo i (0,¢)=0, Vi eR.

Tenep npu x =7 3HAXO0AUMO
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1§ i
I(me)==—[d5 [ g(&pr,
o, mt

I,(m,t)=0, I,(mt)=0,
1: .
14(n,z)=£jdg [ g(&)dr.
0, Tt

3BiJICH OJIEPKYEMO
1, (n,t)+l4 (Tc,t) =0, VteR,
4
wo y cymi Y,/ (m,t)=0, To6TO
i=1
u'(mt)=0, VteR.
Teopemy 2 10BenEHO.

Teopema 3. J{nsa koowcnoi T-nepioouunoi ¢pynxyii g(x,t) dyuxyia U’ (x,t) € T -nepioouunoio no t,

moomo
u'(x,t+T)=u"(x,t), 0<x<m, reR. (5)
JloBenieHHs TeopeMU 3 BUILIMBAE 3 TAKOT'O TBEPXKCHHS:

Jlema. Sxmo ¢yskiis K (x,t) BU3HAYAETHCS TAKHM 1HTETPATIOM

+a

K(x,t): I g(x,f)dr,

t—a

TO JJISL KOXKHOI (yHKIIT g(x,t) — T -nepiou4Hoi 1o ¢, TOOTO g(x,t+T ) = g(x,t) , cama (yHKIIA

K (x,t) € T -nepiognusoro 1o 7.

Hoeedenns. Cripai, 3poOMBIIHM 3aMiHy 3MiHHOI T=7+0 y HaCTymHOMY iHTerpaJi, MaEMO

t+T+o t+o
K(x,t+T)= I g(x,r)dr= j g(x,9+T)d9=K(x,t),
t-T+o t—o

10 ¥ MOTPIOHO OYJI0 TOBECTH.

Hacnigkom Teopem 2 i 3 € Teopema 4.

Teopema 4. Dynxyis u’ (x,t), osnauena gpopmynoio (3), npu g € C_(1Q, 3adosomvnsc kpatiogi ma

nepioouuni no t ymosu (4), (5):

ﬁ“(O,t)zﬁ”(n,t)zO, ﬁ“(x,t+T)=L7“(x,t), 0<x<m, teR.

3ayBa:kennsi 1. Bsarami kaxyum, QyHKmis u° (x,t) HE € KJIACHYHUM pO3B’SA3KOM PpIBHSHHS

u,—a’u,, =g(xt), 60 dynxuis (Sag)(x,t) HE € PO3B’SI3KOM OJIHOPIJHOTO PiBHSHHS
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Gz(gag)(x,l)zo’ e 62(§ag)(x,t)

5 Py HE JUIA KOXXHOT (PyHKIT g(x,t)
X t

JOpiBHIOE HYJEBI. J{71s IIbOT0 MOTPiOHI HOB1 JOCIIIKEHHS.

10.

11.

12.

BUCHOBKH

Ha ocHoBi pesynbraris po6otu [1] posrusuyro oneparopu S, ta S, (c. 26, bopmymn (9.6),

(9.8), Ha OCHOBI SIKUX Oyy€ThCSI BKa3aHHU pe3yibTar).

BBeneno HOBi omeparopu S, Ta S, A8 gociipkeHHs T -TIepioAMYHMX MO { PO3B’SI3KIB

rinepGoNiuHNX PIBHSHb BUTTILY U, —a’u, = g(x,t), g(x,t+T) = g(x,t) .

Josenero, mwo ¢ynkuis ' (x,1)=(S,g)(x,1)+ (S‘ag)(x,t) e He TapaHTye, 4u Oyie
PO3B’I3KOM  JIIHIHHOTO ~ HEOAHOPIAHOTO  DIBHAHHA  u’ —a’u’ = g(x,t) , BpaxOBYHOYH
BIIACTHBOCTI orepaTopa S’a .
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